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ABSTRACT

Our understanding of the Universe is based on the ACDM model which, although the best
cosmological model so far, relies on the presence of major unknown components — dark matter,
dark energy, and an inflationary field — which in turn play a crucial role in the evolution of the
Universe. These limitations of the model suggest that we may need to introduce modifications
at cosmological scales. Indeed, a large variety of modified gravity theories have been proposed
(see [1] for a review) and in order to better understand the behaviour of gravity in this regime,
we must begin by constructing theoretical and observational tests of the ACDM model and the
various alternative proposals.

This thesis is concerned with testing gravity on cosmological scales, by analysing the viability
of alternative gravitational theories, and scrutinising their theoretical consistency. In order to
do this, we take two approaches. On the one hand, we explore the viability of a specific
modified gravity theory, namely massive bigravity. The evolution of a perfectly homogeneous
and isotropic Universe has been previously studied in detail in this model, and has been found
to fit observational data. Hence, in this thesis we analyse the evolution of linear cosmological
perturbations, where we find a number of interesting instabilities. On the other hand, we take
a broader view and develop a method for parametrising linear cosmological perturbations that
stays agnostic about the underlying theory of gravity. We apply this method to three classes
of models: scalar-tensor, vector-tensor and bimetric theories, and as a result, in this case, we
identify the complete forms of the quadratic actions for linear perturbations, and the number
of free parameters that need to be defined, to cosmologically characterise these broad classes

of gravity theories.
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CHAPTER 1

INTRODUCTION

Einstein’s general theory of relativity (GR) is the foundation of gravity. It is widely accepted to
be the model that describes the behaviour of gravity on small and large scales, in events such as
planetary motion, black hole mergers, galaxy formation and the evolution of our Universe. On
Solar System scales, not only do its predictions show remarkable agreement with astrophysical
data, but precise measurements of phenomena such as light deflection around the Sun, the
perihelion shift of Mercury, and others, rule out many modifications to GR [5,6]. In addition,
GR has recently been shown to be consistent with the first direct detection of gravitational
waves from the merger of two black holes [7]. Nonetheless, GR exhibits weaknesses both at
very high and very low energy regimes. At high energies, unavoidable singularities arise during
gravitational collapses and the so-called renormalisation problem limits our understanding of
quantum gravity [8-10]. On cosmological scales, GR relies on the presence of exotic unknown
matter components in order to fit observational data. These issues show the current limitations
in our understanding of how gravity behaves and interacts with matter in extreme energy
regimes. As a result, a number of modified gravity theories have been proposed [1}/11,/12], and
it is imperative that we analyse their consistency and viability, and develop tools to construct
theoretical and observational tests of GR.

Cosmology seems to be a particularly promising regime for testing gravity. We are currently
reaching an era of “precision cosmology”, in which measurements of the anisotropy of the
Cosmic Microwave Background (CMB), of the large-scale structure in galaxy distribution, and
of the overall expansion of the Universe will reach unprecedented precision. Even though
the CMB plays an essential role in constraining gravity on cosmological scales, most of the
focus is currently on galaxy surveys and weak lensing data. In this context, over the next
three years we will see a dramatic improvement in cosmological observations from ongoing

experiments such as the Dark Energy Survey (DES) [13], the extended Baryon Oscillation
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Spectroscopic Survey (eBOSS) [14}15], Mapping Nearby Galaxies at APO (MaNGA) [16], and
the Hobby-Eberly Telescope Dark Energy Experiment (HETDEX) [17]. Furthermore, in the
next decade a next generation of surveys will come online, including the Euclid satellite [18],
the Dark Energy Spectroscopic Instrument (DESI) [19], the Large Synoptic Survey Telescope
(LSST) |20], the Square Kilometre Array (SKA) [21], and the Wide-Field InfrarRed Survey
Telescope (WFIRST) [22], which will provide an opportunity to perform ultimate tests of
gravity on the largest scales in our Universe. The time is ripe then to pin down some of the
fundamental properties of nature on large scales.

The standard cosmological model is the ACDM model, which is based on GR and is the
most successful cosmological model proposed so far. However, the ACDM model relies on the
presence of crucial unknown components for the evolution of the Universe, namely dark matter,
dark energy, and an inflationary field. Dark matter is essential for galaxy formation, dark energy
is responsible for the late-time accelerated expansion of the Universe, and the inflationary field
is responsible for the early-time expansion that led to the highly homogeneous Universe that
we see today on large scales. The exotic properties of these components raise a number of
questions that we need to answer to understand the physics dominating large scales: what is
the origin and nature of these components? Does the gravitational force behave differently on
large scales? Are there new forces coming into play on large scales? In particular, the origin
of the late-time accelerated expansion of the Universe has become one of the most challenging
problems in theoretical physics. In the ACDM model, dark energy corresponds to 69% of
all the energy content of the Universe, and is described by a single constant, known as the
cosmological constant. In order to explain the observed acceleration of the Universe, the value
of this constant must be incredibly small. From particle physics arguments we can predict the
existence of vacuum energy, which provides a value for the cosmological constant, but current
estimates imply that it is more than 50 orders of magnitude larger than the observed value.
This constitutes the so-called cosmological constant problem and shows how the ACDM model
is at odds with well-established and robust particle physics theory.

This thesis is concerned with testing gravity on cosmological scales, by analysing possible
modifications to GR and the ACDM model. In order to do this, we consider two approaches.
On the one hand, we look at a specific theoretically well-motivated gravity theory, and anal-
yse its viability. Specifically, we analyse the cosmological predictions of a theory known as
massive bigravity, which can explain the late-time accelerated expansion of the Universe in a
natural way and agree with background experimental data, without introducing a cosmological

constant. We focus on the evolution of linear cosmological perturbations, where we find the
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presence of instabilities on the evolution of gravitational waves that could seriously jeopardise
the viability of massive bigravity. Furthermore, we find that even though the prediction for
the rate of formation of large-scale structures, such as clusters of galaxies, might agree with
observations, one of the physical degrees of freedom driving this evolution has negative kinetic
energy, rendering the model likely to be unstable in other regimes.

On the other hand, we stay agnostic regarding the particular underlying gravity theory,
and analyse the consistency and phenomenology of cosmological models that can help test
gravity and falsify GR. In this context, we develop a method for constructing parametrised
cosmological models, in such a way that specific values for the parameters give a description
of specific gravity theories. This method allows us to describe a broad range of theories on
cosmological scales in a unified and efficient manner. The method is sufficiently general that
we can identify the number of cosmologically relevant free parameters characterising families
of theories, which can in turn ultimately be constrained with future observational data, and
hence be used to find phenomenologically viable cosmological models.

This thesis is organised as follows. In the rest of this chapter we review the theory of
general relativity as well as the ACDM cosmological model. In addition, we discuss some
generic characteristics of modified gravity theories. In Chapter 2] we introduce and describe
massive bigravity, and in Chapter |3| we examine its predictions on the evolution of cosmological
perturbations, and show that a number of instabilities appear. In Chapter [4] we take a broader
view and explain a method for constructing parametrised cosmological models that is able to
encompass a large class of gravity theories, and we recover GR as an illustrative example of the
method. In Chapters [ and [6] we apply the previously developed method and consider three
families of gravity theories: scalar-tensor, vector-tensor and bimetric theories. We discuss
some properties of these models, and determine the number of cosmologically relevant free
parameters. Finally, in Chapter |[7] we summarise the main results of this thesis and discuss

their applicability and relevance for present and future cosmological analyses.

1.1 Notations and conventions

Throughout this thesis we will be using the metric signature (—, +, 4+, +). Greek indices such
as 1 and v run over four dimensions of spacetime from 0 to 3, whereas Latin indices such as
i and 7 run over three spatial dimensions from 1 to 3. The Einstein summation convention is
implied, as usual. We will denote the Minkowski spacetime metric by 7,, = Diag(—1,1,1,1),

and generic metrics by g,,. In some chapters we will make use of two metrics, in which
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case indices of tensors depending on one metric only will be raised and lowered with their
corresponding metric, whereas raising and lowering procedures for quantities depending on more
than one metric will be explicitly specified where required. Partial derivatives are denoted by
0 and covariant derivatives by V. Commas and semicolons will be used to denote partial and
covariant derivatives, respectively. For instance, for a scalar field ¢ we would write derivatives
as 0,0 = ¢, and V,¢ = ¢,,. Symmetrisation and anti-symmetrisation on a pair of indices will

be denoted by parenthesis and squared brackets, respectively, as follows:

1

1
S(uy) = 5 (S;U/ + Sup,) ) A[/u/} = 5 (A;w - Auu) ) (11)

where S and A represent generic tensors. We will describe the time coordinate of spacetime
with physical time ¢ or conformal time 7. Differentiation with respect to ¢ will be denoted by a
dot, and with respect to 7 by a prime. The Hubble rate will be denoted as H and H in physical
and conformal time, respectively. Finally, we mention that in all chapters we will set the speed
of light to unity ¢ = 1, whereas in the following chapters we also set the Planck mass to unity

ME =1/(87G) = 1, where G is the gravitational Newton’s constant.

1.2 General relativity

General relativity is a geometric theory of gravity, in which gravity and matter interact in
such a way that it leads to a nontrivial structure of space and time. In fact, in the presence
of matter, physical distances between bodies change, and time lapses at different rates. All
information about the effects of matter distribution on space and time are encoded in a 4-
dimensional symmetric metric tensor g, that describes a Lorentizan manifold with a line

interval ds between two events given by:
ds® = g, (x) dadz”, (1.2)

where z# are the coordinates of spacetime, such that z° = ¢ is the time coordinate and z{123}
are three spatial coordinates. Here, x stands for the 4-dimensional coordinate vector. Broadly
speaking, the gravitational force is determined by the curvature of spacetime and the role of
the metric is to determine how matter moves in this curved spacetime, whilst in turn matter
determines how the spacetime curves. Let us next illustrate explicitly how this close relation

between matter and spacetime occurs.
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In general relativity, the gravitational interactions are described by the Einstein-Hilbert

action, which is given by:

_ 1 4y (R —

where R is the Ricci scalar (that describes the 4-dimensional curvature of spacetime), G is
known as the gravitational Newton’s constant, and g is the determinant of the metric. Since
we will be interested in the cosmological description of gravity, here we have also added A,
which is a priori an arbitrary constant known as the cosmological constant. In addition, in GR

we couple matter fields to the metric by adding a matter action of the following form:

Su = / 04 /=G Lo (91 G (1.4)

where Ly is some matter Lagrangian which is a functional of the metric g,, and some matter
fields that we symbolically represent here with a single scalar field ¢. The equations of motion

of GR with matter are then given by:
G;uz + Ag;w = 87TGT;W7 (15)
where G, is known as the Einstein tensor given by
1
ij = RNV — éng,, (16)

where R, is the Ricci tensor, which is related to the Ricci scalar by R = g"”R,,,. In addition,

we have defined 7),, as the stress-energy momentum tensor of matter given by:

T 2 0(v=9Lw) (1.7)

wETVES age

where ¢ denotes a functional variation. Eq. ([1.5)) are known as the Einstein field equations and

form a closed set of equations when complemented with the matter equation from action (|1.4)):
VT, = 0. (1.8)

This equation is known as the covariant energy and momentum density conservation equation.
We notice that since any known form of matter builds up a stress-energy tensor that is con-

served, eq. ([1.8) is physically desirable and, while in some alternative gravity theories (such as
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massive gravity) it has to be imposed externally, in GR it is a consistency requirement. We

can illustrate this last point by taking the covariant derivative of eq. ([1.5)):
vtG,, =8rGV*T,,, (1.9)

where we have used that V#g,, = 0. From the definition of the Einstein tensor we actually
have that:
VG, = 0. (1.10)

This equation is known as the Bianchi identity, and is satisfied by construction. From eq.
we can then see that, provided the Bianchi identity, eq. must be satisfied in GR.

As we have previously mentioned, the Einstein field equations define how matter curves
spacetime while eq. define how matter moves in spacetime. In order to make this explicit,
let us consider the trace of eq. in the case without a cosmological constant (A = 0):

R = —87GT",, (1.11)

from where it is clear that matter sources the curvature of spacetime. On the other hand, if we
consider T}, to be given by a test particle, from eq. (1.8 we find that this particle moves in a

geodesic of the spacetime metric g,
gt + Fgﬁyayﬂ =0, (1.12)

where y#(\) describes the 4-dimensional position of the particle parametrised with an affine
parameter \. Here we have used dots to denote derivatives with respect to A and we have

introduced the Christoffel symbols I, ; given by:

1 v
Fgﬁ = §gu (gOéV»ﬁ + 9pv,a — gﬁa,u) . (1.13)

From here it is also clear to see that matter moves according to how spacetime is curved, which
in this case is encoded in the Christoffel symbols.

General relativity has key characteristics that will be of importance for this thesis, and we
hence mention. First, the Einstein field equations contain up to second derivatives of the metric
in G

w»> and since the metric is symmetric, in principle there are at most 10 propagating gravi-
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tational degrees of freedom (DoF's). However, it turns out that it propagates only two DoFsﬂ
corresponding to two polarisations of a massless spin-2 particle (henceforth called graviton),
which propagates at the speed of light in vacuum. Second, we notice that the Einstein field
equations might resemble the Maxwell theory of electromagnetism and the Klein-Gordon equa-
tion for scalar matter, nonetheless they are non-linear (there are higher powers of the metric in
Gw), and thus GR is a much more complex theory. Fortunately, these terms are dynamically
relevant only in strong gravitational fields. Third, we notice that the Einstein field equa-
tions (and the Einstein-Hilbert action) are invariant under general coordinate transformations
x# — T#(x), which induce a transformation in the metric tensor given by:

_ ., Ozt O0x”
g,uzl<x) = o7 @gaﬁ(){)? (114)

where §,, is the metric in the new coordinates, and a similar transformation in the stress-
energy tensor 7T),,. Since the equations are invariant, all metrics related by a general coordinate
transformation are physically equivalent, and any apparent differences should not be ascribed
to physical effects. Accordingly, any physical observable should be invariant under general
coordinate transformations. This invariance is often referred to as general covariance, and
corresponds to a gauge symmetry of the theory.

The principle of general covariance and the requirement that in the weak field non-relativistic
limit the Einstein field equations should reproduce Newton’s theory of gravity, were the two
main ingredients that lead Einstein to the discovery of the theory of general relativity. How-
ever, we emphasise that these two ingredients are not unique to GR. As previously mentioned,
general covariance is a gauge symmetry, which only represents a redundancy in the description
and thus it is not a physical property of a theory. Similarly, having Newton’s gravity limit is
not unique to GR. For instance, this is achieved in the Einstein-Fokker theory [23-25], by itera-
tively coupling a canonical massless scalar to its own energy momentum tensor. Such a theory
provides a universally attractive force, and reduces to Newton’s gravity in the non-relativistic
limit. Furthermore, this theory could even be made invariant under general coordinate trans-
formations through the Stueckelberg trick (which will be illustrated in the next chapter). The
modern view of GR is that it is the theory of a non-linearly interacting massless spin-2 particle.

Indeed, it can be shown that the only non-linear Lorentz invariant theory that propagates two

LGR propagates only two degrees of freedom instead of ten because it has a gauge symmetry: diffeomorphism
invariance. The presence of this symmetry means that there is a redundancy in the description of gravity in
GR, which appears in the form of constraint equations.
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polarisations of a massless spin-2 particle is GR [26-29].

1.3 Modern cosmology

Cosmology describes the global structure and evolution of the Universe. The standard cosmo-
logical model is known as the ACDM model and is based on GR. A key feature of this model
is that the Universe can be described using perturbation theory, where the background is a
perfectly homogeneous and isotropic expanding Universe and perturbations describe deviations
from this idealised setting. In this section, we summarise the main ingredients of the ACDM
model; we describe and show the relevant equations determining the background evolution as

well as its linear perturbations.

1.3.1 Background

The standard cosmological model is based on the cosmological principle, which states that there
should be neither a preferred location nor a preferred direction in space. Indeed, this assumption
embodies the observational fact that the Universe is nearly homogeneous and isotropic on scales
larger than 100 Mpc, as seen in galaxy distribution surveys and the CMB [30,131]. Therefore,
as an approximation, an infinitesimal line element for the spacetime of the Universe can be

written as:

ds® = —dt* + a(t)?6;;dx'da? | (1.15)

where t is the physical time, a(t) is known as the scale factor and determines how the Universe
expands, 0;; is the Kronecker delta, and the bar superscript signals the fact that this is only
the background metric. Here, we have assumed a spatially flat metric, i.e. a Universe with an
Euclidean spatial geometry. This assumption is supported by observations from CMB and large-
scale structures [32]. The background metric given in eq. is known as the Friedmann-
Lemaitre-Robertson-Walker (FLRW) flat metric and is a maximally spatially symmetric metric.
For the purpose of this thesis, it is relevant to mention that the FLRW metric is sometimes
expressed in terms of the conformal time 7 instead of the physical time ¢. In that case, the line

element becomes:

ds* = a(7)? [—dr® + &;;da’da’] (1.16)

where we have made a time coordinate transformation such that adr = dt. Physical time
corresponds to the time measured by observers comoving with the cosmic expansion, such as

us and thus provides a natural coordinate to use for observations. However, conformal time
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is often used for mathematical convenience as in this case the metric is conformally related to

Minkowski spacetime g,,, = a(7)*n,,. In this chapter though we will be using physical time.
The contribution of matter to the Universe is well described by an ideal hydrodynamic

approximation. For such ideal fluid, with the same symmetries as the metric, the stress-energy

tensor is given by:

Tw = (Po + po) Uyl + PoGuw, (1.17)

where Py = Py(t) is the pressure of the fluid, po = po(t) its rest energy density, and u* =
(1,0,0,0) its isotropic 4-velocity. Here, the subscripts 0 stand for background quantities.

From the Einstein field equations of motion given in eq. and the conservation equation
(1.8)) we find that in this background:

1
H? = 3 (87Gpo + A), (1.18)

po = —3H (po + ), (1.19)

where dots denote derivatives with respect to the physical time ¢, and H = a/a is the Hubble
parameter. Eq. is known as the Friedmann equation and is the main equation governing
the expansion of the Universe. These two equations give a closed system to be solved, provided
a matter equation of state for pg and Fy. In the standard cosmological model, the different

components in the Universe have a barotropic equation of state:
PO = Wpo, (120)

where w is constant. We can distinguish three types of components:
e Radiation (relativistic matter): w = 1/3,
e Dust (non-relativistic matter): w =0,

e Dark energy (cosmological constant): w = —1.

From the equations of motion (1.18])-(1.19) we find that the energy density and scale factor

evolve in the following way, depending on the type of matter:
e Radiation (relativistic matter): py ~ a™; a ~ /2,
e Dust (non-relativistic matter): py ~ a™3; a ~ t%/3,
Hot

e Dark energy (cosmological constant): pg = A/(87G); a ~e
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where H, is the Hubble parameter evaluated today. A realistic description of the Universe
should include all the different matter components at the same time, such as photons, neutrinos,
baryons, and cosmological constant. In that case, the energy density determining the expansion

of the Universe is given by:

Po =Pyt Pv+pPptpat..., (1.21)

where the ellipsis stands for other possible matter components. In this case we see that, when
A > 0, as the Universe expands in time, radiation dominates first, followed by the domination
of non-relativistic matter and finally by the cosmological constant. These are the three main
distinct stages of the evolution of the Universe in the ACDM model.

The name ACDM stands for the assumption on the presence of two particular components:
cosmological constant (A) and Cold Dark Matter (CDM). The cosmological constant is intro-
duced to drive an exponentially fast growing scale factor and thus explain current observations
of the accelerated expansions of the Universe. As we have previously mentioned, this is a very
exotic component as it has an equation of state Py = —py, and hence it has negative pressure.
Cold Dark Matter is a non-relativistic matter component and its name refers to the fact that it
does not interact with electromagnetic radiation (or at least very weakly) and behaves like dust.
It is introduced to explain that — as seen in the motion of visible matter, gravitational lensing,
large-scale structure formation and the CMB — gravity seems to be stronger than predicted by
GR around large-scale structures such as galaxies and clusters if we only take into account the
presence of baryonic non-relativistic matter. CDM would correspond to additional non-baryonic
(non-visible) matter that enhances the gravitational attraction of large-scale structures.

It has been shown by data that neutrinos and photons at present make up about 0.001%
of all the energy of the Universe, baryonic matter about 5%, whereas CDM makes up about
26% and dark energy 69% [32]. Therefore, we can see that CDM and the cosmological constant
make up about 95%, but their origin and nature are still not understood. Whereas it is widely
accepted that CDM is made up of massive particles that interact predominantly via gravity and
there are particle candidates such as axions, sterile neutrinos or Weakly Interacting Massive
Particles (WIMPs) [33-36], the origin of the cosmological constant is certainly less clear and
has become one of the most challenging problems in theoretical physics, and one of the the
main motivations to study modified gravity theories.

All the equations shown in this subsection give the basis of the ACDM model. This model
can make accurate and testable hypotheses in key areas such as: expansion of the Universe,

origin of the cosmic microwave background, and nucleosynthesis of light elements. The remark-
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able agreement with observational data gives considerable confidence in the model. However,
the presence of structures such as galaxies and clusters of galaxies show that we do not live in
a perfectly homogeneous and isotropic Universe. In order to obtain a more realistic description
of the Universe and its constituents we introduce perturbations around this background. As
a first approximation we can consider only linear perturbations, and predict the entire time
evolution of linear inhomogeneities at large scales, which certainly goes beyond what we can
currently observe. Higher-order perturbations are relevant to study the distribution of matter
and radiation at smaller scales, and include the effect of screening mechanisms in modified

gravity theories, but in this thesis we only focus on first-order perturbations.

1.3.2 Perturbations

In the standard cosmological model we suppose that small deviations from homogeneity and
isotropy were generated during the early Universe due to quantum fluctuations. Since gravity is
an attractive force, these small perturbations would grow in time, forming structures through
the mechanism of gravitational collapse. In this section, we present and describe the main
ingredients to analyse cosmological perturbations.

Let us consider linear perturbations of the spacetime metric and matter on a given back-

ground. In general, we can split the perturbed metric into two parts:
Guv = Guv + 69, such that |0g,.| < |Guwl, (1.22)

where g, corresponds to the background metric and dg,,, to the first order metric perturbation.

Similarly, we can write the perturbed stress-energy momentum tensor as:
T, =T*",+0T",, suchthat |[6T",|< |T",], (1.23)

where TH, gives the background value and 6T*, its perturbation. In general, the background
and first order terms satisfy equations and , and thus these equations provide all
the necessary information to find the evolution of the background and perturbations (provided
some initial conditions).

We notice that once the background is fixed the system is no longer invariant under general
coordinates transformations. Instead, it is invariant only under linear infinitesimal coordinate
transformations: a# — z* 4 €"(x), where |¢*| < |2#| is an arbitrary perturbation. Under this

transformation the background remains unchanged but the linear perturbations transform in
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the following way:

6g;w — 5g;w - gub’aueﬁ - gﬂl/aueﬁ + Eaguﬁgu'y (aagﬁ’y) ; (124)

and similarly for 67),. The derivation of this transformation of the metric can be found in
Appendix [A.1 The presence of this gauge freedom means that not all apparently perturbed
metrics are physical perturbed spacetimes. For instance, a homogeneous and isotropic form of
the metric can be transformed to an inhomogeneous form by performing particular coordinate
transformations. Thus, in order to be certain whether we are considering a homogeneous and
isotropic spacetime or a perturbed one, we will need to distinguish physical inhomogeneities
(geometrical) and coordinate artifacts.

One approach to this problem is to work in a manifestly gauge-invariant framework. It
consists in defining a new set of gauge-invariant perturbation fields and rewrite all the actions
(or equations of motion) in terms of these new fields. Since, in general, not all the gauge-
invariant perturbation fields are physical, one must also find the physical degrees of freedom
by finding only relevant gauge-invariant fields which the action depends on. Another approach,
which will be adopted for the most part in this thesis, consists on fixing all the gauge freedoms
in a special way such that we eliminate all non-physical perturbation fields, and remain with
physical degrees of freedom only [37].

In the following discussion, we focus on first order perturbations in the idealised homoge-
neous and isotropic background Universe previously presented. We start by noticing that all
perturbations are a priori arbitrary, so even if the background is homogeneous and isotropic,
in general the perturbed metric is not. Usually, metric perturbations are categorised into three
different types: scalar, vector and tensor. This classification is known as the Scalar-Vector-
Tensor (SVT) decomposition and refers to the way perturbation fields transform under spatial
coordinate transformations [38]. It can be shown that, at linear order around a homogenous
and isotropic background, the three type of perturbations decouple from each other, and hence
evolve independently. This property has a particular advantage: we can simplify the original
long mathematical problem by dividing it into three shorter sets of problems for scalar, vector
and tensor perturbations.

As previously mentioned, since the metric tensor lives in a 4-dimensional spacetime and it is
symmetric, it propagates at most ten DoF's. We shall see that these ten DoF's are divided into
four scalar perturbations, two vector perturbations (that propagate two DoFs each), and one

tensor perturbations (that propagates two DoFs). Furthermore, in the standard cosmological
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model, scalar perturbations couple directly to matter, and exhibit the growing modes needed
to cause the formation of large-scale structure in the Universe. For this reason, throughout
this thesis we will mainly be interested in analysing the evolution of scalar perturbations. In
addition, vector perturbations decay in an expanding Universe and thus they do not affect
any cosmological observable in a relevant way. Finally, tensor perturbations do not couple
mattelﬂ and thus they travel freely most of the time and describe the evolution of primordial
gravitational waves.

In what follows we present explicitly the separation into scalar, vector and tensor pertur-

bations.

Scalar Perturbations

The most general way to construct metric perturbations around the background (|1.15)) with
scalar perturbations is using four scalar fields ®, ¥, F/, and B. In this case, the infinitesimal

line element of the perturbed spacetime can be written as:
ds® = — (1 +2®) dt* + 2B dx'dt + a® [(1 — 2W)6;; + 2 ;] da'da’. (1.25)

We emphasise that whereas the scale factor depends only on time, the four scalar perturbations
in general depend on space and time.
Similarly, we can write a decomposition of the perturbations for the stress-energy momentum

tensor. For a general perfect fluid, the perturbed tensor is given by:

T% = —(po + 0p);  T'o = —(po+ Po)v’;

T% = (po+ R) (Bi+a*v,): T'j= (R +0P)3, (1.26)

where there are three scalar perturbationsﬂ: the perturbed energy density dp, the perturbed
pressure 0P, and the perturbed curl-free spatial velocity of the fluid v**. Here, spatial indices
are lowered and raised with the Kronecker delta.

We notice that the scalar perturbations defined in this section in general are not gauge

invariant. Indeed, we find that for an infinitesimal coordinate transformation the scalar fields

2They only couple to an anisotropic stress-energy tensor of matter, which is negligible at late times.

3We could in principle also add an anisotropic stress perturbation which would add a fourth scalar pertur-
bation, but we ignore it here as it is irrelevant at late times.
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transform as:

d+d—7 V—V+Hr;, B—B+rm—adé FE—FE—e (1.27)

6p — 6p —mpo; 0P — 6P — 7Py, v — v+é, (1.28)

where we have also used the SVT decomposition for the gauge parameter €” in such a way that

its scalar components are explicitly given by:
e = (m,e"). (1.29)

Now that we have decomposed the metric and the stress-energy tensor we can write the

equation of motion for perturbations. Replacing expressions ([1.25))-(|1.33)) into eq. (1.5)-(1.8]),

and choosing the Newtonian gauge £/ = B = 0, we find a set of equations that when combined
lead to:
VAU = 4nGpoAy; © =, (1.30)

where Ay = 0p/po + po/poa’v is a gauge-invariant matter density perturbation field. Here,
the first equation is known as the Poisson equation, and shows explicitly how the metric scalar
perturbations are coupled to the matter density perturbation, which is responsible for the
formation of the observed large-scale structures today.

Vector Perturbations

Metric vector perturbations can be constructed by using two vectors that live in the 3-dimensional

space: S; and F;. These vectors satisfy the following condition:
Syt =Fy' =0, (1.31)

which states that these two vectors have no scalar contributions, and then they carry only two
independent DoF's each. Specifically, the infinitesimal line element of the perturbed spacetime

can be written as follows:
ds* = —dt* — 2S;dx'dt + a® [0y + Fy; + Fy) da'da’. (1.32)

For a perfect fluid, there will be only one vector perturbation: the divergence-free spatial

velocity of the fluid v™%, such that v}® = 0. Specifically, the stress-energy tensor can be written
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as:

T% = —po; T'o=—(po+ Po)o™;

TO, = (po+ Po) (Si+a4l); T = Py (13)

From the Einstein field equations we can find that the three vector perturbations, S;, F; and v’
couple to each other but there is only one physical vector DoF propagating, namely the velocity
of the fluid. The amplitude of this perturbation decays as the Universe expands, so it could only
be observable today if its initial amplitude was so large that it completely spoiled the isotropy
of the very early Universe. However, in an inflationary Universe there is no room for such large
primordial vector perturbations and hence vector perturbations are not cosmologically relevant
(see [39]).

For completeness, we mention that in general vector perturbations are not gauge invariant.

Indeed, under infinitesimal coordinate transformations they transform as:

Fy— Fy—e€f; S — S; + a?el,

o1t — Tt 4 €T (1.34)

where we have decomposed the gauge parameter in its vector part as e* = (0, e’?), such that
€Ti7i =0.
Tensor perturbations

Tensor perturbations can be constructed by using one 3-dimensional spatially symmetric tensor
hi;, which satisfies:

These two conditions ensure that this tensor does not have any scalar or vector contributions,
and hence carries only two independent DoFs. In this case, the infinitesimal line element of

spacetime can be written as:
ds® = —dt* + a* [6;; + hyj] dv'da’. (1.36)

A perfect fluid does not have any tensor perturbation (unless it has anisotropic stress), and

thus h;; does not couple with matter. From the Einstein field equations we find the following
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equation of motion for h;;:

. . 1

which has oscillatory solutions that describe the propagation of primordial gravitational waves.
Finally, we mention that tensor perturbations do not transform under infinitesimal coordinate

transformations, and hence they are gauge-independent fields.

To finish this section, we note that in order to completely fix the solutions for scalar, vector
and tensor perturbations we need initial conditions. These are provided by the inflationary
theory, which describes an early period of accelerated expansion of the Universe when the Uni-
verse was dominated by a scalar field: the inflationary field or inflaton. Quantum fluctuations
in the metric and the scalar field created small inhomogeneities and sourced primordial matter
perturbations and gravitational waves. This inflationary model predicts nearly scale-invariant
initial conditions for perturbations, which agree with observations from the Planck Satellite on
the CMB and large-scale matter distribution [40].

So far, perturbation theory in the ACDM model agrees with all cosmological data, specifi-
cally on the statistical distribution of matter and light in the Universe, with only mild tensions
between Planck and other astrophysical observations [32]. However, as previously mentioned,
there are fundamental unanswered questions regarding the origin of dark matter and dark en-
ergy. Furthermore, the inflationary theory has also been criticised for assuming the presence
of an as of yet unobserved scalar field with very specific properties and the need of fine-tuned
initial conditions [41,42]. In addition, questions have arisen regarding the validity of usual
inflation and the presence of observable trans-Planckian scales [43]. As previously mentioned,
these issues, and specially the dark energy, have driven the production of many modified gravity
theories in the last decades. In the next section we discuss the cosmological constant problem

as well as the main characteristics that most alternative gravity theories have.

1.4 Modified gravity

The cosmological constant is one of the central topics of cosmology nowadays, and the main
motivation to consider modified gravity theories. It is only visible at large scales, where the
curvature is small enough (i.e. R < 2A), and thus it can only be probed cosmologically. As
shown in the previous sections, the cosmological constant drives the present accelerated expan-
sion of the Universe. Observations show that the cosmological constant represents about 69%

of all the energy content of the Universe, and its measured value is A ~ 107'23M3. According
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to standard lore, this measured constant is an effective cosmological constant that has a contri-
bution from a geometrical constant (inserted ad hoc into the Einstein-Hilbert action) and the
gravitating quantum vacuum energy of all particles in the standard model of particle physics.
However, estimates of this vacuum energy with Quantum Field Theory give a value more than
50 orders of magnitude larger than the measured cosmological constant [44]. This results in
a fine-tuning problem, in which the geometrical constant must cancel out to a high degree of
accuracy the vacuum energy in order to lead to the measured value of the effective cosmological
constant, even though, a priori, they are independent from each other. This issue constitutes
the so-called cosmological constant problem and is one of the most important challenges in
theoretical cosmology nowadays.

Furthermore, it has been observed that the fractional energy densities of the effective cos-
mological constant and non-relativistic matter are comparable at present. However, since the
latter evolves in time as p ~ a3, the period of time in which these two are comparable is
extremely short. This constitutes the so-called coincidence problem and has been explained
so far by assuming that we are privileged observers, living in a special time. This assump-
tion however, is contrary to the previously mentioned Cosmological Principle. Therefore, even
though the cosmological constant provides a simple way of recreating the current accelerated
expansion of the Universe, it poses major theoretical issues.

In the last decades there has been a number of proposals to avoid the cosmological constant
and coincidence problems with modified gravity theories, in which dynamical mechanisms can
create an accelerated expansion of the Universe. Usually, we can distinguish two types of gravity
models: those where the matter stress-energy tensor is modified in such a way that the equation
of state approaches w ~ —1 at late times, and those where the left-hand side of the Einstein
field equations is modified. The former type of models are commonly known as dark energy
theories of gravity, and the latter ones as modified gravity theories. While there are models
which unambiguously belong to one category or the other, in reality there is a continuum of
models between the two types (see [45] for a review). For this reason, the division between
these two classes is a matter of personal preference and in this thesis we will be generically
referring as modified gravity theories to any modification to GR and the ACDM model.

Before discussing some general characteristics of modified gravity theories, it is interesting
to mention that modifications of gravity have an old history. In fact, one of the events that
led to the success of GR was that the accepted theory of gravity at the time — Newton’s law of
Universal attraction — did not describe gravity properly in certain regimes. In the 19th century,

Newtonian gravity predicted only half of the observed advance angle of precession of Mercury’s
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orbit. At the time, the mathematician Le Verrier hypothesised the presence of a new planet
— Vulcan — perturbing Mercury’s orbit and hence responsible for this discrepancy. Vulcan was
never found, and the solution was actually found in the early 20th century when Einstein
showed that GR could predict exactly the observed amount of advance of Mercury’s perihelion,
without any recourse to additional planets. Therefore, it was then found that gravity needed
to be modified: while Newtonian gravity was very accurate in the regime of small velocities
and weak fields, it did not describe appropriately gravitational forces at larger velocities and
stronger fields.

In general, modified gravity theories can be constructed in different ways and in order to
understand how they can modify GR it is important to mention Lovelock’s theorem [46,/47].

This theorem states the following:

“In four dimensions, the only local diffeomorphism invariant action which leads to
2" order field equations of motion and which depends only on a metric is a linear
combination of the Einstein-Hilbert action with a cosmological constant up to a total

derivative.”

This theorem shows that in order to modify GR we can change the dimensions of spacetime,
consider non-local terms, change the number of degrees of freedom (or fields), give up diffeomor-
phism invariance, and/or add higher derivatives. In many cases these changes are degenerate,
and for this reason many modified gravity theories perform more than one change. For instance,
as we will see in the next section, massive gravity breaks diffeomorphism invariance and also
propagates more degrees of freedom than GR.

Once we have considered a certain modification of gravity, we need to assess its viability. In
general, any model must pass certain theoretical consistency checks and also satisfy observa-
tional constraints. The main theoretical requirements on any modified gravity theory are that
it is free from unstable degrees of freedom, such as ghosts, gradient, or tachyon instabilities.
In general, any of these instabilities can make cosmological perturbations grow too fast, and
either invalidate the perturbative approach taken in the previous section or simply not fit data.
Furthermore, ghosts are particularly dangerous because they are modes with negative kinetic
energy, and hence make any vacuum state unstable as an arbitrary number of these modes can
be produced. For this reason, special care must be taken when considering higher-derivative
gravity theories, as Ostrogradsky’s theorem [48] tells us that equations of motion with higher
than second derivatives will lead to a Hamiltonian which is unbounded from below due to the

presence of ghosts.
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Regarding observational constraints, modified gravity theories need to first reproduce the
success of GR on small scales, specifically from Solar System experiments. However, many
theories propagate an extra scalar field that couples (directly or indirectly) to matter and thus,
a priori, modifies gravity by producing a fifth force. On the one hand, this fifth force could be an
advantage and modify GR on cosmological scales, potentially driving the late-time accelerated
expansion of the Universe without a cosmological constant. On the other hand, this fifth force
could also affect predictions at small scales, but models must reduce to GR in this regime as
any modification is severely constrained by experimental data. In fact, typically the strength
of the fifth force is required to be orders of magnitude weaker than gravity at small scales.
For this reason, most modified gravity theories are equipped with a mechanism that suppresses
the effect of the scalar field in the Solar System, called screening mechanism. This is done
by making some property of the scalar field dependent on the background environment under
consideration. Next, we summarise the three main types of screening mechanisms (see [49,50]

for a detailed review):

1. Chameleon.

In the Chameleon mechanism the scalar field has a mass that depends on its environment
in such a way that it becomes heavy in dense environments, such as in the Solar Sys-
tem. This makes the Compton wavelength of this mode small, and hence effectively an
undetectable short-range force. On the contrary, around diffuse environments, the scalar
field becomes light with a large Compton wavelength. In this case, the mode becomes

detectable and potentially relevant for cosmological observations.

2. Symmetron.

In the Symmetron mechanism the scalar field has a potential that is density-dependent,
which effectively changes the coupling to matter. In dense environments the vacuum
expectation value of the potential is near zero, and thus the field does not couple to matter.
As the density drops, the potential undergoes a spontaneously symmetry-breaking phase
and takes a non-zero expectation value, resulting in a coupling between the scalar field

and matter.

3. Vainshtein.

In the Vainshtein mechanism the scalar field has non-linear kinetic terms. These terms
become large at small scales and effectively make negligible the coupling to matter (and

hence the fifth force). At large scales these non-linear terms become negligible and the
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fifth force becomes relevant, inducing potential modifications at cosmological scales. As
we will mention in the next section, the scale at which the fifth force starts getting

suppressed is known as the Vainshtein radius.

We emphasise that, by construction, all these screening mechanisms operate in the regime
of non-linear perturbations. Therefore, even though they play an important role in the analysis
of viable modified gravity theories, we will not consider them further in this thesis as we will
focus on cosmological scales where perturbations are linear.

Modified gravity theories also need to fit cosmological data, and whereas many models can
reproduced exactly the same evolution for a homogeneous and isotropic Universe as ACDM,
they usually differ in the evolution of cosmological perturbations. For instance, in the Dvali-
Gabadadze-Porrati (DGP) gravity model, the rate of structure formation can differ from other
models by a few percent for identical Hubble functions [51]. Therefore, cosmological perturba-
tions provide a relevant tool for discriminating between gravity theories, and potentially support
or refute some of them. For this reason, this thesis is mainly concerned with predictions on the
evolution of perturbations of gravity theories.

Even though the CMB plays an essential role in constraining cosmological perturbations,
most of the focus is currently going to galaxy surveys and weak lensing data, in which one of

the key probes will be the growth-rate of large scale structures, defined as:

dlIlAM
f= dlna

(1.38)

As we showed in the previous sections, the evolution of Ay depends on the gravitational
potentials, and if there is any presence of fifth force, then the growth rate f will change. A
number of experiments will come online within the next decade, including Euclid, DESI, SKA,
LSST and WFIRST, which will allow us to make important improvements in constraints on
gravity at large scales. Indeed, current attempts on constraining gravity models have shown
that present data is not conclusive yet [52]. We note that it has been suggested that there might
be some evidence for deviations from GR, but the systematic uncertainties in the experimental
data are too large to consider such deviations conclusive [53]. From all the future combined
data, preliminary studies [54-58] have shown that we could improve the precision on modified
gravity constraints by order 10. Therefore, over time we expect to see a dramatic increase in the
precision with which we can constrain gravity on cosmological scales, and the work presented in
this thesis aims to analyse models and develop tools to test gravity at large scales in preparation

for future data.
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CHAPTER 2

MASSIVE BIGRAVITY

The history of massive gravity dates back to 1939, when Fierz and Pauli developed the linear
theory of a massive spin-2 field in Minkowski space [59]. It consists of a covariant quadratic
action, known as the Fierz-Pauli action, describing a free massive graviton which propagates five
degrees of freedom — namely, modes with helicity 2, £1 and 0. This action is the only possible
instability-free quadratic action for a massive graviton [60]. In this chapter we show explicitly
this action and some of its properties. We show that in the presence of matter, the Fierz-Pauli
action exhibits the so-called van Dam, Veltman, Zakharov (vDVZ) discontinuity [61,62], which
arises when taking the massless limit as, contrary to expectations, the model does not reduce to
the theory of a massless graviton (that is, GR). This happens because in this limit the helicity-0
mode still propagates and couples to the trace of the stress-energy tensor, hence modifying the
behaviour of matter.

We then focus on non-linear completions of the Fierz-Pauli action. Non-linear massive
gravity theories (that reduce to the Fierz-Pauli action at the linear level) were studied exten-
sively following the non-linear proposal by Vainshtein in 1972 [63]. It was then argued that
non-linearities could cure the vDVZ discontinuity as non-linear interactions would become com-
parable to the linear terms for small values of m. Such non-linear interactions would give rise
to a screening of the helicity-0 mode at small scales, rendering the theory compatible with Solar
System tests of gravity [63,64]. Despite this resolution of the vDVZ discontinuity, Vainshtein’s
model was flawed as it contained an instability, a Boulware-Deser ghost [65], i.e. an extra scalar
degree of freedom whose kinetic term had the wrong sign.

Finally, in this chapter we show the most successful current non-linear theory of massive
gravity. In 2010 major progress was made when a particular family of ghost-free interaction
potentials was constructed by de Rham, Gabadadze and Tolley in [66] and confirmed to be
ghost-free by Hassan and Rosen in [67] (see also [68]). dRGT massive gravity [69-71], as it
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is known, contains the spacetime metric g, as well as a fixed non-dynamical second metric
fuv- A bimetric ghost-free extension of the dRGT massive gravity was proposed by Hassan and
Rosen in [72] (see also [73]), where the new metric f,, is also dynamical. For a more detailed

review on massive gravity and its origins, see [74,[75].

2.1 Linear massive gravity

Let us start constructing the linear action for a massless graviton. Consider a symmetric
Lorentz spin-2 field h,, in 4-dimensional Minkowski space. It has been previously shown that
the most general local covariant quadratic kinetic Lagrangian that avoids the propagation of
unstable degrees of freedom (modulo boundary terms and an overall normalisation factor) is
given by:

Lons = 3 Exfhes, (2.1)

where € is known as the Lichnerowicz operator and it is given by:
5 1
Ehag = = [Ohy — 20,00l + 0,0,k — 1y, (Oh — 9,05h*7)] (2.2)

where we raise and lower indices with the Minkowski metric, also h = I is the trace of the
tensor field, and OJ = 9*9,, is the d’Alembert operator. This action corresponds to the linearised

Einstein-Hilbert action around Minkowski space when the metric is expanded as:

1
G = Npw + Vph‘“’; Py | Mp < 1y, (2.3)

and only quadratic terms in h,, are kept in the action. Therefore, we conclude that, as in GR,
the field h,, describes a massless graviton and hence propagates only two polarisations and the

action is invariant under linearised diffeomorphism transformations:
hyw = hyw + 06, + Oye,,. (2.4)

We note that diffeomorphism invariance plays a crucial role as it ensures that the action does
not propagate an unstable mode, known as Boulware-Deser ghost [65]. In other words, if
the action was not diffeomorphism invariant it would propagate a ghost, which would be an
additional physical degree of freedom with a wrong sign in its kinetic term in the action. The

presence of such a ghost leads to a Hamiltonian which is unbounded from below, which renders
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quantum vacua unstable as states with arbitrarily negative energy can be created.

Next, let us consider the possibility of giving a mass to the graviton. In order to do this
we add non-derivative terms to the action in eq. . A priori, we could write two kind of
interactions:

gn:—%meme—aW), (2.5)
where m is a mass parameter and a is a free dimensionless constant. It is possible to show
that the entire Lagrangian Lgr 1, + L. propagates six degrees of freedom, one of which is a
Boulware-Deser ghost. In order to avoid the presence of this unstable mode we can only choose

a =1, in which case eq. (2.5)) simply reduces to:
1 2 h* h h2
EFP,m = _gm ( uy ) ) (26)

which is known as the Fierz-Pauli mass term. The total Fierz-Pauli Lagrangian is the given by

Lyp = Lor1 + Lrpm, Whose equations of motion are given by:
(O—m?) by =0; "Ry =0,; h=0. (2.7)

From here we can identify m as the mass of the graviton and we can see that the field h,, prop-
agates now only five degrees of freedom (instead of six)ﬂ corresponding to the five polarisations
of a massive graviton: the helicity-0, =1 and £2 modes.

We note that the presence of the mass terms now breaks the gauge symmetry of the Einstein-
Hilbert action shown in eq. , while Lorentz invariance is still preserved. An important
consequence of this is that the mass parameter m is technically natural, i.e. it is stable under
quantum corrections because these corrections are proportional to the parameter m itself |74,
75]. This means that even if this parameter is set to a very small value (which might be needed
if this theory is expected to describe a modified gravity theory explaining the cosmological
constant problem), there is no fine-tuning problem. In general, we say that a small parameter
is technically natural if there is a symmetry that appears as the small parameter is set to
zero. In the case of massive gravity, this symmetry is linearised diffeomorphism invariance that
protects a zero value of the mass from quantum corrections.

The construction of an action for a massive spin-2 field is interesting already from a particle

IExplicity, the field h,. in principle has ten independent DoF's because it is a 4D symmetric tensor. However,
from eq. (2.7) we see that it is traceless and divergenceless, and hence it satisfies five constraints that reduce
the total number of DoFs to five.
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physics point of view, but in this thesis we will focus on considering such action as a candidate
for a gravity theory. If we were to consider a massive graviton to be the mediator of the
gravitational force we would need first to find how this field interacts with matter. Let us

consider a linear coupling to matter:

1

L
M7 oMp

hy T, (2.8)

where T is the energy-momentum tensor of some external source. In this case, it was shown
that this model exhibits a discontinuity — the vDVZ discontinuity [61,/62] — which refers to
the fact that in the m — 0 we do not recover the model of a massless graviton, that is GR.
Indeed, calculations have shown that in this limit the model predicts a magnitude of the light
bending angle around a point source that is 25% smaller than in GR [74]. At first sight, this
discontinuity might seem odd as by taking that limit we make Lpp,,, = 0 and the Fierz-Pauli
actions reduces to the Einstein-Hilbert action of GR. However, this limit is not smooth as
degrees of freedom are lost in the process. The correct way of taking the limit is by performing
the so-called Stueckelberg trick. As we shall see in a moment, this trick makes explicit the
origin of the discontinuity: the massless limit of massive gravity is not massless gravity (GR),
but rather massless gravity plus extra degrees of freedom, which correspond to a massless vector
and a massless scalar fields. While this massless vector propagates freely (without any coupling
to the graviton or matter), the scalar does couple to the trace of the energy momentum tensor,
hence changing the behaviour of matter and causing the vDVZ discontinuity.

The main idea behind the Stueckelberg trick is that gauge freedoms are not physical, but
instead simply a redundancy in the description of a given system. Thus, we notice that Fierz-
Pauli action previously given is not explicitly gauge invariant but this symmetry can be restored
by introducing redundant fields. Let us introduce two redundant fields A, and ¢, known as the

Stueckelberg fields, by performing the following replacement in the Fierz-Pauli actionﬂ:

2 2
hl“’ — hlﬂ/ + Ea(uAy) + ﬁﬁ,ﬁy¢ (29)

ZNotice that in this field replacement we have renormalised the fields A, and ¢ with powers of m in such
a way that these fields are canonically normalised in the resulting action. This renornalisation is crucial as,
even though the transformation becomes singular in the m — 0 limit, it allows us to take a smooth limit in the
action when m — 0.
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In this case, the total Fierz-Pauli Lagrangian Lpp, including matter, becomes:

1 v oo 1 v 1 v 1 v
£ = =W EeL o — S (R Dy — 12) = S Fyy = S0 (T, — Ty
1 1 2 1 1
— " — hm*Yo,A, + —h,T" — ——A,0,T" + ——¢0,0,T"", 2.10
m< " ) ’ +2Mp " mMp " +m2Mp¢” ( )

where we have defined F,, = 9, A,), I, = 0,0,¢, and II as the trace of 1I,,,. This action is
now invariant under the following gauge transformations:

m
——€

Ohyy = Ou€, + 0vey;  0A, = 5

o O, 0 = —2mA, (2.11)

where e# and A are arbitrary gauge parameters. These transformations correspond to linearised
diffeomorphisms with a U(1) symmetry. We emphasise that eq. has the exact same
physical information as the previously shown Fierz-Pauli Lagrangian, and the difference lies in
the presence of gauge symmetries.

As mentioned in the previous chapter in eq. , in GR all matter sources are covariantly
conserved as that is a consistency condition. In massive gravity this is not the case, and matter
could well be or not be conserved. However, since any known form of matter is indeed conserved,
we impose conservation of matter as an external equation to be satisfied: 0,7* = 0. In this

case, we take the m — 0 limit of eq. (2.10) and find that the Lagrangian becomes:

1 1

L=CLcrr(h) — F"F,, — Eh“” (I, — ) + Py T (2.12)

2 2Mp

where Lgrp(h) is the Lagrangian in eq. for the field h,,. From here we see that the
model propagates one tensor, one vector and one scalar field, and thus, after performing the
Stueckelberg trick, the massless limit is smooth because the number of degrees of freedom is
conserved. In addition, we see that the vector field has become a free field, but the tensor and
scalar fields are still mixed. In order to see explicitly how fields interact with each other and

matter, let us perform the following field redefinition:

Py = R, + Oy, (2.13)

so the Lagrangian in eq. (2.12)) becomes unmixed:

1 3 1
L - LGRL(h/) - §F'LU/FHV - L—lﬁﬂgba”gb + Mh;u/Tﬂy +

o (2.14)
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where T' is the trace of the energy-momentum tensor. As we can see, matter is coupled to a
massless graviton but also to the scalar mode ¢ that corresponds to the helicity-0 mode of the
massive graviton. Due to the presence of this extra scalar-matter coupling this model does not
reduce to GR in the massless limit. A resolution to the vDVZ discontinuity is provided by
the Vainshtein screening mechanism [63] which involves including non-linear kinetic terms in
the action. In the limit m — 0, these non-linear terms screen the effects of the troublesome
helicity-0 mode. This mechanism highlights the importance of constructing an appropriate

non-linear theory of massive gravity, which is the main topic of the next section.

2.2 Non-linear massive gravity

The development of a non-linear theory for a massive graviton started with the proposal of
Vainshtein in 1972 [63]. He suggested the following simple extension to the Fierz-Pauli La-
grangian:

M?2 1
L= TP\/—_QR — ngnaunV,B (hp,yhaﬁ - h',uochl/ﬁ) ) (215)

where the metric g,, is related to the tensor h,, through the relation g,, = 1, + hu/Mp.
Vainshtein found spherically symmetric solutions around a point object of mass M, and showed
that for » > ry the linear terms dominate and for r < ry the non-linear terms dominate, where

r is the distance to the source and ry is given by:

ry = (GM)UB, (2.16)

where G is the gravitational Newton’s constant. This radius is known as the Vainshtein radius,

and determines when non-linearities become relevant. In the limit m — 0, we see that ry — oo,
and thus the non-linear terms always dominate, and hence there is no regime in which we
can trust the Fierz-Pauli theory. This suggests that the vDVZ discontinuity is an artifact
of the linear perturbation theory, but the solutions to the full non-linear theory should be
smooth in that limit. In fact, the correct limit of GR should be in the regime where the non-
linearities dominate, i.e. for r < ry at distances near the source, whereas modifications to GR
should appear far away from the source where the description is given by the linear theory.
This dynamical mechanism in which GR can be restored due to non-linearities is known as
the Vainshtein mechanism, and it happens because the non-linear kinetic terms in eq.
suppress the coupling between the helicity-0 mode and external matter, making it effectively

negligible.
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In 1972 Boulware and Deser [65] studied this and other specific non-linear extensions to
the Fierz-Pauli theory, and showed that they propagated six degrees of freedom — namely, five
polarisations of the massive graviton and one extra Boulware-Deser ghost. This ghost would
be infinitely heavy on flat backgrounds, and hence would not be excited in Minkowski space,
and would not propagate in the Fierz-Pauli theory. However, the ghost would become light
and hence propagate around nontrivial solutions [70], including cosmological backgrounds [76]
and weak-field solutions around static matter [77H79], rendering these models unstable. The
presence of this ghost became the main obstacle in the process of building non-linear massive
gravity for four decades. Furthermore, other pathologies such as strong classical non-linear
couplings and a very low cutoff energy for the theory (determining its region of trustability)
also came into play.

In 2010 considerable progress was made with the first ghost-free proposal by de Rham,
Gabadadze, and Tolley [66] of a non-linear massive gravity theory, known as dRGT massive
gravity. This model was motivated by constructions of massive gravity with auxiliary extra

dimensions [80], and its action is explicitly given by:

M

S y /d4zv VvV—9gR(g) — mQMgz/d% \/—_gijﬁnen (ﬂ) : (2.17)

T2
where g, is a dynamical metric with a Ricci scalar R(g), whereas f,, is a fixed reference
metric. Here we have that (3, are free dimensionless coefficients, while M, and m are arbitrary
mass scales (although it is customary to set M, = Mp). In addition, this action contains
interactions between both metrics, which are expressed in terms of the functions e, ( g Lf ),

which correspond to the elementary symmetric polynomials of the eigenvalues \,, of the matrix

VgL f, which satisfies /g1 f\/g L f = ¢" f>\. Explicitly, the functions e, (X) are given by:

€y = 1,
er = [X],
_ 1 X2 X2
2 = S(X] = (X)),
s = (X — 3XIDC] + 2)),
er = det(X) = i([xﬁ — BIXI2[X?] + 3[X22 -+ 8[X[X?] — 6[XY)), (2.18)

3Note that there is an ambiguity in 1/g—!f, as different matrices may result in ¢** fr,, when squared.
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where X is a matrix and [X] stands for the trace of X. From these functions we notice that the
terms By and (4 in eq. simply describe the presence of cosmological constant terms for
each metric, whereas the parameters /31 5 3 describe genuine interactions between both metrics.

dRGT massive gravity has been studied in detail and it has been proved to be fully ghost free
by Hassan and Rosen in [67] (see also [68]). Therefore, it propagates only five degrees of freedom,
corresponding to the five polarisations of a massive graviton. In addition, it also equipped with
the Vainshtein mechanism, and thus reduces to GR in the massless limit. However, this model
is not renormalisable, that is, it contains non-renormalisable operators suppressed by a scale
given by:

1/3

Ay = (Mym?) (2.19)

Scattering amplitudes are proportional to powers of (E/A3), where FE is the energy of the sys-
tem. Thus, these amplitudes become order one and strongly coupled when E ~ A3, and hence
perturbative unitarity is broken at that scale. For this reason, massive gravity is considered to
be an effective field theory with a cutoff scale given by A3E|. As an estimation, if M, = Mp and
m ~ Hy ~ 10733V (in order to make the mass relevant at cosmological scales), Az ~ 10713

We notice that, similarly to the Fierz-Pauli action, massive gravity is not diffeomorphism
invariant. This is due to the fact that the reference metric f,, is fixed and thus it does not
transform under a change of coordinates, hence making the potential interactions in eq.
not invariant. However, there is a natural extension to this theory in which the reference metric
fuv 1s indeed promoted to be a dynamical field. This extension is called massive bigravity and
it is manifestly diffeomorphism invariant.

Massive bigravity is a bimetric theory of gravity proposed by Hassan et. al. in [72], and its

action is given by:

M2 M2 4
S = Tg /d4:r v—9R(g) + Tf d*r \/—fR(f) — sz;/d% \/—gZﬁnen (\/g—1f> .
n=0
(2.20)
Here we have two dynamical metric fields: g,, and f,,, with their associated Ricci scalars R(g)

and R(f) and mass scales M, and My, respectively. Massive bigravity has the same potential

interactions as dRGT massive gravity, and thus is also free from the Boulware-Deser ghosts.

4Strictly speaking, As is the strong coupling scale of dRGT massive gravity, but not necessarily its cutoff
scale. The cutoff of a theory corresponds to the scale at which the given theory breaks down and new physics
is required to describe nature. However, in the case of massive gravity we only know that perturbation theory
breaks down at Az, and whether new physics come into play is not yet known. In most cases both scales coincide
(like in GR) but examples of theories in which the strong and cutoff scales differ from each other have been
found [81].
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However, it propagates more degrees of freedom: five polarisations of a massive graviton and
two of a massless graviton. In order to illustrate this we calculate the quadratic action of
massive bigravity around Minkowski space. We start by considering linear perturbations of

both metrics:

1 1
Guv = Nuw + ﬁghuu; Mghuy < umn
1 1
S = My + Elw; EZW < Ny (2.21)

where h,, and [, are perturbations to be kept only up to second order in eq. (2.20). For
simplicity, we consider the so-called “minimal model”, where 5y = 3, 51 = —1, B = 3 =0

and $4 = 1. In this case, the quadratic action for both perturbations is given by:

1 Voo 1 Voo
S = —/d% {Zh“ Eihap + 1" E lap

1 94 12 hW lW hHv [Hv h [
—-m*“M - = — - — - — 2.22
+8m o [(Mg Mf Mg Mf Mg Mf 7 ( )

where we have defined an effective mass ]\L}E2 =M, 24+ M;2, and h and [ denote the trace of

the perturbations h,, and [,,, respectively. We notice that indices for both metrics are raised
and lowered with the background Minkowski metric. From eq. (2.22)) we see that we have two
linearised Einstein-Hilbert kinetic terms for each metric, as well as two mixed Fierz-Pauli-like

mass terms. The mixed terms can be diagonalised by performing the following field redefinition:

P PR T (229

Mg M, M; Mg n M, M
Action ([2.22)) in terms of the fields w,, and v,, becomes:

1 4 1 5 1
S =— /d4x {Zu“”c‘fﬁfuag + Zv““é’ﬁfvag + ng [0" 0, — V7] } , (2.24)

where v denotes the trace of the field v,,. From here it is clear that this model propagates one
massless graviton, described by the field u,,, and one massive graviton of mass m, described
by v,,. We emphasise that the last term in this action has the Fierz-Pauli structure and thus

it is free of ghosts.

As previously mentioned, massive bigravity is now manifestly invariant under coordinate
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transformations z# — 7#(x)

s Ox® OxP ~ ox® OxP
G (X) = @@gaﬁ(x); fuw(X) = aiu@fag(x). (2.25)

We emphasise that, due to the potential interactions, there is only one copy of diffeomorphism
invariance, i.e. both metrics transform with the same coordinate transformation. We note
that even though massive bigravity is diffeomorphism invariant, the mass parameter m is still
technically natural as its quantum corrections are protected by a second copy of coordinate
transformations (that is recovered when m = 0). In addition, we mention that massive bigravity
is also considered to be an effective field theory, and has the same strong coupling scale A3 as
massive gravity.

Next, we discuss how to couple matter to gravity. Whereas in massive gravity it seems nat-
ural to couple matter to the dynamical metric g,, (although alternatives have been considered
as well [82-105]), in massive bigravity it is not clear. As a first analysis, in the next chapter we

consider the case in which matter is minimally coupled to g,, only:

Sm = /d4a: vV —gL, (2.26)

where Ly is some matter Lagrangian. Therefore, g,, describes the evolution of spacetime. In

this case, as shown in [71], the equations of motion for g,, and f,, are given by:

3

Rl = 50 Rl0) + SN (00 (VITTT) + 0¥, (VITT)] = 1%

7 n=0 Mg27
(2.27)
1 2 B
R(Fwr = 5fuwB) + 5375 D (1) Bin ¥, (VIT9) + Y00, (VI9) | =0,
* n=0
(2.28)

where we have defined M? = MJ% /M g2, and we have used the following relation for the interaction

terms:

VY e (V) = VY (V7s)

= et ( ] f>

where the matrix /f~1¢g is the inverse of \/¢g~'f. Note that to satisfy this relation we need
to have /—gdet(y/g~'f) = v/—f. Otherwise, we would have a minus sign in the RHS of

=¢—_f§jﬁ4_nen( g), (2:29)
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eq. (2.29)), and hence a minus sign in the interaction terms of eq. (2.28)). In addition, we have
defined the matrices Y(fl)#(X) as:

Yo =1,
Yv(l) =X — I[X]>
Yoy =X = X[+ 51 (X~ X)),

1 1
Vi =X° = X[X] + X (X]” = [X7]) — o1 (X = 3[X][X°] + 2[X7]) (2.30)
where | is the identity matrix. In addition, we have to complement the gravitational equations

(2.27)-(2.28]) with a matter equation. In massive bigravity, due to the presence of diffeomor-

phism invariance, matter conservation is satisfied:
VT, =0, (2.31)

where V' is the covariant derivative with respect to the metric g,,. Contrary to GR, this
equation does not follow from the conservation of the equations of motion. Indeed, if we take
the covariant derivative of the equations of motion — we find that the derivatives of
the interaction terms do not vanish, and in fact they lead to a set of consistency constraints
which will be referred to as Bianchi constraints.

To summarise, in this chapter we have briefly reviewed the history of massive bigravity.
The linear theory for a massive graviton is given by the Fierz-Pauli action, which propagates
five polarisations of a spin-2 particle with mass m. This linear model presented a discontinuity
in the limit m — 0, known as the vDVZ discontinuity, which could be solved by means of the
Vainshtein mechanism. In this mechanism non-linear interactions play a crucial role as they
are the ones dominating the massless limit, hence rendering the linear theory inappropriate to
describe this limit. In general, these non-linear interactions introduce a Boulware-Deser ghost;
a degree of freedom with negative kinetic energy that makes the model unstable. However,
specific non-linear terms can be constructed to avoid this ghost, which are the ones given in the
dRGT action. This action incorporates the presence of a fixed reference metric, but a natural
extension can be made by promoting it to a dynamical field. The resulting model is massive
bigravity, a theory that propagates one massive graviton and one massless graviton. In the

next chapter we focus on analysing cosmological solutions in massive bigravity.
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CHAPTER 3

COSMOLOGICAL PERTURBATIONS IN MASSIVE BIGRAVITY

Massive bigravity, as proposed by Hassan and Rosen in [72], is an alternative to general rela-
tivity, and an extension of the dRGT massive gravity [66]. One of the main attractions of this
model is that it can predict viable cosmological homogeneous and isotropic solutions with late
time self-acceleration without including a cosmological constant. Furthermore, if one assumes
the presence of a large vacuum energy in this model, it has been argued that an appropriate
value for the graviton’s mass may lead to screening of long wavelength modes, reconciling the
value of the measured cosmological constant with quantum field theory [74]. As such, massive
bigravity seems to be an appealing candidate for a theory of the Universe.

Massive bigravity has five more degrees of freedom than general relativity — due to an extra
massive graviton propagating — which could be a source of concern. Only recently has GR
been shown to be well-behaved, i.e. that the initial value problem is sufficiently well posed
that the theory can be considered classically predictive [106]. With an extra five degrees of
freedom, it is conceivable that massive bigravity will not be as obliging. A possible hint of
there being any problem would be the presence of classical instabilities and a natural first step
would be to study linear cosmological perturbations. A first analysis of such perturbations
has been undertaken in [107110], where unstable solutions on sub-horizon scales were found
for some parameters of the theory in homogeneous and isotropic backgroundsﬂ A subsequent
analysis in [111] identified a particular class of parameters that lead to stable solutions and,
as such, might be used to construct a viable cosmology. In this chapter, we undertake an
independent analysis of the evolution and stability of linear cosmological perturbations using
the gauge fixing method proposed in |[112]. We confirm previous results for scalar perturbations

but also analyse vector and tensor perturbations finding a number of interesting instabilities.

L As of now, these type of backgrounds have been the only ones considered on cosmological studies of massive
gravity.
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Our results confirm the obvious: that it is a phenomenologically rich theory which needs to be
studied in great detail if it is to be cosmologically considered on par with GR.

The outline of this chapter is as follows. In Section we review the standard FLRW
cosmological background in the presence of a perfect fluid, and we find the equations of motion
for first order cosmological perturbations. Here, we use the formalism developed in [112] to fix
the gauge, simplify the problem, and to identify the physical degrees of freedom. In Section (3.2
we study the evolution of the two physical scalar degrees of freedom, in Section we study
vector perturbations, and in Section we study tensor perturbations. Finally, in Section
we summarise our findings and discuss the prospects of massive bigravity as a viable theory of
gravity and cosmology. Throughout this chapter we will be using Planck units and conformal

time.

3.1 Cosmological perturbations

In this section we first review previous results on solutions for a homogeneous and isotropic
Universe in massive bigravity. We then consider general linear cosmological perturbations and

use the standard SVT decomposition [38].

3.1.1 Background

For simplicity we will assume that both metrics share the same characteristics: homogeneous,

isotropic and flat:

ds? = Y (1)2[~X (7)2dr? + §;yda’da], (3.1)
ds? = a(7)*[~dr? + §;da'da), (3-2)

where 7 is the conformal time, a(7) is the scale factor of the spacetime metric that is coupled
to matter, and X () with Y'(7) describe the evolution of the metric second f,, [}
In addition, we will assume that matter is only coupled to g,, and is described by a perfect

fluid:

T‘uy = (PO -+ po)ﬂ“ﬂy + P()(Sul,, (33)

where Py = Py(7) is the pressure of the fluid, py = po(7) its rest energy density and u# =

2Note that we do not have the freedom to set X = 1, as any time coordinate redefinition that absorbs the
dependence on X in the metric f,,, will add a new dependence on X into the metric g, .
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(1/a,0,0,0) its isotropic 4-velocity.
If we replace eq. (3.1))-(3.3) into eq. (2.27))-(2.28)), we find the following equations of motion:

2
7—[22%{%4-7%2 (Bo + 381N + 382 N? + BsN°) |, (3.4)
CL2 gPo 7‘[2
”H'ZE{—W—?+m2(ﬂo+51N[2+X]+52N2[1+2X]+53N3X>]7 (3.5)
a? ng
h2:§(W) v (B1 + 362N + 383N? + B4N?) (3.6)
o O 2 (XY N2+ X] + BsN2[1 +2X] + BN3X 3.7
—ﬂw —W(ﬁ)” (B + B2 + X] + BN"[1 +2X] + 4 )] (37

where it is implicit that all variables depend only on 7 and all primes represent conformal time
derivatives. We have defined H = d'/a, h =Y'/Y, h, = X'/X, v = m/M,, and N = Y/a.
Note that the parameter M, is redundant, as we can rescale the metric f,, to make M, take
any value we want and redefine s such that the action remains invariant. For simplicity, from
now on we will use M, = 1.

It is important to note that in order to obtain the previous equations, we had to make
a choice for the matrix \/ﬁ . For simplicity, we have chosen the diagonal form: \/ﬁ =
diag (NX, N, N, N). As we will explain later, some solutions allow X to change sign, and there-
fore this matrix can change sign at some point. Then, in order to satisfy \/—gdet(1/g71f) =
v/—f, and therefore eq. , we need to make the unconventional (multivalued) choice of \/—g
and v/— f without absolute values, allowing them to change signs. As explained in [113,[114] if
\/ﬁ can change sign we can find continuous solutions through singularities in f,, .

We also have the matter equation of motion:
po = —3H(po + o), (3.8)

which has the standard form, as matter has been minimally coupled to the metric g,,. In
addition, we have Bianchi constraints for both metrics, resulting from the Bianchi identity of
each metric and the local conservation of the matter stress-energy tensor. However, due to
the diffeomorphism invariance, they are both equivalent, so we have only one relevant Bianchi

constraint, given in this case by:
(XH —h) (81 + 28N + B3N?) = 0. (3.9)
We can easily identify two cases for the solutions:
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(B + 2ByN + 33N?) = 0: This case leads to a constant N = N, such that

B1+ 2B;N + 33N? = 0. (3.10)
As a consequence, H = h and the Friedmann equation becomes:

2
a _ _ _
H? = 0 {% + A] ; A=m* (Bo + 301N + 36N? + B3N?) (3.11)
g
which corresponds to general relativity with a cosmological constant. This case is not
particularly interesting at the background level as it does not bring new features. Fur-
thermore, as pointed out in [115], when studying first order perturbations, the interaction
terms between g, and f,, vanish when imposing the constraint (3.10)), and the model

results in just two copies of general relativity.

(XH — h) = 0: This constraint can be replaced into eq. ‘) and then compared to eq. 1)

to find the following consistency equation:

P :&
m2 N

p + 382 — o +3N(Bs — B1) + NQ(@L —30) — N353; Px = PO/M92> (3.12)

which relates N and the density py.

For a standard equation of state Py = wpy (with w constant), according to eq. ,
at late times (p < 1), N will approach a constant value, and both metrics enter an
accelerated de-Sitter phase. However, at early times (p > 1), two types of behaviours
can be identified: one where N < 1 (and 1 # 0) and another where N > 1. The branch
characterised by N < 1 at early times will be called expanding branch, as in this case
both metrics expand in time. While the branch characterised by N > 1 will be called

bouncing branch, as in this case g,, expands but f,, bounces.

The expanding branch is usually identified as the physical one as, in this case, the con-
tribution of the graviton mass to the Friedmann equation will always be small (for ap-
propriate choices of parameters), as expected. However, in the bouncing branch, the
contribution of the graviton mass may be comparable to the matter energy density p, at
early times. Furthermore, in the bouncing branch, if w > 0 at early times, then X < 0
at early times, and tend to X =1 at late times. This means that X crosses a zero point,
where foo = 0, and therefore f;l} diverges. At this point also det(\/g—_lf) =0. As ex-

plained in [113,/114], this divergence stays hidden from the matter sector as g,, does not
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experience any divergence, and the corresponding vielbein fields are continuous through
this point. We confirm this at the level of the background, where no divergence is present
in the set of equations of motion eq. —, nor in their solutionsﬂ In addition, in
the next sections we find non-divergent solutions for linear perturbations through this
point. Therefore, our results suggest that this divergence might have a mathematical
origin instead of a physical oneﬁ Then, even though solutions in the bouncing branch
are exotic, they will be analysed in this chapter at the level of perturbations. However, it
is clear to us that further research is needed to understand completely the nature of this

branch.

Throughout this chapter we will focus on the second branch of solutions satisfying XH = h,
as this one brings relevant modifications to general relativity. Background solutions and viable
cosmologies in this branch have been studied in detail in [115-120]. Given these results, the
next logical step is the study of cosmological perturbations in this background. We will use the
standard SVT decomposition, and find the relevant equations of motion for these three types

of perturbations.

3.1.2 Scalar perturbations

Let us consider linear scalar perturbations [107-111]. We use the following Ansatz for the

perturbed metrics:

dst = Y[ X?*(1+ 2®)dr* 4 2By Xda'dr + [(1 — 2U1)6;; + 2E) 5]da’da’], (3.13)
dSE = CLQ[—(l —f- 2@2)d7’2 + 2327z‘d$id7 + [(1 — 2\112)(51] + 2E27l‘j]dl‘id$j], (314)

where ds?c and dsf] are the line elements for the metrics f,, and g,, respectively. We read from
here that we have four scalar perturbation fields for each metric: ®,, By, F;, ¥, for f,, and
q)27 B27 EQ; ‘P2 fOr g/.tll'

For matter, we have a perfect fluid and the scalar perturbations of the perturbed stress-

30ne might worry about eq. 1] as the first term in the RHS contains h,, which diverges when X = 0.
However, the full relevant quantity in that equation is h,h, which is finite. This can be seen from eq. (3.6)),
where we observe that h oc X, cancelling the X in the denominator of h, and rendering the relevant term finite.

4The Ricci scalar associated to the metric fuw diverges, while the one for g,, does not. Given that the
latter one represents the spacetime metric, it will determine the relevant physical properties of spacetime.
Furthermore, the Ricci scalar of f,,, will always appear multiplied by the determinant of f,,, rendering it finite.
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energy with an equation of state P = wp can be written as:

6T% = — (po + Po)(3Wy — By — X.ii),
6T = — (po + Po)X's:
0T =(po + Po)(Ba; + X),

5Tij =w(po + Fo)(3Yy — Eoy — X,ll)éij- (3.15)

Note that we describe matter in a different way to the one presented in Chapter [I} Here, scalar
perturbations are written in terms of only one field y, in a non-conventional but useful way
proposed in [38]. Consequently, we have nine scalar fields describing first order perturbations
in this theory. As we will see later, from these nine fields there will be only two propagating
physical degrees of freedom: one coming from matter perturbations and another one from the
helicity-0 mode of the massive graviton. All the other seven scalar fields are simply auxiliary
fields, i.e. they appear without time derivatives and therefore they are not physical dynamical
fields. This unconventional description for perfect fluid perturbations is useful in order to apply
the tools developed in [112] to eliminate ambiguities related to the gauge-symmetry present in
the theory.

The action given in eq. is invariant under diffeomorphisms, and the nine perturbation

scalar fields in the model transform under this symmetry as:

Py =Py —Hrn—7"; Uy=Uy+Hr;, By=By+m—¢€; Fy=E,—e¢
/

élzél—{h—th]ﬂ'—ﬂ'l; @1:\P1+h71'; BlzBl—%—i—ﬂ'X, Elel—E,

X=X+ (3.16)

where the fields with tilde denote the fields in the new set of coordinates, and ¢ with 7 are
the two scalar gauge parameters defining an infinitesimal coordinate transformation. As these
fields are gauge-dependent, anything you calculate from them will depend on your gauge choice.
This ambiguity is usually eliminated by defining a new set of independent gauge-invariant scalar
fields. In this chapter we will approach this problem by fixing the gauge in a convenient way,

as in [112]. First, we look at the Noether identities associated to the gauge symmetry:

Eo, — Eay W+ ha] + Eu h + Ep X + E, + (Ewy, — Ea,) H + EB, = 0,

Ep,
X

E —Erp + ( ) — &g, +E&5,=0, (3.17)
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where we have denoted &£, as the equation of motion for the field x. From here we can recog-
nise those fields with redundant equations of motions, and therefore the ones that are good

candidates to be fixed with the gauge-freedom. The appropriate candidates are the following:

(W1, Us) + (E1, Ea, X), (3.18)

which means that we can use our two gauge parameters to fix one field of the first parenthesis
and one of the second parenthesis. Specifically, we will choose the gauge such that ¥y = y = 0.
The advantages of fixing the gauge, and particularly in this way, is that: (1) we easily simplify
the problem by reducing the number of fields by two, (2) we eliminate the redundant equations
of motion, and all the remaining ones form the independent set of relevant equations, (3) all
the remaining dynamical fields are still gauge-invariant, in the sense that the following gauge-

invariant variables:

1 1
=Wy —— 5= —(Eyii + Y1), 3.19
(=2 = 5=y = 3(Bait X (3.19)
1
G = g(Em, + X,ii); (3.20)

become F5 and FE; in our gauge-choice, and as we will see later, these two fields are the only
physical ones.
After fixing the gauge, let us consider the equation of motions for the seven remaining fields

in Fourier space:

2H (304 + K EY) + (14 w)p. (39 + K Es) + m*NZ(3Us + k*(Ey — Ey))) a®
+2 (Wok? + H(3ByH — k*By)) =0, (3.21)
2(X 4+ D)W, +2H(X +1)®y — m*ZN(X B, — By) + (1 +w)p.(1 + X)By = 0, (3.22)

2K2E) + 3U5) + 2H (3!, + 6V, + 2k>F)) — 2k>B} + 3Za’m>N (®; + 5) X

+ 2(9H? — k?)®y + 2k* (U, — 2HB,) = 0, (3.23)
Ey — By + 2HE) + (By — Fy)a®m?>NZ — &y — 2HBy + Wy = 0, (3.24)
and also
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ONhE*E, — a*V*Z(k*Fy — k*Ey + 3U,) X? — 2NhE* B X + 6®,h*N = 0, (3.25)
2h® N(X + 1) +1°Xa*Z(XBy — By) =0, (3.26)

NXE, — N(—2Xh+ X")E| — X? (B;N + N® X + 2NBh + v*a*Z(Ey — E1)> =0, (3.27)

where we have defined Z = f; 4+ 26N + 53N?, and Z = 3, + B2 N(1 4+ X) + BsN2X. We have
omitted the explicit dependence of variables, but it should be clear that the perturbation fields
are now in Fourier space and depend on the conformal time 7 and the wavenumber k.

From equations (3.21)), (3.22), (3.25)), and (3.26]) we can see that By, By, ®; and &, appear

as auxiliary variables, as they do not have any time derivatives and therefore they can be easily
worked out in terms of Wy, F; and Fs (see Appendix . After replacing these four fields
into the remaining three equations, we notice from eq. that W, becomes an auxiliary
variable as all its time derivatives are cancelled. Therefore, we can now work out W, in terms
of Fy and FEs. If we do this, we end up with two equations for the only two physical scalar
degrees of freedom:

E, + caEp + dyEy = 0, (3.28)

where the indices a and b can take the values (1,2), and the coefficients ¢, and d,, depend on
the background functions and the wavenumber k. More specifically, these coefficients depend

only on k, H, N and a, which are the four relevant quantities. The explicit expressions for

these equations are given in the Appendix

3.1.3 Vector perturbations

Let us consider vector perturbations for both metrics:

dS?c = YQ[—XZdT2 — QSthxldT + (5” + Fli,j + F1j7i)dzvidxj], (329)

ds? = a®|—dr* — 2Sydx'dT + (03 + Foj + F2j7i)dsnid:vj]. (3.30)

g

From here we can see that the vector perturbations are Si; and Fi; for the metric f,,, and Sy;

and Fy; for g,,. These vector fields satisfy:

Syt = Fpt =0, (3.31)
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which means that they are purely transverse vectors with no scalar contributions. Here we

lower and raise three-space indices by using the Kronecker delta, d;;, and its inverse, 6. The

IR

perturbed stress-energy tensor for a perfect fluid coupled to vector perturbations can be written

as:
§T% =0,
0Ty = —(po+ Po)X""",
0% = (po+ Po) (X" — ),
6T =0, (3.32)
where v'7 = " represents the vorticity of the fluid and satisfies v’ ; = 0. Here, we have used

the same non-conventional decomposition as for scalar perturbations, as proposed in [38]. We
see that have five vector perturbation fields: two for each metric and one for matter. In GR
we only have one propagating vector degree of freedom but it is cosmologically irrelevant as
it decays with the expansion of the Universe. However, in massive gravity we will have three
degrees of freedom: one from matter and two polarisations from the massive graviton.
In analogy to scalar perturbations, we analyse the gauge symmetry present in the massive
bigravity action to fix a gauge. In this case, vector fields transform as:
in = Fy; — E;TF, SQZ‘ = So; + 6?/, QT = U;‘F + 6?7 ﬁli = Fy; — 6?7 Su = 51 + E;TF,, (3-33)
where € is an infinitesimal arbitrary gauge field, also satisfying € ; = 0. Consequently, the

Noether identity associated to this gauge parameter is:
Epy +Em, + &, + &, +E =0, (3.34)

and we can use the gauge freedom to fix either Fy; or Fy;. With the gauge choice FM- = 0, the

relevant equations of motion are:

((K°N 4 2m*a®Z)X + k*N) Sy — 2m*a*Sy; Z = 0, (3.35)
—2a%p, (1 + X) (1 +w)v] + k(1 + X)Ey; + 2S9ip. (1 + X)(1 + w)a® + Soik*(1 + X)

+2Zm*Na*(Sy — XSy;) = 0, (3.36)
FJ 4+ 2HFy, + Sy + m*Na®ZFy; + 2H S = 0, (3.37)
vl — H(Bw — 1)l — S + (3w — 1)H.Sy; = 0. (3.38)
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We see that Sy; and Sy; appear as auxiliary variables in equations (3.35)) and (3.36]). There-
fore they can be worked out in terms of the remaining fields. When doing that we obtain only
two relevant equations for Fy; and the vorticity field v;f )

The full equations for the vector field Fy; and the vorticity field v! are the following:

ol + [—2a2p*Z(Nk‘2 +2m2a*Z)(1 + w) X' —H ( —4k2a®Zp, N(1 + X)(1 + w)

D,
+ 2a’m? (—4p. X*(1 + w)a® + 3w — 1)(N? + X)k?) Z*

+(14+ X)E°N (3w — 1)k* = 2p.(1 + X)(1 + w)a®) Z)] v/
2
_ Z_ [~ X'Z(NK? + 2m%a*Z) + H (202X Z2(2X — 1 + 3w)m? + (X + 3w)(1 + X)k*NZ

(2

Z(K*(1+ X)N +2Xm?a*Z)
2ZN

YONE2Z(1 + X))] B - Fa =0, (3.39)

1
FY + o [—X'K*Z(K°N + 2a*m*Z) + H (4a’m”® (K°N* + X (2p.(1 + w)a® + k*X)) Z*

(14 X) (4p.(1+ w)a® + (1+ X)) BNZ + 2NE Z(1 + X))] .

20%(1 .
-2t D+ we [—X'Z(NE* +2m*a®Z) + H (4’ Xm* Z*(X — 1) + NK*(X - 1)(1 + X)Z
Z(2m?a®ZN? + K*(1 + X)N + 2Xm?a*Z)

2NZ

FONK2Z(1 + X))] of + Fa =0, (3.40)
where D, is given by:

D, = Z[4p.m*Z X (1+w)a* +2k*(m* N*Z+p,(14+X) (14+w) N+m?* Z X )a* +k* N (1+X)]. (3.41)

Since v] and Fy; satisfy vl k' = Fyk' = 0, and the equation for v} is of first order, these set of

equations actually propagate three degrees of freedom, as expected.

3.1.4 Tensor perturbations

Let us consider tensor perturbations for both metrics:

ds?c = Y?[-X?d7* + (0i + hayj)da’da’], (3.42)
dsz = a’[—dr* + (0i + haij)da’da’], (3.43)

such that
hyi' =0, hyy" =05 b= (1,2). (3.44)
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From here we can see that the tensor perturbations are hy;; for the metric f,,, and hy;; for
gu- Here, we use the metric d;; and its inverse 0¥ to lower and raise spatial indices. Since, in
the perfect fluid model, there are no tensor matter perturbations, the perturbed stress-energy
tensor to be considered here coupled to tensor perturbations h;; is zero.
Because of the constraints given in eq. , each hy;; has two degrees of freedoms, or
polarisations, which are usually indicated as p = +, x. More precisely,
3k

hbij(f, ’7') = / thij(ku T)eil;f, hbij (k, T) = hb+(l€, 7')6;(]{?) + hb>< (1{7, T)eixj(k'), (345)

where ejj and efj are the polarisation tensors, which have the following properties:

p __ P N D __
€ = €is keij—O, e; = 0,

/

eri(k) = ef;(—k), e‘f;(k)e%(k) = 20, (3.46)
Notice also that hy;; are gauge invariant and therefore they represent physical degrees of free-
dom. For simplicity, and without loss of generality, we choose a specific direction k= k2 so
tensor perturbations lie in the xy plane. As a result, tensor metric perturbations can be written

as:

dst =Y? [=X?dr” + [(1 + hiy)da® + (1 — hyy)dy® + d2* + 2hydady]] (3.47)
ds? = a® [=dr® + [(1 + hoy )dz® + (1 — hoy)dy® + dz* + 2hg . dady]] (3.48)

where these tensor perturbations now depend only on 7 and z. If we replace this Ansatz in the

equations of motion (2.27) and ([2.28]) we find:

by + 2HRy, + hopk® +m?a>NZ(hy, — hyp) = 0, (3.49)
Xm2a®Z

! — (hy — 2h) ’1p+X2k2h1p—|— ¥

1p —

(hip — hap) = 0. (3.50)

Summarising, in this section we described the possible background cosmological solutions in
the massive bigravity theory, and found the relevant equations for first order cosmological per-
turbations. Note that for scalar and vector perturbations all the coefficients in their equations
of motion are continuous and finite in the expanding and bouncing branches. However, if we
recall that h, = X'/ X, for the tensor perturbations we see in eq. that the coefficient of

h}, diverges when X = 0 in the bouncing branch. Nevertheless, this coefficient is not a problem
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given that hy, = 0 when X = 0, in such a way that the complete second term in eq. (3.50)
stays finite, regardless of the initial conditions. We can see this analytically near the bounce

time, 7,, where X (7,) = 0. For the large & limit, eq. (3.50)) is approximated by:

/

h
My = Gy 2ok (7 = 7o) by = 0, (3.51)

where we have used that h = 0 and X = z( (7 — 7,) near 7,. The solution to this equation is

+ikxo(T—7p)

2 . . . . i _ 2 .
hyp o< e /2 and its derivative is hy, o< (17— ) e T (T=m)/2 " which goes to zero as fast

as X when 7 — 7,. Similarly, for the small £ limit, eq. (3.50)) is approximated by:

/

h// .
P (r—7)

—0, (3.52)

where we have ignored the interaction term with ho,, as this one is proportional to (7 — ),
and is then negligible. The solution to this equation is hy, o< (7 — 73)%, whose derivative also

goes to zero as fast as X when 7 — 7.

3.2 Scalar perturbations

In order to study the evolution of the two physical scalar fields, we need to analyse the form
of the coefficients given in eq. (3.28). Since it is not possible to find exact analytical solu-
tions to these equations, we focus on a number of different relevant regimes and use suitable

approximations in order to have a better understanding of the evolution of perturbations.

3.2.1 Expanding branch

As mentioned before, the expanding branch is characterised by N < 1 at early times and a
de-Sitter phase at late times.

Early times

Let us assume that the early times are dominated by radiation. At this stage, we have p > 1,

and N < 1, therefore, we can expand the solutions in powers of N. For example, at first order

we have that eq. (3.12]) becomes:

+ O(N°); g1 >0 (3.53)

e
Il
=
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Note that at early times this equation is solely characterised in terms of 31, and therefore all
models in this branch will behave in the same way at early times, regardless of the specific
values for the other $s. We can then find approximate equations of motion for super-horizon

and sub-horizon scales when considering only the leading order terms in 1/N in eq. (3.28)).

1. Super-Horizon scales (z = kH ™! < 1): the evolution equations reduce to

2
EY + 9HE, — %%N?E; +3N*H2(Ey — Ey) = 0,

5
B! + 10HE] — g’H,xQE; + 15H* (B, — Ey) = 0, (3.54)

and when considering only lowest orders in 22 and N, the solutions are:

E2 =+ 6_27
T
15 ¢ i 1
Fr=cit 22 bear™ ny = S(-11£V21) <0, (3.55)
T

where c¢1, co and cy are some integration constants. As we can observe, in this regime

both functions are decaying to the same constant c¢;.
2. Sub-Horizon scales (z = kH ™! > 1): the evolution equations reduce to

12H 27 N?*H x> H? 45 N?H?
22 Eé_? xd By + 3 E2_? 2

5
E} +6H(E, — E}) — ng’HZEl + 20*H? By = 0, (3.57)

EY + E, =0, (3.56)

and when considering only the highest orders in 2% the solutions are:

By ei’ik‘r/\/g’
1
Ey = —(k;T)z%Ciei\/’o'TskT + E27 (358)

where ci are some integration constants. We can see that F, is oscillating, while E; has

an exponential instability.

We confirm the general behaviour previously described with numerical plots given in Fig. 3.1}
obtained solving the full equations of motion. In this figure we show the evolution of F; and
E5 as a function of conformal time (with arbitrary units) at early times during the radiation-
dominated era for a given sub-horizon scale- we have set m23; = 1072, with the other Ss

vanishing, and arbitrary initial conditions of order 1 for both fields. For this plot and all the
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following numerical plots in this chapter we will set M, = 1. As we expected, E; oscillates while
Ey grows exponentially fast, increasing its value in many orders of magnitude, and eventually
breaking the validity of linear perturbations. Note that large scales will not be affected by
the exponential growth as much as small scales, as the former ones enter the horizon later,
and therefore, experience the exponential expansion for a shorter period. Note also that in
eq. , the exponential solution for F; is due to the minus sign in the coefficient E7, which
when calculated for a general w, will be negative for w > —1/2. Therefore, during the matter-

dominated era, there will also be an exponential growth in F;.

1x10°

Conformal time Conformal time

Figure 3.1: Evolution of F; and E, as a function of 7 for a given sub-horizon scales at early
times during the radiation-dominated era. We have set 3;m? = 1072 and the other s vanishing.

Furthermore, we can see that in eq. , we ignored the terms with £; and FE/ to find
the analytical solutions in eq. . However, as time goes on, E; will grow many orders of
magnitude and it will not be possible to discard the coupling between the two fields; E; will
feed back into the equation for E5, making this latter field grow as well. Roughly, we expect
that to happen when the terms for E; are larger than those of F, in eq. , i.e. when
xTe V153 « N2, Fig.[3.2]is a continuation of Fig. , as it shows the evolution at later times,
where we can see the unstable behaviour in Es.

We have studied the behaviour of scalar perturbations at early times during the radiation-
dominated era, showing that generically, there is an exponential instability at early times in both
scalar perturbations. During the matter era, the same instability appears. This exponential
growth breaks the validity of first order perturbations and therefore we cannot trust the results.
This instability could correspond to an actual physical problem of the model, or could be cured
by higher order perturbations. A further analysis is needed to understand the nature of this

instability and what it tells us, more generally, about the theory.
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Figure 3.2: Evolution of E; and FE, as a function of 7 in the radiation-dominated era for a
given scale sub-horizon k. At later times, both perturbation fields are growing exponentially
fast, becoming several orders of magnitude larger than their early time value.

Late times

At late times, the background will approach a de-Sitter phase, where N — N, X — 1, Z —
Z =7,and H — aH,, with N, Z and H, constants. Notice that the exact value of N depends

on the parameters /3, and also

Z = B+ 2B N + BsN?,

1m? _ _ _
Hf = 3NV (B1 + 36N + 3B3N* + B4N?)
1
a= e (3.59)

where, in these coordinates, the infinite future is characterised by 7 — 0.
We now study the evolution for super-horizon and sub-horizon scales in this de-Sitter phase,

assuming w = 0.

1. Super-horizon scales: the evolution equations are now

IN? + 1 N? -
"4 (—+) HE!, — (—) HE, + gNH?*(Ey — Ey) =0,

N2 41 N2+ 1
NZ+2 1 q )
e (N2 + 1) HE; - (N2 + 1) B+ (ﬁ) H (Er — Ep) =0, (3.60)

where ¢ = m?Z/H?. These equations are solved by:

By =co+ a7 + ey, (3.61)

Ey = co+ er7’ — NP, (3.62)
where ¢y, ¢; and cy are some integration constants, and ny is such that Re(ny) > 0.
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Therefore, both functions decay to the same constant.

2. Sub-horizon scales: the evolution equations are now

9qlg(N? + 1) — 2N]

1 - 2
Eg‘f’HEé— 4 $4 HEi‘l—inH (EQ—El):O,
B! + 6HE, — 5HEy + 2°H*(E, — Ey) = 0, (3.63)

and when considering only the highest orders in 22, the solutions are hypergeometric

functions with power laws decaying to the same constant.

Figure shows numerical results on the evolution of both scalar perturbations in the de-
Sitter phase in the matter-dominated era for a given sub-horizon scale. As in previous plots,
we considered m?3; = 1072 and the other s vanishing, and arbitrary initial conditions of the
same order for both fields. Here both fields are oscillating and approaching the same constant

value.

Ey

140 1%»0 1‘60 1“/0 1§o 1‘90 260 140 1‘50 léO 1‘70 1‘80 15‘)0 260
Conformal time Conformal time

Figure 3.3: Evolution of scalar perturbations as a function of the conformal time during the
de-Sitter phase at late times in the matter-dominated era.

3.2.2 Bouncing branch

In this subsection we will show some approximate analytical solutions for the two physical scalar
fields in the bouncing branch. First of all, note that the differences between the background
evolutions in the expanding and bouncing branches occur only at early times, as at late times
in both cases the metrics will enter a de-Sitter phase. Consequently, in the bouncing branch
the evolution of perturbations at late times is the same as in the expanding branch. For this
reason, in this subsection we focus on early times only. It is relevant in this case to show the
evolution during the radiation-dominated era and the matter-dominated era, as fields do not
evolve in the same way in both stages.

In this branch we can have different background solutions depending on the parameter
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values. We will distinguish the following cases: (a) 3 # 0; (b) 83 = 0 and (84 — 3052) # 0; (c)

Ps =0 and (B4 — 3P2) = 0; (d) B3 = B2 = 0. All the viable solutions with other combinations

of null parameters are contained in these cases. As stated in [111], only case (d) is physically

possible, as all the other cases have an exponential instability for sub-horizon scales at early

times, similar to the one found in the expanding branch. For this reason, from now on we study

perturbations for case (d) only. For more details about the other cases see Appendix m
For case (d), notice that at early times N > 1 and then eq. approximates to:

p = N?By, (3.64)

and therefore we need to impose 34 > 0. Conditions on the remaining parameters [, and [,

are also present, as at late times the Friedmann equation (3.4) becomes:

a2

H? = 5m? (Bo+ 38:1N) , (3.65)

where N is the late time value of the function N. Consequently, we also need to impose
Bo + 381N > 0. In general, we could satisfy this condition when both SBs are positive or when
one of them is negative (for some appropriate values). However, as we will see later, cases with
B1 < 0 bring instabilities in the solutions for scalars, vectors and tensor perturbations during

the radiation-dominated era. Therefore, from now on we will assume 3; > 0.

Early times radiation-dominated era

At early times N > 1, and therefore we consider only leading order terms in N in the equations
of motion and we assume w = 1/3. We again study the evolution in super-horizon and sub-

horizon scales, focusing on case (d), where 83 = 55 = 0.

Super-horizon scales: for super-horizon scales the equations become

2 2742 2
B+ 6%% (Eg - %E2> + %El - 2m2ﬁla2N%Eg =0 (3.67)
4

and when keeping only the lowest orders of 22 and the highest orders of N, the solutions
are By = ¢ + /7 and Ey = c3 + cyerf(pr), where 1, ¢, ¢3 and ¢4 are some integration
constants and p* = 383, /(84N?7?) = const. Therefore, both functions decay to a constant

in this regime.
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Notice that if 5; were negative, the solution for F; would be Fy = ¢3 + cyerf(i|p|7), which

would grow exponentially fast, breaking the linear perturbation approximation.

Sub-horizon scales: the evolution equations are now

12 2TH By 1, ., 3m?fra® N
Ey + F,HEQ + ENEEi + gfl? HE, — TEl =0, (3.68)
B 51 H / / 1 21/2 2 2 _
{465, (BL— By) + 5" H'B — dm’fia’NE, =, (3.69)
4

and when keeping only the terms of order 22, the solutions are E; o eX#7/V3_ Unlike in

the expanding branch, in this case scalar perturbations are well behaved.

Fig. [3.4] shows numerical results for the evolution of scalar perturbations as a function of
the conformal time (in arbitrary units), for a given sub-horizon scale during the radiation-
dominated era at early times, confirming our previous analytical results. In this particular case

we set m?3; = m?B, = 1072, and arbitrary initial conditions of order 1 for both fields.

10

051

05+

00

Ey
E;

0.0+

—os| _os[

-10

é 1‘0 1‘5 2‘0 25 5 1‘0 £5 2‘0 25
Conformal time Conformal time

Figure 3.4: Evolution of scalar perturbations as a function of 7, during early times in the
radiation-dominated for a given sub-horizon scales.

Early times matter-dominated era
As above, let us consider only leading terms in N but now assume w = 0.

Super-horizon scales: the evolution equations are

1
Bl +2HE), — zﬂ@Eg — —2*H*Ey — m*B1a*NE;, = 0, (3.70)
N B4 3
5 x? 5 1
E} + §’H,E{ - ’HgE; + éxQHzEl — §x2H2E2 =0, (3.71)

and when keeping only terms with the lowest orders in z? (and highest powers in N) we
get: E; = ¢y; + co; /7™, where ¢1; and cy; are some integration constants, and n; = 4 and

TLQZS.
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Sub-horizon scales the evolution equations now reduce to

27 H By 3 m?B1a’ N
0 L E —HqE, -7 B — 72
2 +H 2+2x4Nﬁ4 ! QH 2 2 1=5, (3.72)
3 1 1
Ei/ Q;iEi - 5HE§ + §H2$2E1 - HZEQ =0, (3'73)

and when considering only the highest orders in #? (and highest powers in ) the solutions
are Fy o< e¥*/V2 and E, = ¢, /73 + ¢o72, where ¢; and ¢, are some integration constants.
Here we can see that E, grows as a power law in time, which will affect E| at later times,

where this one will also start to grow as a power law.

Fig. shows numerical solutions for both scalar fields for a given sub-horizon scale during
early times in the matter-dominated era. In this case we set m?3; = m23, = 1072, and arbitrary
initial conditions of order one for both fields. As found in the analytical solutions, F; oscillates

while Fy grows as a power law.
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Figure 3.5: Evolution of scalar perturbations as a function of 7, during early times in the
matter-dominated era for a given sub-horizon scale.

Analogous to the results for the expanding branch, in this case the quadratic growth in Fs
will affect E; at later times, making the latter field grow as a power law as well, as we observe

in Fig.|3.6| (this figure is a continuation of Fig. .

2 EY o £ & 70
Conformal time Conformal time

Figure 3.6: Evolution of scalar perturbations during early times in the matter-dominated for a
given sub-horizon scale.
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In addition, we can study the evolution of the gauge-invariant form for the density contrast
dare = 6par/ po;
dcir = [0p + po(B2 — E3)]/ po, (3.74)

where dp is given by the §7° in eq. . After fixing the gauge, and eliminating the auxiliary
variables, dgyi can be expressed entirely in terms of E; and E! (see Appendix. In Fig.|3.7
we see numerical results for the evolution of dlndgk/dIna as a function of the conformal time
(in arbitrary units) for a given sub-horizon scale during the matter-dominated era. In this
case we have also set m23; = m?B, = 10~*. We observe that at early times dq, grows nearly
proportional to the scale factor a, and then it starts decaying faster as we enter into the de-
Sitter phase, analogously to GR. A more detailed study on the comparison of this model with

observations was done in [111].
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Figure 3.7: Evolution of density constrast as a function of the conformal time 7 in the matter-
dominated era for a given sub-horizon scale.

It is important to remark that even though classical scalar fields do not evidence expo-
nential instabilities in this branch, they do not satisfy the Higuchi bound (see Appendix
for details), and therefore one scalar field propagates as a ghost, i.e. with a negative kinetic
term. Consequently, instabilities might appear when studying higher order perturbations, and

negative norm states are expected to appear in a quantum theory of massive gravity (see [121]).

3.3 Vector perturbations

Analogously to the previous section, we now study the evolution of vector perturbations in

different regimes, by making relevant approximations to the full equations of motion given by

cq. (39)-(A0)
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3.3.1 Expanding branch

Recall that the expanding branch is characterised by N < 1 at early times and a de-Sitter

phase at late times.

Early times radiation-dominated era

Considering w = 1/3 and leading order terms in 1/N, the equations for vector perturbations

become:

2(4z* + 3322 + 40)H 16(32% + 20)H
F F — T4 3(22+5)H2Fy,, =0 3.75
2 T R 215 P Rt (27 + 5)H Py =0, (3.75)
, 8(8z* +H0)H 2(42* + 25)Hax?
T T _ Fl.—3(x® 4+ 5)H?*Fy; = 0 3.76
U T R 1) T B2 1) ¥ (27 + 5)H s = 0, (3.76)

where = = k/H.
Super-horizon scales: the evolution equations reduce to

Fy; + 2 Fy;, — 8Hv! + 15H* Fy; = 0, (3.77)

: 5
v} + 10Hv] — Za;QHFQ'i — 15H*Fy; = 0, (3.78)

and, ignoring terms of order z?, the solutions are Fy; = ¢;/T + co7™* and UZ-T = co/T? +
bL7"*+, where n4+ < 0, and where ¢y, ¢, c+ and by are some integration constants related

to each other. Therefore, both vector perturbations decay to zero in this regime.

Sub-horizon scales: the evolution equations reduce to

48
Fy + 8HFy, — FHv}“ + 32 H Py = 0, (3.79)

;64
v+ SHu] = 8HF, — 32*H* Fy; = 0, (3.80)
x
and when ignoring terms of order x72, the solutions are

Fy; o e MV37 /74 (3.81)

ol = ¢y — cp eV 4, (3.82)

7

where ¢; and ¢4 are come integration constants related to those of Fy;. Therefore, in this

regime both functions decay as a*.
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Figure [3.8] shows numerical results for the evolution of vector perturbations as a function of
7, during early times in the radiation-dominated era for a given sub-horizon scale; we have set
m?/3; = 1072 while all other s are vanishing, and we have chosen arbitrary initial conditions
of the same order for both fields. We can clearly see that both fields decay in the same way,
but while Fy; is oscillating around 0, v oscillates around a constant value. We find similar

behaviour the matter-dominated era.
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Figure 3.8: Evolution of vector perturbations as a function of 7, during early times in the
radiation-dominated era for a given sub-horizon scale.
Late times

We now assume w = 0 and a de-Sitter spacetime where N takes the constant value N, and

a x 1/7, with 7 — 0 being the infinite future.

Super-horizon scales: the evolution equations are

FQI; + QHFQIZ + GQ.IQFQi = 0, To = m2Z(N2 + 1)/N, (383)

ol 4+ Hol — HFy, — a’x, Fy; =0, 1 = m*Z/N, (3.84)

N2+1

and are solved by Fy; oc 7" and v] = ;7 + 271 Re(ny) > 1, while ¢; and c. are

integration constants related to those of Fy;.

Sub-horizon scales: the evolution equations reduce to

By + AHF, + 2°H*Fy; = 0, (3.85)
ol + Hol — 3HF), — 2*H?Fy = 0, (3.86)
and are solved by Fy; oc 727 and v] = ¢;7 +c.72eT*7 where ¢; and c. are integration

constants related to those of Fy;. In this case, both perturbations are decaying.
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Figure |3.9| shows numerical solutions for the evolution of vector perturbations as a function
of 7, during late times for a given sub-horizon scale. Again, we have set m?3; = 1072 and
all other s vanishing, and arbitrary initial conditions of the same order for both fields. Both
fields oscillate and decay in the same way, but while Fy; is oscillating around 0, v} oscillates

around a decaying function.
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Figure 3.9: Evolution of vector perturbations during late times in the de-Sitter phase for a
sub-horizon scale.

3.3.2 Bouncing branch

As we have mentioned before, the bouncing branch is characterised by N > 1 at early times
and a de-Sitter phase at late times. Next, we study the evolution of vector perturbations at

early times in the same way we previously did for scalar perturbations.

Early times radiation-dominated era

We will start by assuming w = 1/3. When considering only leading terms in N, the equations

of motion become:

20H 16H 351 H?
F! F. Iy 2 24 2H)Fy, =0 3.87
21+($2_’_10) 21+x2+1ovz+2ﬁ4N( —|—£E) 2 ) ( )

r SHOR —4oBy) r P HOF — 4608, 30 2H (3.89)

Ui T3N B2 +10) T 3 NGB+ 10) ¥ 28, N

We now study these equations for sub-horizon and super-horizon scales.

Super-horizon scales: the evolution equations reduce to

8 33, H?
Fl 4 2HF), + —Hol + == Fy, = .
21+ H 21+ 5 Uz + 64 N 21 07 (3 89)
o 4 H (98] —4BBs) + 2> H (95 —45054)F, 33, w2 H?

V- V- - Fy, = 0. 3.90
CTBN Bk Y RN BA e, W (3:90)
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Ignoring terms of order z? and lowest order terms of N, the solutions are Fy; = ¢ + ¢p/T
and v7 o e P’™° where ¢; and ¢, are some integration constants, and p? = 2(98% —

430/31)/ (1581 84N 1?) = const. Notice that here we have assumed that (957 —45004)/(5154)

T

0, since otherwise v'7" would grow exponentially fast, creating an instability in the solu-

tions.
Sub-horizon scales: the evolution equations reduce to

16H T 301 H2a? o
U Tag Ty ta=l (3.91)
L SHOF 458 ¢ 1HOF 448, 35K
l SN Bifaa? 3N P14 28 N

20
i /

Fy = 0. (3.92)

Considering only highest order terms in 2, the solutions are Fy; o e*£7°/2/\/7 and
vl o eiiKTQﬂ\/?, where K? = %Nk—; We then see that, contrary to GR, F; decays but
the vorticity field v] grows. This modification happens as the dominant term in eq. (3.92)

corresponds to the interaction term with F5; instead of the term with viT .

Notice that if 3; were negative, solutions for F»; and v*7 would be combinations of Bessel
I and K functions, which would grow exponentially fast, creating an instability in the

solutions.

Figure shows numerical results for the evolution of vector perturbations as a function
of 7, during early times for a given sub-horizon scale in the radiation-dominated era. In this
case we have set m?3; = m?By = 1072, and arbitrary initial conditions of the same order for

both fields. As expected due to the analytical solutions, Fy; decays in time while v} grows.
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Figure 3.10: Evolution of vector perturbations as a function of 7, during early times in the
radiation-dominated era for a sub-horizon scale.
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Early times matter-dominated era

Let us now assume that w = 0, and consider only leading order terms in N in the equations of

motion to find

(52> +24) .,  3H T
2022 +6) ¥ a2+6 "
(2 +15) » 3 x? 1o
(22 +6) Vi — §Hsz/i 1 H I = 0. (3.94)

1
F+H + 2 H Py = 0, (3.93)

ol +H
Super-horizon scales: the evolution equations become

1 1
Fy+ 2HFy, — QHU;T + 1x2H2 Fy = 0, (3.95)
T DY P VIT TR S
v; +—Hv;, — -HaF), — —x*H*Fy; =0, (3.96)
6 4 4
and, when ignoring terms of order z?, the solutions are Fy; = ci/7* + ¢o/73 + ¢3 and

vl o< 1/75, where ¢;, ¢ and c3 are some integration constants. Therefore, both functions

decay in time.
Sub-horizon scales the evolution equations now reduce to

5 SH » 1
1 /

: 3 1
v} + Hol — iﬂng — 1”52%2‘7% =0, (3.98)

*H2Fy = 0, (3.97)

and, when ignoring terms of order 272, the solutions are Fy; oc e*7/2/73/2 and vl =

c1/7? + coeT*/2 /73/2 where ¢; and c. are integration constants.

Figure [3.11] shows numerical results for the evolution of vector perturbations as a function
of 7, during early times for a given sub-horizon scale in the matter-dominated era. In this case
we have set m28; = m?B, = 1072, and arbitrary initial conditions of the same order for both

fields. With these plots we confirm our analytical results.
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Figure 3.11: Evolution of vector perturbations as a function of 7, during early times in matter-
dominated era for a given sub-horizon scale.

3.4 Tensor perturbations

In this section we find approximate analytical solutions for the tensor modes in the relevant
regimes for both branches. As mentioned previously, in the bouncing branch, we restrict our

study of the tensor modes for the case 53 = [y = 0.

3.4.1 Expanding branch

As before, we study the solutions of tensor perturbations at early and late times.

Early times

Let us consider only leading order terms in 1/N, as N < 1 at early times in this branch. In

this approximation eq. (3.49)-(3.50) become:

by + 2HNy, 4+ 2¥H?hyy + m*a® N By (hap — hap) = 0, (3.99)
R, 4 2(4 + 3w)HR, + (44 3w)*x*Hhay, + 3(4 + 3w)H? (hay — hop) = 0. (3.100)

Super-horizon scales: the equations simplify to the form

Ry, 4 2Hhy, = 0, (3.101)
W, + 10HA,, + 15H? (hy, — hop) = 0, (3.102)

and are solved by hg, = ¢1+c/7 and hyy, = c3+c4 /T, withng = —(9+£v/21)/2 <0,
where ¢y, ¢, 3, ¢4 and cy are integrations constants, related to each other. Therefore,

both solutions decay to a constant.
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Sub-horizon scales: the evolution equations become

by + 2H, 4+ 2 H?hap + O(N*?)(hap — hyp) = 0, (3.103)
W, + 10HAy, + 252°H?hy, = 0, (3.104)

with solutions hy, o eX*7 /7 and hy, oc ek /75,

Unlike scalar perturbations, tensor perturbations in the expanding branch are not unstable-
they oscillate and decay. We find the same behaviour in the matter-dominated era. Fig. |3.12
shows numerical results for the evolution of both tensor perturbations as a function of 7 (in
arbitrary units), at early times during the radiation-dominated era for a given sub-horizon
scale. In this particular case we set m28; = 1072, and all other s vanishing, and arbitrary
initial conditions of the same order for both fields. As expected due to the analytical solutions,

we observe that hi, decays faster than hg,.
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Figure 3.12: Evolution of tensor perturbations as a function of the conformal time during early
times in the radiation-dominated era for a given sub-horizon scale.

Late times

Now, let us study the behaviour in the de-Sitter phase, in the matter-dominated era. In this
phase N takes the constant value N, and a oc 1/7, with 7 — 0 being the infinite future. The

equations of motion become:

by + 2H I, + khoy + 2H? (hap — hyp) = 0, (3.105)
W, + 2Hh, + K hy, + 21H? (hyy — hay) = 0, (3.106)

where xy = m2N§/H§ and r; = mzé/(HgN) = 1y/N?.
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Super-horizon scales: the evolution equations simplify to

by + 2H Ry, + 2aH (hoy — hap) = 0, (3.107)
W, + 2Hh,, + 2 H? (hy — hoy) =0, (3.108)

3

and are solved by hi, = ¢; + co™ 4 o™ and hop = 1 + coT® — i—fciT”i, where c1, ¢

and cx are integration constants and ny = 1(3 £ /9 — 4z; — 4). Since Re(ny) > 0,

both solutions decay in time to a constant.

Sub-horizon scales: the evolution equations now become

by + 2H I, + khoy = 0, (3.109)
i, + 2Hh,, + k*hy, = 0, (3.110)

+ikT

and are solved by hy, o< e***"7, which are decaying, as in this regime 7 — 0 in the infinite

future.

Note that since h;, decays considerably faster than hg, during early times, hq, could start
in the de-Sitter phase being some orders of magnitude larger that hy, (which will happen
if the initial conditions at early times for both fields were of the same order of magnitude).
In this case, there is an intermediate phase in the full solutions of eq. -, when
the k?hy, ~ x1H*hgy. In this phase hy, could affect the evolution of hy,, as hy, will start
growing, “reaching” the magnitude of hy,, until k? < z;H?, when the scale is super-horizon,
and both fields will approach the same constant.

Fig. shows numerical solutions for tensor perturbations as a function of 7 (in arbitrary
units) at late times for a given sub-horizon scale. In this particular case we set m?3; = 1072
and all the other s vanishing, and arbitrary initial conditions of the same order for both fields.
In this case we observe that since hy, starts in the de-Sitter phase being at least two orders
of magnitude smaller than hy,, the previously described intermediate phase occurs, where hy,
grows while hgy, decays as expected for a sub-horizon scale. Generically, for different initial

conditions, we would see a phase where hy, first decays and then it grows.
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Figure 3.13: Evolution of tensor perturbations as a function of the conformal time during the
de-Sitter phase at late times in the matter-dominated era.

3.4.2 Bouncing branch

As before, we only focus on early times as the evolution at late times will be the same as in the
expanding branch. We study the radiation-dominated era and matter-dominated era. At early

times, we consider only the leading order terms in N in all the coefficients in eq. (3.49)-(3.50)),
as N > 1 at early times in this branch:

hy, + 2Hhy, + 2 H?hyy + m*a® N By (hoy — hap) = 0, (3.111)
143w\’ 1+ 3w) m2a?
1, — (1+ 3w)Hhi, + ( ) 2> H?hyy, — ( 5 ) Nﬁl (h1p — hop) = 0. (3.112)

Early times radiation-dominated era

Let us consider w = 1/3 in eq. (3.111))-(3.112)), and find their solutions for super-horizon and

sub-horizon scales.

Super-horizon scales: the evolution equations are now

Ry 4 2Hhy, +m*a’ N By (hgy — hap) = 0, (3.113)
W, — 2Hhy, + O(N7?)(hyy — hyy) =0, (3.114)
and are solved by
etiKT T 24
thZC:I: +C3—|—C4 T3—1QF+W s
hip = c3 + caT?, (3.115)

where ¢y, c3 and ¢4 are integration constants, and K? = m2?a?N3; = const. Therefore,
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hi, and hg, grow as a power of 7.

+|K|T

Notice that if 3, were negative, the solution for hy, would include e instead of oscil-

lating functions, which would correspond to an exponential instability.

Sub-horizon scales: the evolution equations are now

by + 2H I, + ¥ H?hyy + mPa’ N By (hgy — hap) =0, (3.116)
2.2
lllp o 2Hh,1p + x2H2h1p - %ﬁl(hlp — hap) =0, (3.117)

and when considering highest orders in N only, the solutions are

hyp o< (1 ikT)eiﬂ”,
hop = (Cl—i +eon + 03i7'> grikr | G ir (3.118)
T T

where w? = k2 +m?2B,a?N, and where the coefficients ci+, ¢oy, ¢34 and ¢4 are integration
constants, related to those of hy,. Note that w = constant as during the radiation-
dominated era at early times p ~ 3,N? o< a~*, and therefore a®N is constant. Unlike GR,
here we observe that hy, grows linearly with time, while hq, also includes a growing modes
as a consequence of the interactions with h,. The growing mode in Ay, is a consequence
of the fact that the metric f,, is bouncing, and therefore at early times the term with A},

in eq. (3.117)) has a negative sign.

2

Notice that if 5, were negative, w® would be negative for some values of k, and for those

cases there would be an exponential instability in the solution for hs),.

Fig. [3.14] shows numerical solutions for the evolution of both tensor perturbations as a
function of 7, at early times during the radiation-dominated era for a given sub-horizon scale.
In this case we set m?3; = m?B; = 1072, and arbitrary initial conditions of order one for both

fields. As expected due to the analytical solutions, we see a growth in both fields in this stage.
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Figure 3.14: Evolution of tensor perturbations as a function of the conformal time, during early
times in the radiation-dominated era for a given sub-horizon scale.

Early times matter-dominated era

Now, let us consider w = 0 in eq. (3.111))-(3.112)), and find their solutions for super-horizon and
sub-horizon scales. Note that during the matter-dominated era at early times p ~ B4 N? o< a3,
and then a?N oc N~/3 and a?/N o N~7/3. Therefore, mixing terms can be ignored in the

equations of motion as N > 1 at early times in this branch.

Super-horizon scales: the evolution equations are now

hy, -+ 2HRYy, = 0, (3.119)
hy, — Hhi, =0, (3.120)

and are solved by hg, = ¢1 +c2/ 73; hip = c3+ cat, where ¢y, co, c5 and ¢4 are integration
constants. We find then that h;, grows as a power of 7 and hg, decays, in a similar way

to the radiation-dominated era solutions.

sub-horizon scales: the evolution equations simplify to

iy, + 2H Ny, + 2*Hhoy + O(NV)(hgy — ) = 0, (3.121)
¥ H?
hi, — Hhy, + 1 et O(N~")(hyy — hy) = 0, (3.122)

and are solved by hy, oc (1 F ik7/2)e*7/2 and hy, o (1¥Ti3k7) kT

Fig. shows numerical solutions for the evolution of tensor perturbations as a function
of 7 (in arbitrary units), at early times in the matter-dominated era for a given sub-horizon
scale. Again, in this case we set m?3;, = m?B, = 1072, and arbitrary initial conditions of the
same order for both fields. Unlike during the radiation-dominated era, in this case hy, grows

linearly with time, but hg, decays.
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Figure 3.15: Evolution of tensor perturbations during early times in the matter-dominated era.

We have found that hy, grows as a power law at early times for super-horizon and sub-
horizon scales. At late times, this could mean that h;, could start in de-Sitter phase being
some orders of magnitude higher than hy,. This would produce the same effect described
previously for late times solutions in the expanding branch, but in this case hg, would grow at

late times due to hy,.

3.5 Discussion

In this chapter we have undertaken a comprehensive analysis on the evolution of cosmological
linear perturbations in massive bigravity and have found approximate analytical solutions in
a wide range of regimes. We have confirmed the main results of previous works on linear
perturbations, but also extended their analysis to vector and tensor modes. In doing so we
have found that massive bigravity has a number of instabilities which manifest themselves
as growing solutions. In particular, we have found that most choices of parameters generate
exponential instabilities in the scalar, vector or tensor modes. A subset of model space does
not have exponential instabilities: when g3 = Sy = 0 with £, and (4 being positive, which
corresponds to a particular case of the bouncing branch. However, even for this subset of
models we have found growing power-law solutions in vector and tensor modes, contrary to
GR, in addition to a violation of the Higuchi bound, which would likely bring instabilities when
studying the model beyond the classical linear regime. For vector and tensor perturbations,
this growth is a consequence of a bounce in f,, along with effects from the interaction terms
between both metrics. Analogously to scenarios with exponential instabilities, these growing
modes could be a source of concern as the validity of perturbation theory could break down
at some early time. However, this latter case is not as bad because, as we will show later, we
can prevent modes from growing too large by considering particular initial conditions. This

resulting fine-tuning is much less restrictive than that required for the exponential solutions.
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As previously mentioned, such growing modes may be a hint that all is not well and that
the initial values problem may not be well-posed. If indeed this is the case, it would not be
surprising as extra degrees of freedom may lead to such behaviour. For example there have
been efforts in trying to determine whether scalar-tensor theories have a well-posed initial value
problem, while a study of Einstein-Aether theories has shown that caustics will generically arise
there [122]. We believe a detailed analysis of the initial value problem in massive bigravity is
essential to place it on a firm footing.

An alternative view could be to take the solutions we have found and speculate on their
cosmological consequences. To do this accurately, one would have to explore the correct set of
initial conditions which would arise in such a theory due to (for example) inflation. One would
then have to incorporate our equations into a complete and realistic model of the Universe that
incorporates the various components, the correct thermal history and the Boltzmann equation
for the relativistic degrees of freedom. Nevertheless, for now we can attempt to estimate the
effect of the new solutions we have found by focusing on a few observables.

In what follows we will focus solely on tensor modes; we found a growing mode for vectors
but we do not address its effect for now. Recall from the previous section that for super-horizon
scales during the radiation-dominated era, hg, grows as 7° due to the interaction terms with
hip. Therefore, from the end of the inflationary era until the recombination era, hg, might
deviate substantially from its value in GR. As a result we might expect a larger effect from
gravitational waves in the Cosmic Microwave Background (CMB). An estimate of how much

ha, could grow in this stage (on super-horizon scales) gives us:

K . 2 3 K . 2 3 3 3
h2rec ~ h2i + % hli - hgi + %Tzh/h:| + % |:h17, — hgi + %Tzh/h] (1 — (Tq) ,

Trec

(3.123)
where horec is the value of the tensor perturbation hy, at recombination given an initial value of
hsy; at some initial time 7;. The subindex eq corresponds to a value at the matter-equality time,
and we have defined 7, = Toq/T; = aeq/a;. Here, we have also used that K? = m?a®?NjB; < m,
and K 7., < 1 (which would happen for a sufficiently small m), and calculated the first order
corrections in K2

Note that in GR the value at the recombination era would be hy; for a super-horizon scale,
given that hj, = 0 and, therefore, the second and third terms in eq. correspond to the
modifications introduced by massive gravity to this tensor perturbation, which are proportional

to m. Even though K7, < 1, the modification is not necessarily small as it depends also on
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the initial conditions for hy,.

If we choose 7; to be the end of the inflationary era (for example where a; ~ 1072%), we
have that 737, ~ 10'%7. Therefore, we would need hy, to be effectively zero at the end of the
inflationary era, and hj, would then be constant for super-horizon scales. Otherwise, hj,, and
as a consequence hg,, could grow large and break the validity of perturbation theory. Assuming
h}; = 0 and some preferred values found in [111] when constraining scalar perturbations with

observational data, the largest modification introduced by massive gravity in hg, at the epoch

of the recombination, according to eq. (3.123)), would be:
Ah2rec = h2rec - h?i = 10_6 (hlz - h'27,) . (3124)

Further research at early times is needed in order to give exact numbers as we would need to
know the initial condition for both tensor perturbations.

In a similar way, we can study the evolution for sub-horizon perturbations. For a scale
that crosses the horizon during the radiation-dominated era, there will be a modification in the
evolution of hg,, with respect to GR, coming from the interaction with h;,, as we can see in

eq. (3.118]). From the horizon crossing time 7, until the recombination era 7., the modification

2 2 /
Te K Ry,
Athec = (Treqc) (ﬁ) |:Clh,20 + :qu (Cthc + C3?1>:| 5 (3125)

where zoq = kTeq, and the subindex ¢ indicates that the quantity is evaluated at the horizon-

to hgy, is given by:

crossing time. Here, again, we have considered only first order corrections in K2, and the
coefficients ¢;, ¢a, and ¢z are functions of sin(x,e.) and cos(zyec), so they all roughly have the
same order of magnitude.

Note that, since in eq. hsp has a linear growing mode, one could have expected to
have larger modifications for larger k, as larger k enter the horizon before and consequently
spend more time growing. However, as we observe in eq. , for larger k£ the modification
is smaller. This happens because the coefficients ci4, cox and csy in eq. (3.118]) are related
to those of hy,. In particular, c3e ~ khye, cox ~ k*hy./K? and c14 ~ k3hy./K*. Therefore,
for sufficiently small m, the dominant term will be ¢;4 and therefore the growing mode will
be suppressed compared to the decaying mode, which is what actually happens for observable
scales with the preferred values found in [111].

In addition, note in eq. (3.125) that, since z¢q > 1, the contribution from hj, to Ahgec is
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much larger that the contribution from hs.. A numerical estimate at a scale of order 1Mpc

gives us

Ahgeee ~ 107 hae + 107y + 1087, (3.126)

where, again, we see that some kind of mechanism is needed to get h}, = 0 at early times, in
order to avoid large modifications to GR. In addition, since the value of hg... in GR is estimated
to be héif) ~ 1071%h,, the initial condition h;, ~ ho. will not lead to a small modification to
GR. In fact, it will lead to a correction 10° times larger than the GR value, contrary to what
we found on super-horizon scales according to eq. (3.124).

It is clear that, without an appropriate set of initial conditions for cosmological perturba-
tions, we are unable to make definitive statements about the observational viability of these
models. They do, however, give us an indication as to what we might expect and it seems that
there might be problems with both branches of massive bigravity. The full equations presented
in this chapter are what is required to modify existing software packages for precise calculations
of the growth of large scale structure and the evolution of the cosmic microwave background.
With such machinery in hand it should be possible to explore what initial conditions are ob-
servationally viable and can be used to place stringent constraints on any theory of the early
Universe in massive bigravity.

After we published the work presented in this chapter [2], the results on tensor instabilities
were confirmed in [123,|124]. Furthermore, two papers were published on the analysis of initial
conditions for tensor perturbations |125126] where it was found that inflation naturally gener-
ates a set of initial conditions that lead to a viable amplitude of primordial gravitational waves.
However, the presence of the ghost in the helicity-0 mode of the massive graviton makes this
model likely to exhibit instabilities in the scalar sector beyond linear classical perturbations
anyway.

Finally, it is important to remark that there are simple modifications to the model analysed
in this chapter that could be explored. One simple and interesting modification can arise if
asymmetries in the background metrics are introduced. Indeed, such models have been studied
in [127,/128] and have been found to be free of instabilities. More general consistent theories of
metrics/spin-2 fields beyond massive (bi-)gravity with a single matter coupling have also been
explored recently. New kinetic interactions were investigated in [129H135|, generalisations of
the potential interactions of massive bigravity to N multiple metrics in [86,(136-143], and new
couplings to matter in [82-105]. These matter couplings allow matter to couple to both metrics

and we therefore refer to them as ‘double matter couplings’. In general, such couplings re-
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introduce the Boulware-Deser ghost at an unacceptably low scale, however the specific couplings
of [93,94] stand out in that they are consistent ghost-free double matter couplings. In the
context of this double coupling, some homogeneous and isotropic cosmological solutions were
studied in [95], where viable (background) evolutions were found. However, at the level of
linear perturbations, tachyonic, gradient, and ghost instabilities were found for these solutions

[144/145] for tensor, vector and scalar perturbations, respectively.
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CHAPTER 4

TOOLS FOR TESTING GRAVITY: NOETHER IDENTITIES

The possibility that we might be able to constrain general relativity on cosmological scales is
one of the science drivers behind future surveys [18]. In preparation, there have been a number
of proposals on how to characterise deviations from GR (or to be more specific, deviations
from the ACDM model) in as general a fashion as possible. To some extent, the idea has
been to find an approach on cosmological scales analogous to that used in the weak field,
non-relativistic regime, where the Parametrised Post-Newtonian (PPN) approach captures the
behaviour of a wide range of theories on the scale of the Solar System or compact binaries [6].
Ultimately, one would like to have a similarly systematic method for describing a general swathe
of the landscape of gravitational theories on cosmological scales (see |1] for a review on this
topic). This description must be written in terms of a finite (and preferably small) number
of “parameters” — really independent functions of time — which are easy to map onto specific
theories.

The quest for a complete and efficient parametrisation is ongoing, and it is useful to briefly
summarise the main approaches that have been considered, their strengths and weaknesses.
The approach most widely used until now involves phenomenological corrections to the linear
perturbation equations [146150]. The Newton-Poisson equation is modified to include a time-
and scale-dependent Newton’s constant, and a “gravitational slip” allows the two metric scalar
potentials to differ from each other. This two-parameter approach is remarkably effective,
easily implemented in Einstein-Boltzmann solvers and, with a judicious choice of functional
forms, can be shown to closely mimic specific extensions of GR. While it can be shown that
this parametrisation is the limit of any viable theory in the quasi-static regime [151] (the
cosmological equivalent of the Newtonian regime), there is no systematic way of relating it to
any fundamental theory on large scales. In other words, constraints on the two parameters in

this approach do not unambiguously lead to information about any putative underlying theory
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that might be responsible for deviations from GR. The same strengths and weaknesses can be
found in attempts to parametrise deviations from GR in terms of a perturbed cosmological
fluid [152]. In this case, the parameters are the equation of state, the sound speed and terms
that control adiabaticity and shear. While these parameters have a clear meaning in terms of
the physics of relativistic fluids, they tell us little about what the fundamental modifications
to the GR field equations or to the Einstein-Hilbert action are.

There are a number of attempts at the construction of a more fundamental parametrisation.
Two routes have been considered: a generalisation of the field equations, in what we have
called the “Parametrised Post-Friedmann” (PPF) approach [153,/154], or a generalisation of the
gravitational action, of which the two main variants are the “Effective Action” (EA) approach
[155],/156] and the “Effective Field Theory” (EFT) approach [157-H161]. In the PPF approach
one parametrises the most general gauge-invariant field equations, which include up to second-
order derivatives of the two scalar metric potentials. When only one scalar DoF propagates,
the PPF approach covers a very general class of theories; in [154] it was shown that scalar-
tensor, Einstein-Aether and bigravity theories are all encompassed by this parametrisation.
Unfortunately, as a result of its generality, there are a large number of free parameters that
need to be included. Furthermore, these depend on time and scale due to the lack of knowledge
of the field content of the underlying theory from which the scalar DoF comes. This makes the
PPF approach potentially impractical for constraining GR on large scales.

Restricting oneself to theories that can be derived from a local fundamental action, as one
does in the EFT and EA approaches, simplifies any potential parametrisation. The tools of
EFT have been successfully applied to characterise scalar field perturbations during inflation,
allowing a systematic study of non-Gaussianity arising from higher-order operators on a quasi-
de Sitter background [162[163]. These ideas have been imported to late-time cosmology where,
even though it is not strictly an EFT approach (one is looking at coupled but, effectively, free
fields with no higher-order operators) it is useful in organising all possible terms in the action.
The approach is constructed using Arnowitt-Deser-Misner (ADM) variables and the unitary
gauge to build a general spatially-invariant quadratic action for cosmological perturbations in a
scalar-tensor theory; one then performs a Stueckelberg transformation to make the scalar DoF
explicit and recover time diffeomorphism invariance. This is an elegant approach which has
already been implemented in a couple of Einstein-Boltzmann solvers [164-166], but is restricted
to scalar-tensor theories (and particular forms of Horava-Lifschitz theory). The EA approach
takes a covariant point of view ab-initio, constructing an effective action with all possible

covariant combinations of the metric perturbations. It is more general than the EFT approach,
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is systematic and has also been implemented in existing Einstein-Boltzmann solvers [52].

In this chapter we would like to follow the spirit of the PPF approach and construct a
systematic and general parametrisation procedure, but at the level of the action, instead of
the equations of motion; it will be, in some sense, an integrable version of the PPF approach.
With this procedure we will construct local, general, diffeomorphism-invariant quadratic actions
for linear perturbations, around homogeneous and isotropic backgrounds, encompassing all
possible gravitational theories with a given field content and derivative order. We will argue
that the form of the quadratic action, crucially, depends on the gauge transformation properties
of any extra fields that may arise in a modified gravity theory. An important feature of this
approach is that the free parameters characterising the quadratic action, and thus the evolution
of cosmological perturbations, are defined in terms of functional derivatives of an underlying,
unknown, fundamental Lagrangian. One can then identify where, in the general space of
parameters, a particular theory resides. As a consequence, mimicking the success of PPN,
it should be straightforward to translate constraints on the general set of parameters into
constraints on a particular theory (for example, Jordan-Brans-Dicke theory, Einstein-Aether
gravity, bigravity, etc.).

We will use some of the tools proposed in the EFT approach and its variants; working in
terms of the 341 decomposition and ADM variables, connecting free coefficients with properties
of fundamental theories, and assuming linear diffeomorphism invariance. However, we will
not restrict ourselves to scalar-tensor theories; we will not gauge fix and, therefore, will not
Stueckelberg. While in the first steps of the procedure the action that we start with will seem
more complex than those proposed in the EFT approach, we show that imposing the action
to be diffeomorphism-invariant rapidly simplifies it to a manageable form that is equivalent to,
but more general than, other formalisms. A tremendous strength of our approach is that it is
completely systematic and easily generalised to any background, degrees of freedom and gauge
symmetries.

The outline of this chapter is as follows. In Section [4.1| we explain our method, give a simple
introductory example and then show the application to cosmological perturbations of a general
local diffeomorphism-invariant gravitational theory, around a homogeneous and isotropic back-
ground. In Section we apply the method to the simplest theory - a theory with a single
metric. Here we will see how linearised GR can arise from a more general construction than one
would have a priori thought, and in the next chapters we will apply this method to describe
other families of gravity theories. Finally, in Section we review and discuss our findings.

Finally, we mention that along with the paper published from this work we also released two
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pieces of code: firstly the zIST package, an extension of the zAct tensor algebra system [167],
which implements a framework to investigate general scalar-tensor theories at the level of
linear perturbations. Secondly, based on zIST, a Mathematica notebook we dub COPPER
(COsmological Parametrized PERturbations), which reproduces the calculations carried out
in the chapter of this thesis in detail, and can be straightforwardly adapted to investigate
more complicated setups. The full code and documentation can be found and downloaded at

https://github.com/noller/xIST.

4.1 The method: Noether identities and constraints

In this section we explain the method for obtaining general local quadratic actions for linear
cosmological perturbations of gravitational theories with a given field content and gauge sym-
metries. The objective of this method is to find the maximum set of free functions parametrising
the quadratic action, and thus the cosmological predictions, of different gravitational theories.
One can then automatically translate observational constraints on the free functions into con-
straints on these theories. In this method we will be assuming a known form for the matter
sector which couples to gravity.

Before explaining the method in detail, we first summarise the three main steps. Then we
illustrate the method with a simple (non-cosmological) example of an action with a 4-vector
field, invariant under U(1) gauge transformations. We then proceed to analyse gravitational
theories composed of at least one 2-rank tensor field, or metric, and invariant under linearised
diffeomorphisms.

The main three steps of the method are the following:

1. Choose the fields present in the theory and the gauge symmetries to be satisfied, e.g. in-

variance under linear coordinate transformations.

2. Write down an action with all possible quadratic interactions between the fields, leading

to a given maximum number of derivatives of the fields in the equations of motion.

3. Find the Noether identities associated to the required gauge symmetries, and impose the

resulting constraints on the quadratic action.

Before explaining in detail, and generality, these three steps, we start with a simple example

to illustrate the procedure. In particular, Step 3 above should be made clearer by this.
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4.1.1 Introductory example

Step 1: Consider a covariant theory for a 4-vector A* on Minkowski space, invariant under

the following gauge transformation:
A% = A% 4 9%, (4.1)
where ¢ is an arbitrary function of space and time.

Step 2: The most general quadratic action, leading up to second derivatives of the field in its

equation of motion, can be written as:
Sy = /d4x [clﬁaA’Bao‘Ag + c;;@aAB@gAa + mZAO‘Aa} , (4.2)

where ¢, c3 and m are free constant parameters. Here we have included all possible covari-
ant quadratic contractions of the field with an unknown coefficient in front. The structure of
this action is that of the Proca-Einstein-Aether theory [168], where we have discarded a term
proportional to (9,A%)* (known as the “cy” term in curved space) as it is equivalent to the c3

term through an integration by parts.

Step 3: If the action S, is gauge-invariant under the transformation in eq. (4.1), then a
variation of the action .54, due to an infinitesimal gauge transformation of the field, must
vanish. Specifically, if we make an infinitesimal variation d A* = O"e, at linear order in £ we

obtain:

0:54 = /d4x [€1(020°20% Ag + 0, A°0%0ge) + ¢3(000°c05 A” + 0, AP050¢)
+m?* (0% A + A%0s¢)]
= 2/d4a:’ [(c1 + ¢3)070° Ag — m*0” A, e, (4.3)

where the last line comes from an integration by parts. From eq. (4.3) we obtain a condition
that must be satisfied if the action is gauge-invariant. This condition corresponds to the Noether

identity associated to the gauge transformation in eq. (4.1)), and is given by:

(c1 +¢3)0%0° Ag — m?0° A, = 0, (4.4)

82



where we have used the fact that  is an arbitrary parameter, and therefore the entire bracket
must vanish in order to satisfy .54 = 0. In addition, since the action must be gauge-invariant
off-shell, i.e. for any field configuration A", this identity must be satisfied off-shell as well.
Thus, the terms with different derivatives acting on A, must vanish separately, leading to two

independent constraints for the parameters:

c1+cg = O,

m? = 0. (4.5)

From now on, the individual constraints following from the Noether identities will be called
Noether constraints. In this example, these constraints reduce the action in eq. to that of
classical electromagnetism (for an appropriate choice of normalization), which is then the most
general quadratic action invariant under eq. for a vector field with second derivatives in
its equation of motion. We have systematically constructed this action by using the Noether

identities to find a set of constraints on the coefficients of the original general quadratic action

in eq. (4.2).

4.1.2 Gravitational action

We will now use this method to construct the most general, linearly diffeomorphism-invariant
and local quadratic action for linear perturbations of gravitational theories on a cosmological
background. As already seen in the previous example, the result depends strongly on the
field content and the number of their derivatives. In other words, we will be parametrising
gravitational theories with the same fields, derivative order and gauge symmetries. In general,
theories that deviate from general relativity have extra degrees of freedom, either explicitly or
emerging from higher-derivative operators, extra dimensions, etc. If our method is to encompass
these theories, we need to account for extra degrees of freedom.

In order to be concrete, we will sometimes refer to scalar-tensor theories to explain our
procedure, but we emphasise that the method is easily generalisable to other gravitational
theories. In fact, in the next chapter we will apply the procedure to vector-tensor theories. We

follow the same three steps as above.

Step 1: Consider a gravitational theory composed of one rank-2 tensor field (or metric) and
possibly some additional fields. We focus on linear perturbations around a homogeneous and

isotropic cosmological background.
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The tensor degrees of freedom arise from the following perturbed metric:

Jap = Gag + 09as, (4.6)

where g,p describes the background metric, assumed to be a spatially-flat FLRW metric with
a line element given by:

ds® = —dt* + a(t)?8;;dx'da? (4.7)

where a(t) is the scale factor and ¢ is the physical time, which will be used throughout this
chapter. dgqp describes small first-order perturbations around the background. For all the
additional fields, we assume the same linearly perturbed form, with a background solution
satisfying the same symmetries as g, (isotropy and homogeneity, in this case). In the case of

scalar-tensor theories, with an extra scalar field x, we have

X = Xo +0X, (4.8)

where xo(t) is the background solution of the scalar field y, and dx its first-order perturbation.

We will be looking for actions which are quadratic in these perturbations and invariant
under linear general coordinate transformations of the form x* — x* 4 €, where €" is a first-
order arbitrary perturbation to the coordinates z#. Under linear coordinate transformations
the background stays the same, while the linear perturbations of the metric dg.s transform as

in eq. (1.24). For the scalar perturbation dy, the corresponding transformation is
5X — OX — Xo, (4.9)

where 7 is an arbitrary gauge parameter.

In addition, we couple the gravitational action to matter fields. In this chapter, for simplic-
ity, we consider the matter sector to be comprised of a scalar field ¢ minimally coupled to the
metric, with the same gauge transformation rule as the scalar field y in eq. (4.9). However, all
the results found in this chapter will also hold for a general perfect fluid. The formalism can
also be extended to non-minimally coupled matter (for an attempt at doing this in the context

of PPF see |169] and in the context of EFT see [170]).

Step 2: In this step we construct the most general local quadratic action for all the gravitational
perturbation fields dg,,, and any other extra field present. This quadratic action will lead to

equations of motion which are linear in the perturbation fields.
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We start by assuming the existence of an underlying non-perturbative, fundamental, grav-
itational action Sg, that leads to the quadratic action we are interested in. In this chapter
we work in the 3+1 ADM formalism — see Appendix for notation. We do this for three
main reasons: i) in a cosmological setting there is a straightforward 3+1 split; ii) for ease of
comparison with EFT approaches in which time diffeomorphism invariance is broken; iii) it is
straightforward to construct terms with different numbers of maximum derivatives for time and
space. We emphasise, though that the procedure presented here could also be used without the
ADM formalism (in a “fully covariant” approach), although we would be forced to consider the
same number of time and space derivatives. For a similar (but not identical) approach with
explicit 4-dimensional covariance see [156].

In the ADM formalism we have that the metric g,,, can be decomposed into a lapse function

N, shift functions N’ and a 3-dimensional spatial metric h;; in the following way:
goo = —N?+ hi;N'N’, goi = hiy N7, gij = hij. (4.10)

The underlying fundamental action will be a local functional of N, N, h;; and the extra fields,

as well as their multiple time and spatial derivatives:
SG = /d4xN\/ |h’| LG [N7Nzahl]7KZ]7R’LJ7X7}7 (4‘11)

where Lg is a Lagrangian functional, |h| is the determinant of h;;, and the ellipses encom-
pass higher derivatives of the metric and any extra field(s). Given that we are seeking a
linearly diffeomorphism-invariant action, we have replaced time derivatives and secondary spa-
tial derivatives of the 3-dimensional metric in Lg by the extrinsic curvature tensor K ij and
the intrinsic 3-dimensional curvature Rij, respectively. In general, we will consider Sg to be a
functional of a set of building blocks 6 = (N, N*, hyj, Kij, Rij, X, -+ ). It is important to note
that, since the building blocks include all time and spatial derivatives of the fields, we have to
make an extra assumption on Sq, otherwise we could have infinitely many of these terms. We
will choose a maximum number of (combined space and time) derivatives allowed for the fields
in the equations of motion (and thus in the action) and truncate at that order.

Given that we are interested in linear perturbations of the gravitational fields, we need the
quadratic expansion of Sg in 0N, 6N*, dh;;, dx and the rest of the extra fields. To do so,

we take the functional Taylor expansion of Lg around the background fields in terms of the
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perturbed set of building blocks 66 = (JN, SN', 6hyj, OK';,0R";,0x, ), so that:
- 1
Log ~ L+L@A5@A+§L®A9B 004005 (4.12)

where L is the zeroth order Lagrangian (Lq evaluated at the background), and the subindices
A and B label the different building blocks, and repeated such indices are summed over. The
terms Lg, and Lg,0, are what we call coefficients, and are given by functional derivatives of
Lg evaluated at the background; therefore they generally depend on time. Explicitly, Lo, =
OLc/004 and Le 0, = 0*°La/00 4005. Notice that even though the fields (g,.,, x, etc) have
only linear perturbations, the perturbed building blocks could have higher-order perturbations
as result. Thus, we clarify that 86 contains both first and second-order perturbative pieces.

We can now find the Taylor expansion of the gravitational action, which is given by:

sgg/d% (L + 6 (NV/IHT) L+ a*Lo, 00,4 + 6, (NV/[F]) L

1
+01 (N |h|) L9A5@A + §a3L9A935@A5@B] , (413)
where 6,, stands for an n'" order perturbation. In addition, we include a matter action:

Sy = /d“xN\/WLM [N, N hig, 0, ] (4.14)

where L), is once again a Lagrangian functional. Here, we have generically represented “matter
fields” with ¢, but they can be fields of any spin, perfect or imperfect fluids, etc. This action is
assumed to be known, and therefore its Taylor expansion can be carried out straightforwardly.
The linear terms of the Taylor expansion of the total action Sq + Sy will be zero, and will
lead to the background equations of motion (see Appendix |C.4)), while the quadratic terms
will give the total quadratic action Sg ) 4 Sﬁ) determining the evolution of the cosmological

perturbations. Explicitly, the second-order gravitational action will be given by:

S@ — / d'z {a?’L@A(sz@A + 6y (N\/W) L+ 6, (N\/m) Lo, 6104 + %a3L@A@Bél®A51@B] ,

(4.15)
where we have used eq. and the fact that a given perturbed building block can be
separated into a first and second-order perturbation as: 004 = 104 + 020 4. As we will see
in the next section, only some building blocks © 4 will have a second-order perturbation, (for

example, the lapse N or the 3-curvature, R). As we have already mentioned, the coefficients
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Lo, and Lg,0, can be derived from the fundamental non-perturbative action. However, we
will assume that such an action is not known and thus these coefficients will be left as free
functions to be fixed by the Noether constraints, in a way analogous to the coefficients ¢y, c3

and m? in the example presented in Section [4.1.1]

Step 3: In this step we impose that the total quadratic action (from gravity and matter) is
invariant under linear coordinate transformations. We do so by finding the relevant Noether
identities, and solving the resulting Noether constraints.

To find the Noether identities, we write down all the perturbed building blocks d© 4 in terms
of the perturbation fields dg,,, dx, etc. and vary the quadratic action with regards to them.
Specifically, in this chapter, we vary the quadratic action in terms of the scalar perturbation
fields, according to the standard SVT decomposition of fields [171]. We focus only on these
types of perturbations, as they are the seeds of large-scale structure in the density field, and
therefore cosmologically relevant. We can ignore the vector and tensor perturbations as they
decouple from the scalar perturbations on a homogeneous and isotropic background. Thus, we
write dg,, as:

(5900 = —Qq), 5901 = @ZB, (591] = CL2 [—2\1/52] + 2818JE] s (416)

where we have four scalar perturbation fields ®, B, ¥ and F, which transform as in eq.
under linear coordinate transformations. With this decomposition in hand, we can rewrite all
the perturbed building blocks depending on the metric in terms of these four scalar perturba-
tions (see Appendix for a full list), and obtain a quadratic action Sg ) 4 Sﬁ) in terms of @,
B, U, E, dp, and the rest of the perturbed extra fields.

We now take an infinitesimal variation of the total quadratic action with regards to each
one of the scalar perturbation fields. For scalar-tensor theories, where the matter sector is

comprised by a scalar field ¢, the variation of the quadratic action can be written as:
55 + 08 = / d'z [Eo6D + EpdB + Ey0V + ERSE + E0x + E,6¢) (4.17)

where Ex is the equation of motion for the perturbation field X. To find the Noether identities,
we replace the variations of the fields by the corresponding gauge transformations in eq. ([1.27)
and (4.9), and integrate by parts to end up with:

55]5’8) + 59515/? = /d433 [5B + HEy + &y — ExXo—Eppo| T (4.18)
+ /d4x {—EE + % (a253)} €, (4.19)
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where the expression d, stands for a variation of the action due to a gauge transformation. We
have used the fact that the matter perturbation field dp transforms in an analogous way to
0x. Given that the total quadratic action is invariant under these gauge transformations, and
given that both 7 and € are arbitrary and independent, each set of brackets must be zero; this
gives us the two Noether identities associated to the two scalar gauge parameters of the model
7w and €. Furthermore, each combination of coefficients, inside each of the brackets, multiplying
the perturbation fields and their derivatives such as ®, ®, 92®, ¥, etc, must be individually
zero for the Noether identities to be satisfied off-shell, giving a set of Noether constraints.
These constraints will be, in general, linear ordinary differential equations of the coefficients
Lo, and Le,e,. However, for all the cases presented in this chapter and the following, these
Noether constraints can be solved algebraically. Solving all of these constraints and replacing
the solutions in the quadratic action allows us to determine the number of independent free
coefficients and the number of degrees of freedom of the theory. The resulting action will be the
most general linearly diffeomorphism-invariant local quadratic action, given the field content. It
is important to remark that we only impose gauge invariance under the scalar gauge parameters

m and €, and the resulting action will not necessarily be gauge-invariant under the vector gauge

parameter €/ if the extra gravitational DoFs propagate vector perturbations.

We emphasise that the procedure described above is easily generalisable to different back-
grounds, to include extra gravitational fields, and different gauge symmetries. To illustrate this,
in the next sections we apply the procedure to gravitational actions including a metric and one
extra scalar field or vector field. We will also briefly discuss a case in which we impose an extra
gauge symmetry, in addition to linear diffeomorphism invariance, in the quadratic action.

As a comparison, we mention that in the EFT approach, the quadratic action for scalar-
tensor theories is constructed by working in the unitary gauge, which simplifies calculations, as
the dependence on the scalar field vanishes and thus the action only depends on the metric. In
this situation one constructs a spatially gauge-invariant quadratic action, and in the end gauge
transforms (or “Stueckelberg”) to make the extra scalar field explicit, and recover the time
gauge invariance [158-160]. However, a generalisation of this procedure is not straightforward.
For example, in general, in a vector-tensor theory we would have to fix the spatial and time
gauge invariance in order to eliminate the entire dependence on the vector field, and have a
quadratic action depending only on the metric. It is not clear that the construction of such
metric action is simple as now there would be no gauge symmetry satisfied, relating the different

coefficients of the action. In addition, in general, in bimetric theories there is no way of using
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the gauge freedom to eliminate the entire dependence on the second metric field.

Returning to our procedure, it is possible to easily generalise the matter content to encom-
pass fluids such as baryons, dark matter, etc. In such cases it is convenient to work at the
level of the equations of motion instead of the quadratic action. We can do this by finding the

first-order equations of motion £#¥:

(2) — 3
Em = (;SG = _51(V2 9) g _ %&T’“’, (4.20)
g;w

where we have expanded the energy-momentum tensor of the matter content up to first order,
TH = T 4§, T* . Note that for finding £ we make a variation of the quadratic gravitational
action S((}2 ) only. We then have that the equations of motion for each one of the scalar metric

perturbation fields become:

Eo = (603/=9) T™ + a5, T,

Es = 0; (513/=g) T + a0, (6,T%) ,

€y = [(03/=9) T + a*6,T7] I,

Ep = —a® [0:0; (517/—9) TV + d*0,0; (6,T%)] . (4.21)

Naturally, we need to supplement the system with the equations of motion of the matter fields
that constitute T"".

As we have mentioned before, this procedure is useful for translating cosmological con-
straints into constraints on fundamental gravitational actions, and for easily finding where a
given gravity theory lies in the space of free parameters. However, we point out that even
accurate observational constraints on the set of parameters do not lead uniquely to one funda-
mental theory. As we will see in the next sections, there is a considerable degeneracy of the
parameters Lo, and Lg,e, that lead to the same observable combinations. The reason for
this degeneracy is that we are only constraining the linear evolution of perturbations, but a
corresponding higher-order theory could take different forms.

In the following section we apply the procedure presented above to the simplest (and well-
established) case of general relativity, as it will allow us to illustrate the method in a familiar

setting. In the following chapters we will apply our method to a wider range of theories.
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4.2 Recovering general relativity

In this section we parametrise linearly diffeomorphism-invariant gravitational theories contain-
ing only one metric field, coupled minimally to a scalar field that constitutes our matter sector.
However, the results presented in this section also hold for a perfect fluid matter sector. As in
the previous section, we analyse linear perturbations of the fields around a homogeneous and
isotropic background.

We follow Step 2 for constructing the most general quadratic gravitational action for a
metric. We will allow, at most, second-order derivatives in the equations of motion for the
perturbation fields. We start by writing down all the possible perturbed building blocks
004 on which the Taylor-expanded Lagrangian Lg might depend. In the ADM formalism,
we have 06 = (6N, N, 00;N,30,N, 60;0;N,0N*, 6N, 60;N*, 69;N',60;0;N*, 6hyj, 0K, 6R')),
where the latter two terms replace h” and Oy0h;j. As expected, here we have included all
possible metric perturbations up to two derivatived!] Note that partial derivatives of the per-
turbation fields are taken with regards to the background metric, and thus we raise and lower
the indices of the perturbed building blocks with h;;. Also, § commutes with partial spatial
derivatives and so, for instance, 6(9; N) = 9;(0 N'). We emphasise that, contrary to GR, we are a
priori assuming that 6N and N* could in principle be dynamical fields (with time derivatives);
we will let the Noether identities dictate whether they really are or not. As we will see later,
the Noether constraints will indeed make JN and JN* be non-dynamical fields.

We now proceed to Taylor expand Lg up to second order in the perturbed building blocks,
as in eq. . A few comments are in order that will help us understand the notation in
the calculations that follow. In the subscripts of the coefficients Lg, and Le,e, (hereafter
referred to as L.), we use ‘S’ (for “Shift”) as a proxy for N* and 0" to signal the number
of spatial derivatives acting on the ADM metric variables. We recall that all coefficients L,
are evaluated at the level of the background and thus can only depend on N = 1 and Bij.
Therefore, statistical isotropy allows us to discard coefficients with an odd number of indices
(it is not possible to construct such an object out of Eij and N that respects the isotropy) and
imposes symmetries on coefficients with an even number of indices. We then use the following

notation for the coefficients L,:

'For simplicity, we have not considered here terms with first spatial derivatives of h;;. However, they can be
systematically added, and the quadratic actions given in eq. (4.30)-(4.32) will not change except for the explicit
relations between the coefficients T and L..
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LAij = LAé‘ji, LAiBj = LABBija LABij = LABész
LAi-B’“S = LAB+5ji(SST + LABX ((5jr552- + ]TLjS;LZ‘»,‘) s where Aij = Aji (and/or Bij = B])
Ly pr, = Lap 0%, + Lapx16”,6%; + Lapxah’* iy,

Lpiai, = Lpaxohuih? + Lpaxy (607,6% + 6%,6%,) , where A% = A’ (4.22)

where A, A’., etc. represent any term of the building blocks with the corresponding index

VK

structure. Two exceptional cases that do not follow the previous definitions are these:

1 . Lo .
Lo,o,No, N = ngNaS (hﬂ587, + 67 h* + hﬂsé’r) ,
1 o o
LalNajakNi = §L8258N (5lih]k + hjl(ski + hkld]i) . (423)

With all these definitions in hand we can Taylor expand Lg up to second order. Recall that
the perturbed building blocks can contain first- and second-order perturbations of the metric.
However, we find that only NV, \/m , R and K have second-order terms; thus from now on
we use 0 for first-order perturbations and dy for second-order perturbations, unless explicitly
stated otherwise.

We then can find the Taylor expansion of the gravitational action Sg, as in eq. (4.13]). We

require the first and second-order perturbations of the metric density:

5, <N |h|) — §y/]h] + a®N,
5, (N |h|) = Go\/Jh] + a36uN + 61/[R[6N, (4.24)

where we have used \/|h| = a* and N = 1. To simplify notation we introduce 6h'; = h'*5hy;
and 6h = h¥Sh,;, and thus 6(trace of h;;) # (trace of dh;;), which will be used later.

Finally, the action for our matter sector scalar field ¢ is given by:

S = —/d4w\/—_g (%%08“90 + V(s@)) : (4.25)

where V() is some potential. This action can be straightforwardly written in terms of the
ADM variables, and Taylor expanded up to second order in the linear perturbations of the
metric and scalar field.

As mentioned in the previous section, from the linear expansion of the total action (gravity
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and matter) we find the background equations. In this case, from the metric perturbations, we

get:

L+Ly—3HLy—Ly—3HLx = po,

L—3HLy —Lx+2L, = —P,, (4.26)
where pg and Fj are the energy density and pressure of the fluid, respectively. Explicitly,

1. 1.
Po = 5%0(2) +Vo, FBy= 590(2) - W, (4.27)

where the subscript 0 indicates the background value. Equations (4.26]) are a generalisation of
the background equations shown in [161], whose explicit derivation can be found in Appendix
[C.4 Note that we will also have an additional background equation from the linear terms in

the matter sector field:

Go+3Hpo+Vy =0, (4.28)

where Vj is the derivative of the potential with regards to the scalar field, evaluated at the
background.

On the other hand, from the quadratic terms of the total action, we obtain the action
that governs the evolution of the cosmological perturbations. In this case, the full quadratic

gravitational action in eq. (4.15) can be written as:

2
S = / d'z > L. (4.29)
=0

The subscript T" here stands for “tensor”, as in the present case we only have a tensor field. The
L& are quadratic Lagrangians leading to i derivatives of the perturbation fields in the equations

of motion. Explicitly, we have:

3

a . . — 1 _ ) .
LY = o) [Thnt-(6h)? + 2T3nx 6R56R]] + Td2v/ || 4 o [éTSSh,-j(SN"éNJ
1 5+/|h
Ly = a [Tosp+0,0N'6h + 2Lospx0hi;0'0N? + 2Ly« ShI6 K + Lyg 0K Sh
+TNONSK + TnosONO;0N'] (4.31)
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L2 =g [QLhRXcShféRj. + Thpe 0RO + LpbyR + Tyg, , 00 NGh + 2L g, hy;0'0 N7

. | . 1 _ o
+ 5 Lgghi 0NN + “Tosos (BN')(9,6N7) + S Tososhu; (6N') (9'6N7)

1 o1 . 1 .
+ §LKK+(5K)2 + Lgxx 0K 0K + L w(ON)* + §T3N3N815N8i5]\7

+ Thip N4 0hO*6N 4 2Lp92n 5 Ohij0' SN + TypONSR + Ly 0 KON

+ T3 (0;6N7)ON + Lok 6K 0:6N" + 2Losx 0K 00N | | (4.32)

where, for simplicity, we have integrated by parts, grouped coefficients together and relabeled
them as T, (a dictionary that translates between L, and T, can be found in Appendix .
To understand the derivative structure above, we remind the reader that 5KJZt contains one
spatial derivative, and § R contains two — see the definitions in Appendix|[C.1} For writing these
actions we have also made use of the relations 5\/W = %\/ﬁﬁ” Shij = %a?’éh and @m =
%a3(5h)2 — Z—ia?’éhijéhji. In addition, we have rewritten the term LxdK that comes from the
expansion of Lg (where now 6 K includes first- and second-order perturbations). Following [161]

we have made an integration by parts so that:
LxgdK — —3HLg — Lg + LgdN + Lg6,N — L (6N). (4.33)

From the matter action we find the following quadratic action:

01+/|h 3
S = —/d4x {—P052\/]h| +a®py (52]\] +ON—Y a3| |> - %(PO + po)(ON)?
3 1 " 2 / . . . i 1 -2 1_i'
+a §V0 do° + (Vo + $009)ON + $90;0pd N* — 5% + §hjaj6g081-5g0
+8\/ TR (Vide = dp0) | (4.34)
Note that Sﬁ) leads to quadratic terms in the perturbations of the metric, as well as linear

and quadratic terms on the perturbations of the matter field. We have isolated d94/|h| and
((52N + 0N (sa@) in eq. (4.30)), as their corresponding coefficients (7" and Ty ) will exactly can-

cel the corresponding terms in the matter action in eq. (4.34) due to the background equations

(4.26]), which can be re-expressed as:
TN = pPo, T = —Po, (435)

where we have used the dictionary in Appendix
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We can now apply Step 3 of the procedure described previously. First we focus only on
scalar perturbations. We write down the total quadratic action in terms of the four metric
scalars ®, B, ¥ and F, and the matter perturbation field dp. Note that even though we
allow up to two derivatives of the metric perturbations N, IN* and dh;;, this means that we
will have higher-order derivatives of the four scalar metric perturbations. We proceed to find
the Noether identities that arise for both spatial and temporal linear gauge invariance, given in
eq. for the metric perturbations and analogous to eq. for d¢. From each of these two
sets of constraints (the Noether identities) we then extract the individual Noether constraints
multiplying each individual perturbation and its derivatives. We solve the Noether constraints

to find the following non-redundant conditions on the parameters of the quadratic action:

Lss=Tyos = Ly = Lyy =Tss =0, (4.36)
I'nn = Tonon Ik =0, (4.37)
Lk —2LgKx, (4.38)

2Lygny — Lrcosx 2T 5444 — Lxos+ =0, (4.39)
Twos = 3HLxoss +2H Licos, (4.40)

2(Lhasx — L) Lxosx + 3H Liosx, (4.41)
2(Thos+ — Lnk+) Lrass +3HLgasy, (4.42)
Tososx + Tasos+ 2L kos+ +4Lkasx, (4.43)
Twn = 3HLngs +2H Ly, (4.44)

2(Thit + Thix) Likt + Lngex +3HLygy + 3H Ly, (4.45)
AThpy L+ Lxgx + Lk« /H, (4.46)

2 Lnx Lngx + 3HLpgx, (4.47)

H(Lp —4Lyrx) Likx + HLgrx, (4.48)
Thozn+ —2Lpp2 N, (4.49)

Tnr Lxkx —2Lpp2Nx, (4.50)

AH Lycgex —(po + Ry), (4.51)

where we have used the background equations to simplify some of these constraints. We have
written these equations in a form that will look the same for a minimally coupled scalar field
and a general perfect fluid. Notice that all these constraints can be solved algebraically, by

simply working out one coefficient without time derivatives in terms of the rest.
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Via the constraints above, the number of free coefficients in our original action is greatly
reduced. A straight substitution of the Noether constraints into the quadratic action reduces
the original 32 free, time-dependent, functions (30 coefficient functions L, and T, in Sg ), along
with the two background functions ¢y and a) down to 8; after some integrations by parts we
can collapse the number of the remaining free functions down further to only one: Lgk«. In
addition, we find that all terms involving time derivatives of 6N and JN? vanish, so they play
the role of functional Lagrange multipliers — one of the key characteristics of general relativity.

It is apparent that the time dependence of the coefficients is intimately tied to that of the
background, through H, py and F,. We can then take the final step of replacing our reduced
set of coefficients into eq. , to get the following total quadratic action:

1 |
SP 48 = / d'z a? [—%&p (B +37) — V'op (D —30) — V" (5p)? — 5000°0p
1 In M?
+ 5 (69)% — poa?d*Edp — podd? B + V'6pad*E + M? (1 + d d? ) VR
na
— 3M2U? — 6HM?TD — 2M2THD — (H + 3H2) M2p?
_ OM229’E (qf + ch) oM + 2HM2<I>823] , (4.52)

where we have redefined M? = 2Lk, so that one of the Noether constraints becomes,

P
M= _Potlo (4.53)
2

It is instructive to further transform this quadratic action, by making the replacement
dp — dppg, using the background equation for the scalar field (eq. (4.28))), and making a few
integrations by parts. We then find:

SO 4 5@ / d's @ M? [~6HopY — 11 (5¢)° + 2H @G — 2Ha*D* Ebip

. . . . d1n M?

— 3H?*(6p)* —6HHGSp® + 2H60d* B + Hopd*dp + (1 + ) VO*U
na

~ 3% GHOU — 205 — <H + 3H2) o2

— 2a%9%E (qf + H<I>> +200°B + 2H<1>823} . (4.54)

In other words, the final action in terms of the metric perturbations depends only on one

free function of time, M?; the scale factor does not count as a free function, as it is related

to M through eq. (4.53)) and (4.28)). If the background equations were simply the Friedman
equations then, from eq. (4.53) we would find M? = M3, and eq. (4.54) would become the
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quadratic action for general relativity. In general, however, M? is a completely free function
of time. This illustrates a crucial feature of any approach based on finding general linearised
theories at the perturbative level. For a single tensor, at the level of the full diffeomorphism-
invariant theory, we know that there should be no overall free function of time left — GR is
unique in this sense. Said another way, M? being a free function of time is an artefact of
just taking into consideration the linearised action for perturbations. The consistency of a
full theory requires background, linearised perturbative and higher-order perturbative contri-
butions all to be consistent, i.e. to avoid the propagation of unstable degrees of freedom such
as ghosts. And so, crucially, while all well-behaved theories will map onto the free functions in
our linearised perturbation theory parametrisation, not all possible functional forms for these
seemingly free functions are associated with healthy theories. This happens for the very simple
reason that there is more to a full theory than the action it gives rise to for linear perturbations,
and that there are additional constraints not captured by any formalism based on linearised
perturbations. These extra constraints will reduce the free functions we recover further. A
detailed analysis on the construction of possible fundamental consistent theories leading to the
quadratic actions presented here is beyond the scope of this work, but it is certainly relevant
and requires further work.

We have shown that it is possible to systematically recover the linearised action for the most
general linearly diffeomorphism-invariant theory of gravity built from a metric, by starting from
a completely general action and systematically applying gauge transformations to obtain the
Noether constraints. We have found that M? is the only parameter that enters the final action
and hence the equations of motion. Looking forward, this means that any attempt to constrain
this action (with cosmological observations) boils down to constraining M?2. But, as we have
seen, there are a number of degeneracies that remain between the original coefficients L. So,
we can already see that it is impossible to individually constrain all the coefficients that we used
to build the action in equations -. In effect, we will never be able to completely pin
down the landscape of theories to solely GR using only cosmological linear perturbation theory
alone. At best we will be able to constrain these actions to a degenerate family of theories that
includes GR.

Finally, we remark that since Action leads to, at most, second-order differential
equations in time, it is free of Ostrogradski instabilities associated to higher time-derivative
terms [1,/172]. Furthermore, this action propagates only one physical scalar DoF, which actually
comes from the matter sector. It can be seen that ® and B are auxiliary variables, i.e. without

dynamics, and can be expressed in terms of the rest of the fields by using their own equations of

96



motion. Therefore, they do not represent independent physical DoFs. In addition, the action
has a gauge symmetry with two arbitrary parameters inducing two redundant fields in the

action. Thus, from the original 5 scalars in eq. (4.54)), only one field is physical.

4.3 Discussion

In this chapter we have constructed a method for parametrising the most general, local,
quadratic actions for linear cosmological perturbations. This is a crucial step towards iden-
tifying how many free functions fully characterise the landscape of gravitational theories in
the linear cosmological regime. Our systematic method for finding such actions, given a field

content and (set of) gauge symmetries, consists of the following three main steps:

1. Assume a given number and type(s) of fields present in the theory (gravity and matter).
Given an ansatz for the cosmological background, consider linear perturbations around
that background for each field. Finally, choose what gauge symmetries to impose on the

quadratic action determining the evolution of these perturbations.

2. Construct the most general local quadratic gravitational action, given the content field set
in Step 1. Start with an unperturbed fundamental gravitational action Sg, a functional
of a set of building blocks © containing all the fields and their derivatives (up to some
truncating maximum order). Find the perturbed set of building blocks 5@, given the linear
perturbations of the fields, and Taylor expand Sg up to second order in §6. Finally, add
some known matter action Sy and Taylor expand in the same way. The first-order total
action Sg gt SIE/}) leads to the background equations of motion, while the second-order
total action Sg ) 4 Sﬁ) determines the evolution of the linear cosmological perturbations.
The form of Sg ) should be that of an action including all possible covariant quadratic
interactions between the linear perturbation fields. Each term in this action has an a
priori free coefficient in front, which is a functional derivative of the fundamental action

Sq evaluated at the background.

3. Find the most general linearly gauge-invariant quadratic action for perturbations. Con-
sider Sg ) 4 Sﬁ) from Step 2, and find the Noether identities associated to the desired
gauge symmetry. Each gauge parameter will lead to a Noether identity, which in turn
will lead to a number of Noether constraints which are, in general, linear ordinary dif-

ferential equations of the free coefficients in Sg ). After solving the system of Noether
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constraints and replacing the results in Sg ), we obtain the most general quadratic gravi-
tational action for linear cosmological perturbations for that particular field content and
set of symmetries. From this result it is straightforward to identify the number of free
parameters describing the linear cosmological evolution of the Universe, and the number

of physical DoF's propagating.

In this procedure, the free parameters characterising the quadratic action for perturbations
are related to properties of fundamental gravitational theories. This makes the procedure
useful for translating cosmological constraints into constraints on fundamental actions, as well
as for straightforwardly finding where a given gravity theory lies in the space of these free
parameters. In addition, since our method is very systematic, all the calculations presented
in this chapter are easily generalisable to different backgrounds, to include extra gravitational
fields, and different gauge symmetries.

We have applied the procedure to a purely metric theory, leading to second-order derivatives
in the equations of motion. In this case we found one free coefficient M, a function of time,
describing the cosmological background and linear evolution of the universe. We also found
that these quadratic gravitational actions do not propagate any scalar DoF. When M = Mp
we recover GR. We do not uniquely obtain the quadratic action for GR in this case, as GR
is fully diffeomorphism-invariant, but we only required linear diffeomorphism invariance. In
other words, there is more to a full theory than its quadratic action, and there are additional
constraints not captured by any formalism based on linearised perturbations. Therefore, the
fundamental theories described by the parameter M could break the full diffeomorphism invari-
ance, or maybe propagate extra DoF's that are only present at higher perturbative order. This
also means that, in general, not all the possible values of the free parameters will be associated
to healthy fundamental theories. This first case then highlights the fact that even with an
accurate measurement of the free parameters, we will never be able to completely pin down the
landscape of fundamental theories to only one by using linear cosmological perturbation theory

alone.
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CHAPTER D

A GENERAL THEORY OF LINEAR COSMOLOGICAL
PERTURBATIONS: SCALAR-TENSOR AND VECTOR-TENSOR

THEORIES

The simplest, non-trivial example of a theory which includes an extra degree of freedom and
differs from general relativity is a scalar-tensor theory. The original, most elementary, for-
mulation is Jordan-Brans-Dicke gravity, a theory in which the Planck mass is promoted to a
dynamical scalar field [173H175]. Jordan-Brans-Dicke gravity has been one of the workhorses of
modern cosmology and has been deployed in understanding both the early Universe (specifically
inflation) and the late-time accelerated expansion of the Universe [1]. Over the past few years,
renewed interest in scalar-tensor theories has emerged, on the one hand from the rediscovery
of the Horndeski action [176] — the most general, non-degenerate, scalar-tensor action with
second-order equations of motion — and on the other hand from various extensions of the class
of covariant Galileons [177].

Most attempts at constructing a general parametrisation of linearised gravity have focused
on scalar-tensor theories. A nuanced understanding of how scalar-tensor theories emerge has
been developed, most notably in [178], where an economical parametrisation of such theories
was proposed in terms of four free functions. These functions (the ‘e’ functions) can be easily
related to specific physical properties of the fundamental action. Subsequent work has extended
this parametrisation to five free functions [179-181]. In this chapter we use the method we
previously developed to recover the parametrisation found in [178] and also find parametrised
actions that include higher-derivative corrections.

In order to extend the landscape of parametrised modified gravity theories, we also apply
the method to vector-tensor gravity theories. Vector-tensor theories have been studied in

detail in attempts to understand spontaneous Lorentz violation [168,/182], to generate massive
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gravitons [183] and as models of dark matter and dark energy [184,/185]. In particular, we
construct the quadratic action for perturbations that leads to general second-order equations of
motion, and then specialise to the case in which the vector field is time-like (a la Einstein-Aether
gravity). As a result, we identify the complete forms of the quadratic actions for perturbations,
and the number of free parameters that need to be defined, to cosmologically characterise these
two broad classes of theories.

This chapter is structured as follows. In Section we apply the method to scalar-tensor
theories and show that we recover the results of [161] and [178]. In particular, our approach
includes the “Beyond Horndeski” parameter found in [161], and extra parameters allowing
fourth spatial derivatives of the fields in their equations of motion. In Section we apply
our method to vector-tensor theories, with at most two derivatives of the fields. Here there are
two propagating scalar DoF's, neither of which transforms as a scalar perturbation of a scalar-
tensor theory. We show how to construct the most general quadratic action for perturbations
with this field content and, as importantly, how to implement constraints so that we end up
(as advertised) with only one propagating scalar DoF. Finally, in Section we review our

findings and discuss how to generalise the calculations presented in this chapter.

5.1 Recovering linearised Beyond Horndeski theory and
beyond

In this section we will parametrise linearly diffeomorphism-invariant gravitational theories con-
taining one metric and one scalar field, coupled minimally to a matter scalar field (although
the results presented here also hold for a general matter perfect fluid). As in the previous
chapter, we will analyse linear perturbations of the fields around a homogeneous and isotropic
background. We will show that with our procedure we can reproduce previous work. In partic-
ular, we will show how the free functions describing such theories will emerge from the Noether
constraints applied to a quadratic action with up to three time and space derivatives. Further-
more, we will then show that, if we include higher-order derivatives, a further set of functions
must be included to completely cover the possible space of theories. To avoid any Ostrogradski
instability, we allow at most two time derivatives of the fields, but higher spatial derivatives are
permitted (this situation can arise in some Lorentz-violating theories, but also in some special
Lorentz-invariant cases such as Beyond Horndeski theories). It would of course be possible

to go beyond this and find theories that are higher-order in temporal derivatives as well, yet
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evade Ostrogradski ghosts via the presence of degeneracies |186}/187] or, equivalently, hidden
constraints [188]. []

5.1.1 Horndeski and beyond

We now include an extra degree of freedom, a scalar field y, whose perturbation transforms
under linear coordinate transformations as in eq. . We proceed with Step 2 for constructing
the most general quadratic action. Allowing at most three derivatives of the perturbation fields
(two temporal but three spatial), we write down all possible perturbed building blocks 56 =
(-, 0X, 0%, BidX, DX, 0:0;0x, 8;0;0X, 0;0;010 X, 60;0; N, 60;0,0, N, 60,0; N*, 60;0;0, N') where the
initial ellipses indicates all the building blocks used in Section H We will also introduce
more definitions for the coefficients L,, in addition to those given in eq. and :

1 o
LBy = 5Lan (h”hkl + hikpIt 4 h”hﬂ) , where B;j, is fully symmetric,

3
Lo =1 (6.hM + 6% ht + ' h7") | where Al i tric in 3 indi
Ay, = gha 0 ; h°), where A’ is symmetric in 3 indices,
1 . . . A
Lpai = gLBA (67;h* + 6%17" + &'h'") | where A’y 1s symmetric in 3 indices, (5.1)
J

where A;, Bj, etc. correspond to any possible building block with the corresponding index

structure. An exceptional case is

L0000, N0 10,0100 N™ = Ly 6h0?0;0N* + 2Lp93 5 Ohi;0° 0" N
+ 2Lpp3500hi;0'07 0,0 N*. (5.2)

As in the previous section, we Taylor expand the gravitational and matter action up to
second order in the perturbation fields. From the linear total action we derive the background
equations. If we do so, we will obtain eq. (4.26]) and eq. (4.28)) for the metric evolution and

matter field, which we now supplement with:

Ly —3HLy — Ly =0, (5.3)

'In this context also note that we are interested in effective theories, which should be ghost-free within their
regimes of validity. Any given model may “predict” ghost-like instabilities outside the regime of validity of that
theory, i.e. instabilities coming with a mass/energy scale above the theory’s cutoff. However, such instabilities
are not physical and there is no reason to discard a theory.

2As in the previous section, we do not consider a term with three spatial derivatives of dh;;. Such terms
could be added but the form of the quadratic Lagrangians £7. and £} would not change except in terms of the
explicit relations between the coefficients T}, and L.
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which corresponds to the background equation for the scalar field yo. These four background
equations should not be all independent, as there are only three undetermined background
functions: a, xo and . This redundancy imposes a relation between the coefficients T, and
L,, which is not relevant for this work, but would be important for the task of constructing
non-perturbative fundamental actions allowing homogeneous and isotropic backgrounds.

We now extend the gravitational action considered in Section 4.2 such that

s¢ _/d4 Z b L) (5.4)

where 5; are quadratic Lagrangians involving dy, leading to ¢ derivatives of the perturbation
fields in the equations of motion. Up to second-order derivatives, we have the tensor Lagrangians
given in the previous section, and we add the following Lagrangians involving the perturbation

of the scalar field, dy:

3

a
L = ) [T (6x)? + 2T, 6x6h + TynONSY] (5.5)
L), = @ [Tyndx0h + LyxdxK + Tyosdx0;0N" + TyndxIN] (5.6)
. 1
[i = a3 LXR(SX(SR + Tath+5ha25x + 2L32théhij810j(5x + §LXX(6X)2 + LKX(SK(SX
1 . . . .
+ ETaXaX&cSXf)’éX + Ly ONOX + Tos0:0 N'OX + Toxon 00 NO'Ox | (5.7)

For third-order derivatives we include the following tensor and scalar Lagrangians:

£§)~ (l3 [2Lh83S>< 5hm(‘32815N] + Th335+(5h828j(5]vj
2L493500hi50' P OON' + Ly go g OhO*SN + 2L, 525, 600" P 0N + Lospy S RO;6N?
2LospxOR0:0N? + Licpy 0K R + 2L gy 0KIOR! + Ly p0 RON + Tipen 6 KO*6N

2Loenx OK P 0,0N + Lygye, KON + 2L 550 SKI0,0N7 + Ty y s NO; 6N

+ o+ + o+

Th2nosO;0N'O*ON] (5.8)
and

o= d [LRXcSRéx + Toogn s ShOPOX + 2L ShisO' DY + ToagnSNPSX + T 6 N6

+ L52xK+5Ka25X + 2L62XKX5K;8j8¢6X + T82X83({9¢5N1’825X} . (59)

Note that, as in Section we have integrated by parts and redefined some of the coefficients
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to simplify notation; the dictionary to translate between the T, and L, is in Appendix [D.1]
Finally, for the matter scalar field ¢ we add the quadratic action shown in eq. (4.34)).

We now follow Step 3 where, in addition to (4.36), (4.38)-(4.47) we get a new set of Noether

constraints. We find that the end result depends on five free coefficients of the time: M2, ag,

ar, ar, ag. In terms of the coefficients L, and T, arising solely in £, these are:

M2 — 2LKK><7 (510)
1 Tnk
_ = 11
T 9MEH (5.11)
Tyn +Tss
A = W, (512)
2 .
ar = W <LR + HLKRX + LKRX + 4LRh+> — 1, (513)
9 .
= T [—LWNX + H (Lirx — Lioenx) + Tivg + 2Lh32NX] ~1,  (5.14)

which are completely equivalent (and more general) than the expressions found in [161]. Note
that the «; can be neatly understood via the physical effects they parametrise [178]. Explicitly,

the final quadratic gravitational action is then:

. 1 :
Sg) _ /d4xa3M2{gHQ(aK—12aB—6)@2—GH(1+CYB)‘I)‘I’+2<1+C“H)\I’82¢

— 302 — (1+ar) VOV + 2a°H (1 + ap) ®O°E — 2H (1 + ap) ©9*B + 2a°VO*E
po+ H
WE
dln M? dag

1) — ——H
dlna (an +1) dlna

(po + Fo)
2

— 209’B -3 ( + 2H) Uoy + 205 00?5 + 6HapWox + H? (6ap — ag) Py

— 2H [ozT —ayg — ] VO*ox — 2H (ap — apy)PO*5x

(po + Fo)
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+ H°ar+H-H Tina + 5 dxO0“0x + 2H QoYX (5.15)
39 2.0, 92 a* 2 102 1o 1. 2.4 92
- B 5\11 —a@@E—;GE@E — Do §<I> —|—§BGB+3<I>\D—a<I)8E ,

where we have redefined oy — dxxo. Note that all the terms in the last line are those arising
from d94/|h| and (62N + d+/|h|0N), and they will all cancel with an equivalent counterpart
from the matter action Sﬁ). Given that the background depends on two free functions a and

Xo (o is not free as it will be related to a by means of eq. (4.28))), we have shown that this
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cosmological model is completely characterised by seven free functions of time, parametrising
the evolution of the background and linear perturbations. Note that, in this case we do not have
any extra relation such as eq. relating the background functions to M. We emphasise
that, even though we did our calculations with a matter scalar field, our expression for Sg ) is
valid when the matter sector is a general perfect fluid instead of a scalar field. The equations
of motion for this gravitational model coupled to a general perfect fluid can be derived from
equations .

The action we have just determined includes up to third-order derivatives of the perturbation
fields. The coefficients M?, ak, ap and ap multiply terms that have, at most, two derivatives,
and therefore encompass fundamental theories such as Horndeski theory. But we also found a
“Beyond Horndeski” coefficient, vy, which multiplies a term of the form ¥925y that has three
derivatives; therefore our results encompass the extensions from Beyond Horndeski theory.

We can recover the results of the previous section by setting y = 0. The free coefficients

then take the following values:

dln M?
dlna ’

ag =agp=ayg =0, ar=

(5.16)
which corresponds to GR if M is constant (ar = 0). On the other hand, if we want dx to
describe the perturbations of a quintessence scalar, we set the coefficients to be:

dIn M? B X2
dlna ’ aK_HQMQ'

OéB:OéH:O, ap = (517)

Note that by constraining the form of the terms for dx in this way, we are also constraining
the quadratic tensor terms — they are all related. In this case, the tensor action reduces to that
of the generalised GR action shown in the previous section. If we restrict ourselves to GR, we
find ap = 0 as in [178]F]

We finally comment on the fact that action ([5.15)) propagates only one physical scalar DoF.
It can be seen that B and ® are auxiliary variables, while the other three fields have time
derivatives; and due to the redundancies induced by the two scalar gauge freedoms, the action

contains only one physical, propagating, scalar DoF.

3Note that there is a typo in Table 1 of [178] - a factor of 3 is missing in the definition of ax for quintessence.
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5.1.2 Fourth-order extensions

It is interesting to go further to see what the structure of higher-order derivative terms might
take and what new free coefficients must be included. Both [158] and [159] include a term of
the form (¢g" + n#n”) 9,9°°0,¢” in the unitary gauge which, when Stueckelberg-ed, leads to a
fourth-order derivative term of the scalar field in the quadratic action of the form apd*dx;dx
where ap can be expressed as:

-2
. XoTaxax

ap = M2H4CL2’ (518)

and Thyoy is the coefficient in the quadratic action multiplying a term of the form 9"9xd;dx.
More recently, in [186188|, the authors explored the possibility of enlarging the family of viable
scalar-tensor theories by allowing fourth-order derivatives of the scalar field in the equations of
motion, but avoiding Ostrogradski instabilities through additional (hidden) constraints.

We now go beyond “Beyond Horndeski”, to see what kinds of terms arise by systemati-
cally including all possible fourth-order derivative terms in the quadratic action (i.e. including

Lagrangians £} + L2

> with up to four spatial derivatives but only two time derivatives). We

find that the final action now depends on the five coefficients previously found as well as six
new coefficients, one of which is the ap found in [159]. The new coefficients are defined in the

following way:

2

aQ1 = 51 (4LRR4 + 3LRRx) (5.19)
2

Qg = W (LKKJr + 2LKK><) , (520)
H

CJ./Qg = W (LKR+ + LKRX) s (521)
H 2 .

Qe = W (T82N82X - §LK82>'<><) X0, (522)
H .

ags = WTmNa?XXo, (5.23)

X

(Note that, as for equations ([5.10])-(5.14]), we could rewrite all these new coefficients in terms
of L, and T, solely from the tensor part of the action but the expressions would be more
cumbersome). These terms contribute with the following fourth-order derivative interaction

terms to the final quadratic action (as well as contributing to lower-order derivative terms):
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Notice that all these terms have four derivatives of the perturbation fields dh;;, IN, dN* and d,
but when using the SVT decomposition they have higher derivatives of the scalar perturbations.
For completeness we list £4. and Ei in Appendix .

The final quadratic action is lengthy, but can be found explicitly in the /ST notebook
COPPER. Although this final action becomes more complex, it has the same structure that
we see in the action of equation (5.15)): B and & are auxiliary variables, while the other
three fields have time derivatives; and after using the gauge freedom, the action contains only
one physical, propagating, scalar DoF. The quadratic actions found here with four derivatives
should encompass some specific cases of the scalar-tensor theories considered in [18618§].

It is important to remark that some scalar-tensor actions could have a different structure and
allow the quadratic term ®2. As shown in [161], such actions could be obtained by performing
a conformal transformation of the metric with a dependence on derivative terms of the scalar
field x to the action in eq. . Even though ® would not be an auxiliary field anymore, these
actions would propagate the same number of DoF's as the actions found in this section, due
to the presence of additional (hidden) constraints. We do not find the term ®2 in our results
because the presence of such term requires the presence of other quadratic terms (in order to
have a gauge-invariant action) of the form ¥? that lead to four time derivatives in the equations
of motion, which we ignored. Furthermore, in [188| it was shown explicitly that after conformal
transformations with kinetic dependence on the scalar field, the action of Horndeski is mapped
into a specific action that leads to fourth derivatives in the equations of motion. Thus, we
emphasise that the absence of these terms in our results does not represent a restriction on the
formalism but on the extra assumptions made for the specific cases we worked out instead. In
fact, if we had allowed four time derivatives of the fields, we would have found the term &2 in

the final quadratic action.
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Finally, the final action depends on a small set of parameters, (the “a” parameters and
M) which define subspaces of the full set of coefficients L, we used to build our complete
action. This means that with measurements of linear cosmological perturbations, at best, we
can restrict ourselves to a degenerate subspace that includes (but is not solely restricted to)

GR coupled to a scalar field.

5.2 Vector-tensor theories

In the previous section we have focused on scalar-tensor modified gravity theories; in this section

we show how the method can easily be extended to vector-tensor gravity theories.

5.2.1 General case

We aim to parametrise linearly diffeomorphism-invariant quadratic actions containing one met-
ric and one vector field A*. As in the previous sections, we add a scalar field, minimally coupled
to the metric, to represent the matter sector, and consider linear perturbations of all the fields

around a homogeneous and isotropic background. For the vector field we will have:
Al = (A, 6) +ak, (5.31)

where A(t) is the background solution of the vector field, and o* its first-order perturbation.
Since we will be focusing on scalar perturbations, we use the SVT decomposition of the vector
field to write:

0

ot = (o a'); o =o' + hY0;a, (5.32)

where we have two scalar perturbations a” and a, and one vector perturbation a’?, such that
d;a’® = 0. Therefore there will only be two relevant perturbations (the two scalar modes) from
the vector field in our calculations. As explained in Appendix [A.T] these scalar perturbations

transform in the following way under linear coordinate transformations:

6’ = 7 A — A,
Sa = a* Aé, (5.33)

while the scalar metric perturbations transform as in eq. (1.27) and the matter scalar field d¢
as the field y in eq. (4.9).
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We now follow Step 2 to construct the most general gravitational quadratic action. We will
allow, at most, two derivatives of the perturbation fields in the equations of motion. All the pos-
sible perturbed building blocks in this case will be 66 = (..., a%, d;a°, &°,8,8;0°, 8,a°, oy, ;v
¢&;, 0;00;, 0;¢;), where the initial ellipses indicate all the building blocks used in Section .
For simplicity we have defined o; = h;;a® which, in terms of scalar perturbations, becomes
o; = O;au.

Next we proceed to Taylor expand the gravitational Lagrangian Lg up to second order in
the perturbation fields. We use the same definitions introduced in eq. for the coefficients
L,. In addition, we use « as a proxy for «; in the subscripts of the coefficients L,. We also
Taylor expand the matter action.

We recall that we obtain the background equations of motion from the linear Taylor expan-
sion of the total action (gravity and matter). In this case, we find eq. from varying the
metric field, eq. from the matter scalar field, and the following expression from varying
the vector field:

Lao - Ldo - BHLdO - 0 (534)

Similar to the case of scalar-tensor theories, we expect one of these four background equations
to be redundant as there are only three undetermined background functions a, A and ¢y. Again,
this redundancy leads to a relation between the parameters L, and T,, which is not relevant
for the analysis of this chapter, but would be important in constructing non-perturbative,
fundamental actions allowing homogeneous and isotropic backgrounds.

We now proceed to express the general quadratic gravitational action as:
2
S@ = / d'e SO (L + Lo+ L+ Li,) (5.35)
i=0

where LI, and £, are the quadratic Lagrangians involving o and «; respectively, along with
the metric perturbations, leading to ¢ derivatives of the perturbation fields in the equations of
motion. We also include the Lagrangian £, involving interactions between a” and o;.

The Lagrangians L. are given in Section , while ﬁiao are the same as C;, for i = (0,1, 2),
given in Section [5.1], but with y — a°. For L%, we have that:

) 1 .
[’3 = a3 |:TaSCYZ'(SNZ + §Tao¢aia{| y (536)
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Ll = @ [Toani0hd o + 2Loanx0hi;0' o + TasON Gy + Thon0'SNay] (5.37)

«

. — . 1 .
L2 = a® |Tpany 0h0' ¢ + 2Loanx Shizh? 0 éy, + Toan SN cv; + 5 Laadid;h”
+ LegON' ¢ + Loar 0K + 2Loar < 0K 10 v + ThapsOi0N'& oy

+T3aaa+3iai8jaj + L@a@ax 8iaj8iozj} . (538)
We finally add the following interaction terms to the total gravitational action:

Lo, = a*T o0’ 0;°, (5.39)
,Cioa = a3Taadoai0id0, (540)

and £, = 0. As in the previous sections, we have integrated by parts and grouped coefficients
to simplify notation. In Appendix we give the dictionary for the coefficients T, in terms of
the L, for the Lagrangians £, and £, _. Since we will also be coupling a matter scalar field ¢,
we must include the quadratic matter action given in eq. in the total quadratic action.
Moving on to Step 3, we write the total quadratic action Sg) + Sﬁ) in terms of the scalar
perturbation fields (®, B, ¥, E, o, a and dyp), find the corresponding Noether identities and

solve the associated Noether constraints. After solving the Noether constraints we find that

the total quadratic action depends on the following 10 free coefficients:

M2 — 2LKK><7 (541)
Ly A?
ap1 = ]\]}]2\7 = WLdod% (542)
L
Qpy = ]\%V : (5.43)
Tyog
ap3 = —Apo + 2 M2 s (544)
ar = M2 (LR -+ 4LRh><) — 1, (545)
g = M2 (TNR + 2Lh82N><) 1, (546)
1 3
=—— (T HL — 4
Vo = 5 (Tnkx —3HLkky) — 5 (5.47)
1
v =75 (Tosasx + Tosos+ — ALkas+ — 4T pen, — Lirx) + 1, (5.48)
Tss
v = g (5.49)
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1 A?

Qyz = WLSS = WTaa- (5.50)

Note that we also have three unknown background functions a, A and ¢y, but one relation
between a and ¢y given by eq. . Thus, the linear cosmological evolution of the most
general linearly diffeomorphism-invariant vector-tensor theory is parametrised by a total of
twelve free functions of time. Note that in solving the Noether constraints we assumed A # 0,
and therefore for cases with constant A the free functions might change.

Since the final quadratic gravitational action is somewhat unwieldy, we do not show it
explicitly here. Instead, we highlight some interesting aspects of its form. The first three
coefficients ap; appear in the action multiplying time derivatives of ®. From eq. we can
see that the presence of the dynamical terms for ® (6N) are tightly related to the presence
of those for o, as Ly (the coefficient of $? as seen in eq. ) is proportional to Lgsog0
(the coefficient of (d°)? as seen in eq. (5.7)). The same happens for B and «, as can be seen
in eq. . All the terms we have mentioned are not present in scalar-tensor theories, as B
and ¢ are auxiliary variables in such cases. Furthermore, even if we eliminate all the terms
leading to time derivatives of B and @, i.e. set ap; = aps = apz = ayz = 0, the remaining
gravitational action still has different quadratic metric interaction terms, compared to the ones
in eq. (5.15), namely (9B)2, (9®)2, and (92E)%. Note also that two of the ten coefficients in
the final action are the same as those present for a scalar-tensor theory: ar and ay. However,
they do not enter the action in exactly the same way; for instance, both a; and ay multiply
a term of the form (O®)2.

A detailed analysis of the physical propagating DoF's and the stability of this class of theories
is beyond the scope of this thesis. However, we comment on the fact that if all the free
coefficients are nonzero, we might naively think that this gravitational action propagates four
physical scalar DoFs, as E, ¥, ®, B, a and o are dynamical fields (and as there are two scalar
gauge parameters). This would suggest the propagation of unstable modes, given that a well
behaved vector-tensor (Lorentz-invariant) theory is expected to propagate at most two scalar
DoFs: the helicity-0 modes from the massive spin-1 and spin-2 particles. For this reason it is

instructive to make the following redefinition of the vector perturbation fields:
a=a+AB, & =a’+ Ad. (5.51)

With this redefinition the fields B and ® become auxiliary variables in the action (i.e. do not

have any time derivatives), while & and &" are dynamical. In this way, it is clear that the action
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will propagate at most two scalar DoFs. Furthermore, well-known linearly diffeomorphism-
invariant vector-tensor theories propagate only one healthy scalar DoF. In this context, we
notice that extra conditions on the coefficients might reduce the number of physical DoFs to
one. For instance, if we set ay3 = 0, & becomes an auxiliary variable, or, alternatively, if we
set ap; = apy = 0 then a° becomes an auxiliary variable. Such cases should encompass the
generalisations of the Proca action studied in [189-191]. As we will see in the next subsection,
there are alternative ways of constructing vector-tensor theories propagating only one physical
scalar DoF, by incorporating extra constraints.

It is interesting to see what happens if we also impose a U(1) gauge symmetry on the vector

field. In this case the quadratic action is invariant under

at — ok + e, (5.52)

where ¢ is an arbitrary infinitesimal parameter, independent of the other two scalar gauge
parameters in the linear coordinate transformation. After solving the Noether constraints

associated to the U(1) gauge symmetry we find that

dlIn M?
dlna ’

apr =apy=ag =ayg=ays =0, oy =1, ar= aps = —4ays, (5.53)

along with eq. and the final quadratic action depends on two free coefficients M and ay 3.
In addition, we have only one free function describing the background A, as a is related to M
through eq. . In general, this action does not propagate any physical scalar DoF', because
it has three dynamical fields E, ¥ and & and three gauge parameters inducing redundancies

rendering these fields unphysical. The Einstein-Maxwell theory is one example of this case.

5.2.2 Einstein-Aether theory

As mentioned above, there are different ways of constructing a gravitational action with a vector
and tensor field that propagates only one scalar DoF. Here we show one special case in which

we introduce an additional constraint. Specifically, we will add the Einstein-Aether constraint:

S. = /d% V=X (A*A, + 1), (5.54)

to the gravitational action Sg, where X is a Lagrange multiplier, and gives the constraint

AFA, = —1. In particular, A is an extra scalar field whose perturbation transforms under
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linear coordinate transformations in the same way as dy in eq. . The presence of the new
field A imposes an extra background equation of motion: A = 1, while all the other background
equations are the same as those in the general vector-tensor case presented previously, where
now all the coefficients L, are functional derivatives of the total gravitational action (which
now includes S,).

The Einstein-Aether constraint will contribute the following second-order terms to the total

action:
S = / d*z a® { 26X (a’ + 6N) }, (5.55)

where we have expanded the Lagrange multiplier as A = A\g + d\. Notice that the second-order
Taylor expansion of eq. will also lead to quadratic terms in the metric perturbations,
but we do not show them in eq. as they are taken into account in £% (i.e. any quadratic
metric term from S, contributes to the action via changing the explicit from of the coefficients
L, and T, in the metric Lagrangians). In addition, from eq. we note that the equation
of motion for d\ gives the Lagrange constraint 6N + o = 0. As expected, this constraint
corresponds to the linear expansion of the full constraint A*A, = —1.

As in the general vector-tensor case, we follow Step 3 to express the total quadratic action
S(GZ )+ Sﬁ) + 5% in terms of the scalar perturbations, and impose that it is invariant under
linear infinitesimal gauge transformations. After solving the Noether constraints we find an
action depending on ten free coefficients (of which three are different to those present in the
general vector-tensor case). However, after solving the Lagrange constraint a® = —JN the
dependence on some coefficients vanishes, while the rest combine in such a way that the final

quadratic gravitational action depends on four coefficients only. The final action is:

1 . . - o1 a2
S(GQ) = /d4$ a3 {M2 [avgiai&azd - Oévch)an + 501\/331'@@2@ - 5623026[

1 oo on 1 ‘ . PYT3 ..
+§623823 + 502@6201 + H?ay50,60'G + Hamaid(‘?’(b] + % [5}]3(1)2

~ ~ 1 1 ~ 1 ~ ~ . N . N
+ H?P9*B + 6H82d8207 — §H82&82B + 61{323823 + HO,9O'B —3HHY®

H i 3H* 2 3 2 2., 92 at 5o
1 1
—po (§q>2 + 5Ba2B + 30V — a2(1>82E) } : (5.56)
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where, to simplify our expression, we have defined:

v
V=d— — 5.57
(6] (0% H, ( )
B-B-Y_2F (5.58)
=Db——=—-a .
H
. ¥ H
— P4 — —U— .
+ =V (5.59)

and where & = a + B. Note that in eq. ((5.56) the last two sets of parentheses will cancel with
their corresponding counterparts from the matter action given in eq. (4.34). Also, note that

- 0, as we have solved the Lagrange constraint. In the final quadratic action given by

eq. (5.56) M? and ay3 are given by eq. (5.41]) and (5.50) respectively, while the other two free

coefficients are given by:

. ‘ dln M?
VAT RH [_QLKOSX +3 (Lrkt = 2Lkosx) H — 4Lnkx + 4Lh8$><] T dla
- O{T+3;
3 : 1 dinM? vy ayadl
&V5:m<LKK++HLKK+> _5(()(\/4_1) dlna B 2H B 2H? o
ayy 3
R 5.60
vyl (5.60)

where a is given by eq. . This final quadratic action encompass all vector-tensor theories
that include the Einstein-Aether constraint in eq. .

From eq. we can see that when solving the Lagrange constraint, ® becomes an
auxiliary variable. Thus the final action has two auxiliary fields, B and ®, and three dynamical
fields £, ¥ and &, with no dependence on d\ and a. This action is still gauge invariant
under linear infinitesimal coordinate transformations; the Lagrange constraint does not fix any
preferred gauge because ® + o’ is a gauge-invariant quantity. Therefore, this action propagates
only one physical scalar DoF, as the two scalar gauge parameters render two dynamical fields
unphysical.

The final action in eq. depends explicitly on four coefficients, while the background
has only one free function a. Therefore this cosmological model is parametrised by five free
functions in total. Notice that we expect A\g to appear in the background equations of motion,
but we do not count it as an extra free function, since it can be eliminated by appropriately
combining the background equations. Thus A is not directly observable. In addition, A and
o do not count as free parameters either because A is fixed to be A = 1, and ¢, will be related

to a by the matter background eq. (4.28)).
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5.3 Discussion

In this chapter we have constructed quadratic actions for cosmological perturbations for scalar-

tensor and vector-tensor theories, by applying the procedure of Chapter [df We summarise our

findings in Table 5.1}

’ Fields H Der. H Free Functions H ST DoFs H Theories ‘
G X 2 M, aigrpy + 2 1 Horndeski
Juvs X 3 M, aygr .y + 2 1 Beyond Horndeski
Guvs X 4 M, a(k 1B HP} OQosas T 2 1 4*" Scalar-Tensor
Ty 2L 2 M, o my, XDy 5310 Wionos T 2 2 274 Vector-Tensor
G, A*, A 2 M, oy, +1 1 Einstein-Aether

Table 5.1: In this table we summarize the results found throughout this chapter for cases
in which invariance under linear coordinate transformations was assumed. The first column
indicates the field content of the gravitational action. In all cases we also added a matter
scalar field ¢ whose presence is omitted in this table. The second column indicates the maxi-
mum number of derivatives of the perturbation fields allowed in the equations of motion. Note
that in the cases where this number is higher than 2, we assumed a maximum of two time
derivatives, but allowed higher spatial derivatives. The third column shows the free coefficients
parametrizing the quadratic action, while the +1 or 42 counts the number of extra free back-
ground functions. The fourth column shows the maximum number of scalar DoFs propagated
by the quadratic gravitational action. In all cases the complete quadratic theory would propa-
gate one more matter scalar DoF. The fifth column shows theories that are encompassed by the
corresponding parametrisation. The three grey rows show new parametrisations of fourth-order
derivative scalar-tensor theories and second-order derivative vector-tensor theories, including
Einstein-Aether.

We applied our procedure to scalar-tensor gravity theories, leading to second, third and
fourth-order derivatives in the equations of motion. The first two cases are well known, and the
quadratic actions found encompass the theories of Horndeski and Beyond Horndeski. We also
analysed the fourth-derivative case and identify a total of 13 free functions of time, describing
the background (2) and linear (11) cosmological evolution of the Universe, of which 6 are new
compared to the third-derivative case. In all these cases the quadratic gravitational action
propagates only one scalar DoF. The procedure could also be applied systematically to allow
higher-order derivatives, and we would most likely generate more free parameters encompassing
even more theories.

Finally, we applied the procedure to vector-tensor theories, leading to second-order deriva-
tives in the equations of motion. We found a total of 12 free functions of time describing
the background (2) and linear (10) cosmological evolution of the Universe. In general, these

quadratic gravitational actions propagate two scalar DoF's, although there could be only one
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when some specific parameters are zero. As an alternative case of a vector-tensor theory prop-
agating only one scalar DoF, we applied the procedure to theories of gravity with an Einstein-
Aether constraint. We found a total of only 5 free parameters of time describing the background
(1) and linear perturbations (4).

In all the cases presented in this chapter we minimally coupled the metric field to a matter
scalar field; however, the same results hold for a general perfect fluid. In addition, we only
analysed scalar perturbations, but the same free parameters will also describe vector and tensor
linear perturbations, around homogeneous and isotropic backgrounds. The specific form of the
quadratic action of vector and tensor perturbations is left for future work.

We remark that the field content, and more specifically how all fields transform under a
given gauge symmetry, is crucial in determining the final form of the quadratic action. For
instance, we could apply the same procedure to a gravitational theory with a tensor coupled
to a generalised scalar field y, whose linear perturbation dy transforms under linear coordinate

transformations as:

(SX — 5X + Gom + Gt + Gae + Ggé, (561)

where G, are unknown functions of the background and 7, € are arbitrary functions defined
in Appendix After applying the three steps above, focusing on scalar perturbations, and
allowing up to two derivatives of the fields, we could get very different results to those of scalar-
tensor theories. If G; # 0 for i = (0,1, 2,3) the final quadratic gravitational action reduces to
that of generalised GR found in Section and thus no scalar DoF's are propagated by the
resulting action. On the contrary, if Go = G5 = 0, and Gy = G4, i.e. when dx is the linear
time-like scalar component of a perturbed vector field A*, the final gravitational quadratic
action propagates a maximum of two scalar DoFs. dy, ®, E and ¥ are dynamical fields in the
quadratic action, but there are two scalar gauge parameters inducing two non-physical fields.
As in scalar-tensor theories, in this case we introduced only one extra field y to the gravitational
theory, but the resulting number of propagating DoF's is different. We see then the importance
of our Step 1 in determining the space of gravitational theories under consideration, by defining

the gauge transformation properties of the extra degrees of freedom.
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CHAPTER 6

A GENERAL THEORY OF LINEAR COSMOLOGICAL

PERTURBATIONS: BIMETRIC THEORIES

In order to extend our previous results, and construct a parametrised model that spans as large
a swathe of the landscape of gravitational theories as possible, in this chapter we apply the
method to diffeomorphism-invariant bimetric theories. We show that, around homogeneous and
isotropic backgrounds, the most general quadratic action is determined by 29 free parameters,
and propagates at most four scalar degrees of freedom. However, if we do not allow derivative
interactions between both metrics, the number of free parameters simplifies greatly, reducing
to three. Furthermore, if we focus on actions that propagate only one DoF, the action has only
two free parameters. Lately, bimetric theories have been studied extensively in a cosmological
context [2,(11}37,[84-86/,88,89,91,93,,95,97,(100,104,[107-111}115-120}123-127,/144,(192-220], and
in this chapter we show that we can recover the specific cases of massive bigravity [66],70,(72] and
Eddington-inspired Born Infeld (EiBI) theory [11,[221], as bimetric theories encompassed by
the parametrisation found. Due to the no-go theorem for ghost-free Lorentz-invariant bimetric
theories with derivative interactions in [132], we devote most of the work in this chapter to study
non-derivative interactions, although we briefly discuss derivative interactions in the appendix.

This chapter is structured as follows. In Section we explain in detail how to implement
the method developed in Chapter {4| to bigravity theories, focusing on scalar perturbations. In
Section [6.2| we present the results of the method in the specific case when the two metrics do not
have any derivative interaction. We analyse the number of physical scalar DoFs propagating
and the number of free parameters determining the general structure of this action. We also
compare with massive bigravity and corroborate results found in previous works. Finally, in

Section [6.3] we summarise and discuss the findings of this chapter.
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6.1 Parametrising bimetric theories

In this section we first summarise the method developed in Chapter [4] and then show how to
apply it to bimetric theories. As previously explained, the objective of the method is to obtain a
general, local, quadratic action for linear cosmological perturbations for a class of gravitational
theories, with a given field content and gauge symmetries. This action will be expressed in
terms of parameters —functions of the background— in such a way that specific forms for the
parameters lead to the action of a specific gravity theory. For simplicity, in what follows, we
will be assuming a known form for the matter sector which couples to gravity, although it is
straightforward to relax this assumption. We perform the following three steps to find the

aforementioned parametrised action:

1. Set up: Assume a given number and type of fields present in the theory (gravity and
matter). Define an ansatz for the cosmological background, and consider linear pertur-
bations for each field around that background. Finally, choose a set of gauge symmetries

that will leave the quadratic action invariant.

2. General action: Construct the most general local quadratic gravitational action, given
the field content established in Step 1. Consider a set of perturbed building blocks
5@), containing all the derivatives of the gravitational perturbation fields, up to a given
maximum order. Use the building blocks to write down all possible quadratic terms,
and construct the most general quadratic gravitational action S(Gz ) by adding each one
of these terms multiplied by an, a priori, free parameter (i.e. unknown function of the
background). The resulting gravitational action will contain all possible interactions
between the perturbation fields. Finally, form the known matter content, calculate the
quadratic matter action S,(,%) to get the total quadratic action Sg ) 4 ST(,%) determining the

evolution of linear cosmological perturbations.

3. Gauge invariance: Find the most general linearly gauge-invariant quadratic action for
perturbations. Consider the total action Sg ) 1+ 82 from Step 2, and impose invariance
under the desired gauge symmetries set in Step 1. In order to do this, find the Noether
identities associated to the gauge symmetries: there will be one for each gauge parameter.
Then, from each Noether identity, find the Noether constraints associated, which will, in
general, be linear ordinary differential equations of the free parameters in Sg ), Finally,

solve the system of Noether constraints and replace the results in Sg ). The resulting
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gravitational action will satisfy the Noether identities and, as consequence, be gauge-

invariant under the desired symmetries.

After performing these three steps, we will obtain the most general gravitational action for
a class of theories, determined by a given field content and set of gauge symmetries, up to a
maximum number of derivatives. From this result it is straightforward to identify the number of
free parameters describing the linear cosmological evolution of the Universe for these theories,
and the number of physical, propagating, DoFs. In addition, from this action, we are able
to constrain the free parameters with observational data and automatically translate these
constraints into constraints on the gravitational theories.

Before applying the steps to bimetric theories, we clarify that, for simplicity, we have slightly
modified Step 2 compared to the one presented in the previous chapter. We have seen that in
Step 2 the free parameters can be expressed as functional derivatives of the unknown underlying
(non-linear) gravity theory. This is an interesting feature of the method as the parameters are
related to characteristics of the fundamental theory, which is useful when building viable non-
linear gravitational theories out of observational constraints on the parameters. However, in
this chapter we have skipped that part of Step 2, and thus we will not give such relations
between the free parameters and the underlying gravity theory.

We now implement the previous method for bigravity theories. We show each one of the

three steps in detail.

Step 1: Consider a gravitational theory composed of two rank-2 tensor fields (or metrics) ga,.
(with A = {1,2}), coupled to some additional matter fields. We focus on linear perturbations
around a homogeneous and isotropic cosmological background. The tensor degrees of freedom

arise from the following metrics:

JAuw = gA,uy + 5914#1/7 (61)

where §a4,,, describes the background of both metrics A = 1 and A = 2, assumed to be spatially-
flat FLRW metrics with line elements given by:

ds? = —dt* + a(t)*di®, ds; = —N(t)*dt* + b(t)*dz>. (6.2)

Here a and b are the scale factors of the metrics, and we have also introduced a non-trivial lapse

term N for metric 2, as in general both metrics cannot be brought into the standard form with
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trivial shifts at the same time. Since we do not know what the underlying gravity theory is,
the background functions a, b and N are considered to be free functions of time. In addition,
09, are small first-order perturbations around the given background, which generally depend
on space and time.

For simplicity and concreteness, we will assume that metric 1 is minimally coupled to a
scalar field ¢, which will represent our matter content. This means that metric 1 will be
the physical metric describing the space-time, and therefore a will be the scale factor of the

expansion of the Universe. The matter field can be expanded as follows:

= @(t) + dp, (6.3)

where ¢ is the background value of the field, which has the same symmetries as the metrics,
and thus depends on time only, whereas d¢p is the first-order perturbation of the field and,
in general, depends on space and time. We remark that even though we use a minimally-
coupled scalar field as matter content, we expect the same results for a general perfect fluid.
Further generalisations could be made straightforwardly, such as coupling both metrics to
matter through the composite metric proposed in [9394], but such cases are left for future
work.

We will be looking for actions which are quadratic in these perturbations and invariant under
linear general coordinate transformations of the form x# — x* + €, where € is an arbitrary
first-order perturbation of the coordinates x#. Under these transformations the background

stays the same, while the linear perturbations of the metrics 6g,, transform as in eq. :
0G A — 0GAu — gAugayeﬁ - gAﬁuaueﬁ + € Gau89 A0y (&@Aﬁ”) , (6.4)

whereas the scalar perturbation d¢ transforms as
S — 8o — . (6.5)

Notice that, since we expect both metrics to be coupled, there will be only one copy of the

diffeomorphism invariance, and thus both metrics transform with the same gauge parameter.

Step 2: In this step we construct the most general local quadratic action for all the gravitational
perturbation fields dg4,,. This quadratic action will lead to linear equations of motion, assumed

to have second-order derivatives at most.
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We use the Arnowitt-Deser-Misner (ADM) formalism, in which we separate space and time,
and both metrics are decomposed into lapse functions N4, shift functions N4 and 3-dimensional

spatial metrics hy;; in the following way:
ga00 = —N3 + haggNAN%, gaoi = haiiN%, gai; = haj. (6.6)

Next, we write the set of perturbed building blocks 5@, which includes all the perturbations the
gravitational action can depend on. Specifically, this set will include all possible gravitational

perturbations up to second-order derivatives for both metricg}

56 :<5NA, ON4, 60;Na, 60;N4, 60;0;N4, SNy, SN, 60; Ny, 60;NY,, 69;0;N*,

Ohaijs 00ihask, 80 Dihaw, 0K ). (6.7)

where the previous list includes all the terms for both subindices A = {1,2}. Here, we have
replaced the time derivative terms 5h 4ij of the spatial metrics by the extrinsic curvature tensors
K ; — this can always be done as there is a one-to-one relation between these two quanti-
ties. It is important to note that in the previous chapter we also replaced second-order spatial
derivatives of the spatial metrics by the 3-dimensional intrinsic curvature tensors d R j» glven
that we were seeking linearly diffeomorphism-invariant actions, and thus spatial derivatives
were expected to appear in that form. However, in this chapter we do not use d R, ; because,
in the case of bimetric theories, the interactions between the two metrics may cause the action
to depend on a different combination of spatial derivatives, while still maintaining its diffeo-
morphism invariance. This is a new feature of the bimetric theories as in scalar-tensor and
vector-tensor theories the spatial derivatives always appeared in the combination of § R i
Note that in eq. partial derivatives of the perturbation fields are taken with respect
to the background metric of the corresponding perturbation field, and thus we raise and lower
the indices of the perturbed building blocks with h4;. Also, § commutes with partial spatial
derivatives and so, for instance, 6(9;Na) = 0;(0N4). Finally, notice that even though the fields
gauw and ¢ have only linear perturbations, the perturbed building blocks could have higher-
order perturbations as result. Thus, we clarify that 66 contains both first and second-order
perturbative terms; throughout this chapter, however, ¢ refers only to first-order perturbations,

unless stated otherwise.

'We have ignored second-order time derivatives as they will be related — via integration by parts — to terms
with first-order time derivatives.
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We now proceed to construct the most general quadratic bimetric action with second-order
derivative equations of motion. In order to do that we write down all possible quadratic terms
formed by the perturbed building blocks, and place an arbitrary parameter in front of each

term. The resulting gravitational action can be written as follows:

2
S = / d'z L+ L, + L. (6.8)
n=0

Here, for a given n, L7, is the quadratic Lagrangian for the self-interactions of tensor 1, leading
to n-order derivatives in the equations of motion. L7, is defined analogously for tensor 2, and
finally L7, 5, is defined analogously for the interactions between both tensors. We have the

following Lagrangians for the self-interactions:

1 - . . 1
L%A =+v—0a §LASShAZ’j5NIZ45NIJ4 + QLANN (5NA)2 + Lan ((52NA + 0N 4

5\/hA>
vV —ga

1 ) . _
+LANh5NA5hA + iLAh}H_ (6hA)2 + LAhhxéhiljéhZM] + NALA(;Q\/ hA, (69)

;C%«A =+v—30a [LAagh+(?¢5Nj5hA + QLAg;ShX(ShAijai(SNZ‘ + 2LAhK><5hf‘4i5Kf4j

+Lank+0Ka0ha + LanxONaSKa + LanosONaOdNY |, (6.10)

L5, = =04 [Lanoenx6had' & Shaij + Lanoen+0ha0*6ha + Lapgene0hamd* 07 8hai;h'y
+ 2L 4930 0ij0'ONG + Lagsn s 0 Nadha + 5 Laososs (9i0N4) (9;0N2)

1 _ e 1 — . , 1
+ 5 LagshiONAON} + 5 Lavsoshiy (9i0N}) (9'6N3) + 5 Larccy (0K )

+ Lacsod K0 Ky + 5Ly <6NA> + 5 Laonon 0 ONADON s

+ LAhazN+5hA825NA + 2LAhazNX6hAij8i8j6NA + LAKN(SKA(SNA

+Laos (950N%) 6N + Laosics SKABON} + 2Laosicx 6,00 N3 (6.11)

Here, the L parameters are free functions of time with a subscript indicating the type of self-
interaction they determine. Also, \/—ga correspond to the square root of the determinant
of the 4-dimensional background metrics ga,,. We remind the reader that spatial indices
are raised and lowered with the 3-dimensional background metrics, so in the previous actions

we have simplified notation by introducing the perturbation fields dh,, which are given by
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Sha = hV6h 4ij- Also, notice that we are using do to describe quadratic perturbations . In
eq. (6.9) we have introduced the perturbations §v/h4 and d3v/h4, which are the linear and
quadratic perturbations of the square root of the determinant of the 3-dimensional metrics.

We also show explicitly the interaction terms between both metrics:

+ Prynyx iR 6haij6how + Payn 6ha0 Ny, (6.12)

Lip, = Pry,p, 0N20hy + Pr,os,6N20;0NT + Py, SNaG Ny + Ps,op,4.0:0h1 6N,
+ 2Ps,01,x0"0h1;0N] + P g SN{NJh1s; + Prnyos,0N10;0N3 + Pryie, + 0K 16hs
+ Phyie, x RFS K 6hoji + Preyn, 0 K90 Ny + Py, + 0ho0id N

+ Phyos, xOhaij0'ONY | (6.13)

L2 0, = Priorngs 100Ny + Poyopny w0109 SNy + Py x 6K10N,
+ PN1N25N15N2 + PNgaslai(SNféNz + Ppyoen, 0N20°0 Ny + PasleéNl@-éNQi
+ Py ,hij NSNS + Pogyrc, + 6 K10:0N3 + 2Pog, 1, 0K 1 0;0 N3
+ Pos,08,+0:0N19;0N3 + Pos,o8,x hinjO'ONT OSN3 + Pre, o 6K50N,
+ Pryipr 0K10 K5 + Prey iy 0K 0K, + Pryozn, 4 6ha0?6Ny
+ Pryo2ny x 0hoij 0 SNy + Pryos, + 0 K200 Ny + Pryos, < 0K 10,0 NY
+ Pogen s 0ho0%8hy + Po,oen,x10ha0 0 6hai; + Pozn,xo0hay0'076hy

+ Phyo2n,00h2a0 @ 6hyjph™, (6.14)

where the P parameters are free functions of time with a subscript indicating the type of
interaction they determine. We clarify that 0? = 9'0; where, in general, the derivatives acting
on a given field have a index that is raised or lowered with the background metric of that given

field. For instance, the term 6 N,0?N; can be equivalently expressed as:

. (]
5N282(SN1 = 5N2 (&@hijél\ﬁ) = 5—25N281(9](5N1 (615)
a

2We have ignored the term 0o K ij as it is related to other terms in the previous action.
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Finally, we note that in all these Lagrangians (self-interactions and interactions between both
metrics) we have integrated by parts, and written only the independent terms, so we express
the action in terms of a minimal set of parameters.

Now that we have written the most general quadratic action for two metrics, leading to
second-order derivative equations of motion, we calculate the total quadratic action by adding
the matter contribution. As previously mentioned, we will assume that metric 1 is minimally

coupled to a scalar field ¢, and thus the matter action has the following form:

1
Sm = —/d4x —0 <§5u905“90 + V(cp)) , (6.16)

where V() is some potential, and the indices of the partial derivatives are raised and lowered
using gi,,- This action can be straightforwardly written in terms of the ADM variables, and
Taylor expanded up to second order in the linear perturbations of the metric and scalar field
to get eq. for metric 1. We note that S22 does not only contain linear and quadratic
terms on the perturbations of the matter field, but also quadratic terms in the perturbations
of metric 1. In fact, the first two terms of the quadratic matter action in eq. will cancel
out exactly the similar two terms for metric 1 in eq. . This is because the coefficients Ly

and L4 are not arbitrary, and they are defined in such a way that:
LlN = pPo; .Z/l = —Po, LQN == O, .Z/Q = 0. (617)

These relations are background equations and come from the linear expansion of the underlying
gravity theory. The derivation of these relations was done in the Appendix for metric 1
only, but the relations for metric 2 follow from those results straightforwardly.

Finally, we can see that the total quadratic action S = Sr(,f) + S(G2 ) contains 99 free pa-
rameters Ls and PEEL and it is the most general quadratic action that can be written for linear
perturbations of two metrics around a spatially-flat FLRW background, with a minimal cou-
pling to a scalar field, and leading to second-order derivative equations of motion. In addition,
we have four background functions a, b, N and ¢ determining the background evolution, and
thus affecting the linear perturbations, from which only three are independent due to the equa-
tion for background matter in eq. . We remark that, contrary to most known bigravity
theories, we have assumed that the perturbations dN, and N are dynamical fields (have

time-derivatives) and we will let the Noether identities dictate the consistent kinetic structure

3Here we are not counting the coefficients L 4 and L, as their values are given in eq. (6.17)).

123



of these terms in a gauge-invariant action.

Step 3: We now proceed to impose diffeomorphism invariance on the total quadratic action S
obtained in Step 2. First, we follow the standard SVT decomposition [171] of perturbations.
Since scalar, vector and tensor perturbations evolve independently at the linear level in a
homogeneous and isotropic background, we can study each one separately. In this chapter, we
only analyse scalar perturbations, as they are the seeds of large-scale structure in the energy
density field, and therefore cosmologically relevant. In this case, the line element of both metrics

(including the background and linear perturbations) will be expressed as:

dss = —N? (1 + ®y) dt* + 2N O; Bodtdz' + b [(1 — 2Uy) 6;5 + 20;0; B, dx'da? (6.19)

where the fields 4, Ba, V4 and E, for A = {1,2} are the first-order scalar perturbations for
both metrics ga,,. From eq. (6.18))-(6.19) we can find the perturbed ADM variables at linear

order:

ON, = @y, SN} = h¥0; By, Shyy; = a® [—2W,6; + 20,0, F] (6.20)

as well as the rest of the perturbed building blocks. See Appendix for a list of relevant
quantities, that appear in the gravitational quadratic action Sg ), in terms of the scalar pertur-
bations. In these equations, B’Aj are the inverse tensors of the 3-dimensional spatial background
metrics.

We can now express the total quadratic action in terms of the 8 scalar perturbations, and the
matter perturbation field dp. Note that even though we only allow up to two derivatives of the
metric perturbations N, IN* and §h;;, this means that we will have higher-order derivatives
of the scalar perturbations. Next, we impose that the action is invariant under the linear
diffeomorphism transformations given in eq. —. In terms of the scalar perturbations,

the transformation of the metric perturbations is the following:

él = (I)l —7'1', Bl = Bl + 7 —aQé, qjl = \Ifl —|—H7T, El = E1 — €, (622)
. . _ b2 . .
q)g = @2—7.1'—[']]\/77', BQZBQ“FNW_ﬁé, \IJQZ\IJQ+Hb7T, EQZEQ—E,(6.23)
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where we have defined H = a/a, H, = b/b and Hy = N/N Note that we have also used the
SVT decomposition for the gauge parameter ¢, and written its two scalar components 7 and
€ such that e* = (m, 6" 9je).

In order that the action is diffeomorphism invariant, we need to determine the Noether
identities that arise for both spatial and temporal linear gauge transformations. These identities
are the constraints which, when enforced, make the action gauge invariant. We calculate the
Noether identities by first taking an infinitesimal variation of the total quadratic action with

regards to each one of the scalar perturbations. This variation can be written as:

~

65 =58P 4+ 58D = [ @l |Ep 04+ Ep, 0B+ Ey, 0V 4+ Ex, 0EA + Es.0 (53p)|  (6.24
G A A A A ®

where £x is the equation of motion of the perturbation field X, and § stands for functional
variation. Here, there is an implicit sum over the subindex A. We then replace the variations

of the fields by the corresponding gauge transformations in eq. (6.5 and eq. (6.22)-(6.23)), and
integrate by parts to end up with:

595(2) = /d4$ |:SB1 + N(€32 + ngjl + Hbgq;z -+ (écpl + gq>2 — HNgq)z — 5530@} T

, d ., d (1
+ /d x |—€g —Er, + 7 (a*Ep,) + o WEBQ €, (6.25)

where the expression 59 stands for the functional variation of the action due to the gauge
transformation. Given that the total quadratic action should be invariant under these gauge
transformations, and given that both 7 and € are arbitrary and independent, each set of brack-
ets should be zero; this gives us two Noether identities, one associated to each scalar gauge
parameter. Furthermore, each combination of free coefficients, inside each of the brackets, mul-
tiplying the perturbation fields and their derivatives such as ® 4, ®4, 92P 4, U4, ete, must be
individually zero for the Noether identities to be satisfied off-shell. This gives a set of Noether
constraints. As previously mentioned, these constraints will be, in general, linear ordinary dif-
ferential equations for the coefficients Ls and Ps. However, for the bimetric case presented in
this chapter, these Noether constraints can be solved algebraically. We solve all of these con-
straints and replace the solutions in the quadratic action, resulting in an action satisfying the
Noether identities and, as consequence, gauge invariant. Therefore, the resulting action will
be the most general linearly diffeomorphism-invariant local quadratic action, given the field

content.
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The resulting gauge-invariant bimetric action is lengthy so we do not show it explicitly
here but we mention some general characteristics. We find that the final action depends only
on 29 free parameters, in addition to the four background functions a, b, N and @, which
add three independent free functions due to the constraint in eq. . Therefore, there are
29 4 3 free parameters determining the background and linear cosmological evolution of these
bimetric theories. In Appendix we give expressions for all these parameters in terms of the
coefficients Ls and Ps, and we connect them with the well-known parameters present in the
scalar-tensor parametrisation EFT of dark energy [161].

In addition, we find that in the final action the eight metric scalar fields ®4, B4, ¥4 and
E4, have dynamical terms, i.e. time derivatives. However, the fields &, and B, appear in
specific combinations such that if we introduce two new fields ®3 and Bs:

Oy =P3+ Dy, By =B3+ GZ—QNBQ, (6.26)
then ®3 and Bs appear as dynamical fields whereas ®5 and B, become auxiliary fields (without
time derivatives). This means that the final gravitational action propagates at most four
physical scalar DoFs. The counting goes as follows: there are two auxiliary variables that can
be worked out from their own equations of motion, and therefore expressed entirely in terms
of the 6 remaining dynamical fields. In addition, we have two scalar gauge parameters that we
can use to fix the gauge and eliminate two dynamical fields. Therefore, the final action has at
most four physical scalar DoF's, although for specific values of the parameters (and background
evolutions) there could be less.

From our results it is not possible to know where the four scalar DoF's are coming from
(e.g. massive gravitons or ghosts), but we do know that all well-known healthy bimetric theories
propagate at most one scalar DoF, signalling the possible presence of unstable modes in the
action found in this chapter. This shows a crucial feature of any approach based on linearized
theories solely. The consistency of a full theory requires background, linearized perturbative
and higher-order perturbative contributions all to be consistent, i.e. to avoid the propagation
of unstable degrees of freedom such as ghosts. And so, crucially, while all well-behaved theories
will map onto the free functions in our linearized perturbation theory parametrisation, not all
possible functional forms for these seemingly free functions are associated with healthy theories.
This happens for the very simple reason that there is more to a full theory than the action it
gives rise to for linear perturbations, and that there are additional constraints not captured

by any formalism based on linearized perturbations. These extra constraints would reduce the
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free functions and the number of propagating fields we have found further. A detailed analysis
on the construction of possible fundamental consistent theories leading to the parametrised
bimetric action found here is beyond the scope of this work, but it is certainly relevant and
requires further work.

In the next section, we focus on the specific case when there are no derivative interactions
between both metrics. This case is interesting as it encompasses most well-known bimetric theo-
ries such as massive bigravity and EiBI. Furthermore, there is a no-go theorem for the existence
of ghost-free Lorentz-invariant derivative interactions |132] for massive gravity, rendering the
general case of derivative interactions likely to propagate unstable modes. Notwithstanding,
we do briefly discuss derivative interactions in Appendix [E.4] as they might still be relevant in

the context of Lorentz-breaking theories.

6.2 A reduced case: excluding derivative interactions

In this section we study the general structure of the parametrised bimetric action in the absence
of derivative interactions between both metrics. The starting point is the general action we
found in the previous section, which had 29 free parameters. In this action we impose that all
derivative interactions vanish, i.e. L1, = L% 5, = 0, which enforces the relations on the free
parameters that we present in Appendix [E.3] Specifically, we find 26 relations, reducing greatly

the number of free parameters to only three. These three parameters are:

M7 = 2L1gkx, (6.27)
1 _
ayp = _W (L1 — 4L1hh+ — 8L1hh><) y (628)
2
g — _W |:N2T2Nh — Hb (2L2hK>< + 3L2h}(+)] . (629)
2

Therefore, if we take into account the background functions, there are, in total, 3 4+ 3 free
functions of time determining the evolution of the background and linear perturbations in this
subclass of theories: bimetric theories without derivative interactions. In Appendix we
show the quadratic action without derivative interactions.

In this case we find that the four fields B4, and ®,4 appear as auxiliary variables, i.e. do
not have any time derivatives. This means that the resulting gravitational action propagates
at most two scalar DoF's. This result is consistent with previous analyses of massive gravity,

where it has been shown that most potential interactions between two metrics lead to the
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propagation of a helicity-0 mode for a massive graviton and an extra unstable scalar mode, the
Boulware-Deser ghost [65,(77,|78].

In order to get a healthy action we construct actions that propagate only one scalar DoF
(although there are some trivial healthy cases that propagate no scalar, as we will see later on).
We do this by imposing that one of the dynamical fields is an auxiliary variable, i.e. by setting
to zero the coefficients of the kinetic terms of one field, after integrating out the four auxiliary
fields B4 and ®4. As we will see later on, the resulting action is a generalisation of massive
bigravity and thus the only propagating physical field should correspond to the helicity-0 mode
of a massive graviton. We find that the only non-trivial situation we can have is when W,

becomes an auxiliary variable E|, which imposes one extra constraint on the parameters:

H, (,00 PR+ 2HM12)
BT TTS(H - H)ME

(6.30)

where we have introduced the scale factor ratio r = b/a, and the mass scale M2 = 2Lofg .
Therefore, the most general bimetric quadratic action without derivative interactions and prop-
agating only one scalar DoF, depends on 2 + 3 free functions of time. From now on, we focus
on such a subclass of actions. The resulting parametrised action is much simpler in this case,

and can be written in the following form:
S® = 5% + 8% + S, + 5P, (6.31)

where S;QA) is the action for the self-interaction terms of the metric ga,,, whereas Sg )Tz is the

action for the interaction terms between both metrics, and 55,2) includes all the terms involving

the matter perturbation dp in eq. (4.34]). Notice that S% ) does include the quadratic terms of

the metric perturbations coming from the matter action S These actions are given by:

SY = / d'z a®M? [_3\1@ — 6HU, ®; + 2a°0%F, (U, + HD,) — 20,0°B;

dln M? P
— <1 + I al) U,0°0, +20,0°V, — 2H$,0°B, — (3H2 N 2M12> (D%
r27 , d1n M? ~ 3
——~ _(9'B,) (6B 7 Loz ), (29, — a20%E
+2(N+r)( 1) 1>+T< dna ) 1(2 e 1)
TN 2, (30, — 207EL) + dtaL H? (2B, (6:32)
T Hb 1 1 1 a Aoy, 1 ; :

4In any other possible case the resulting action will lead to a copy of the linear Einstein-Hilbert action, and
thus the gravitational action does not propagate any scalar DoF'.
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\112 H, b?
—3== -6 2\IIQCI>2 + 2 = 82E2(\112 + Hy®q) — 2—8232

S = / d'z Nb* M2
N2 N

dln M} H, H?
- <1 427 ) V0% Uy + 20,0°T, — 2W<I>282BQ — 3F¢2

dlnb
ViINZ - V2 dIn M2 3
——~ (9B B _ A +27 | Uy | =Ty — H?OE
+27"3(N~|—7“) (0°B.) (9 2>+N7"2 ( dlna ) 2(2 2 J 2)
2 (N_ ) 202 1172,2 (92 2
+H 14 Zm@g (3\];’2 — b0 EQ) NOZLCL H v (8 ) :| ) (633)
N In M?
S&. = / d'z M?a® {—r <QZ+ 7¢ drllna ) (3Wy 0, — a®Wy0%E) — b2 0,0°E,)
N p o, (V1) 202 7
—7— 0;B30'By — Z ~—— (H®, (30, — b*0°*FE.
D Rt Hb)( (3% )
+H,®; (30 — a*0°F))) — 20’0’ H*a,0° F10°Ey| (6.34)

Here, we have two mass scales for each metric M? and M2, and we have introduced the mass
ratio v* = MZ?/MZ. 1In addition, for ease of comparison with massive bigravity, we have

introduced two functions Z and Z such that:

]\/[12 (N - 7ﬁ) Z = f/lKKx; (6.35)
1dIn M2 ~ 1 HNHb . ilKKx
M 7 — 2/ | =——|(3H+ ——— | L _AAx )
where
Likwx = po+ Py + 2HM?. (6.37)

We omit the expression for SQE,Q) as it can be straightforwardly obtained from eq. . We
emphasise, even though it may not be obvious, that these actions do depend on 2 + 3 free
independent functions. There is an explicit dependence on five parameters My, Z, Z and a,
in addition to the four background functions a, b, N and ¢. However, Z and Z are depen-
dent functions according to eq. —, one background function is dependent through
eq. (4.28), and M, is also dependent through one of the relations shown in Appendix , which

is necessary to avoid derivative interactions. This relation is the following:

M=
20 (f1, ~ HyH)

(6.38)

From the parametrised action shown here we can see that the fields &, and B4 appear as
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auxiliary variables, whereas the fields ¥, and E4 have dynamical terms. A naive counting of
DoF's might lead to a total of two physical propagating fields, but as we have mentioned before,
this action propagates only one. This is because this action is such that after integrating out
the four auxiliary fields &4 and By, the kinetic terms for ¥, vanish and thus ¥, becomes an
auxiliary field. If we also integrated W, out, the resulting action would have three dynamical
fields £4 and W, from which two are gauge freedoms and one is a physical propagating DoF.

In addition, from eq. — we can see that all the kinetic terms have exactly the same
structure as linearised Einstein-Hilbert. In fact, the two first lines in both equations correspond
to the terms coming from two copies of linearised GR with generalised (time-dependent) Planck
masses My, in addition to the self-interaction metric terms for g, from the matter action of
eq. . The rest of the two lines in both equations represent then modifications to GR,
which depend on the coupling parameters Z, Z and «y. This last point is clear from the fact
that all the interactions terms in eq. depend on these three parameters. For this reason,
an equivalent yet more intuitive parametrisation would be if we considered the five parameters
My, Z, Z and ay, to be independent, and all the background functions to be dependent.

This final action is a generalisation of massive bigravity [66}70|72], a bimetric theory prop-
agating one massless graviton and one massive graviton. This theory propagates only one
scalar field: the helicity-0 mode of the massive graviton. We recover the quadratic action and

background of massive bigravity when the three interaction parameters take the following form:

ar, =0, (6.39)
7 = m? (ﬂl + 261 + 537“2) , (6.40)
Z=m*(B1+ B (r+ N)+BsrN), (6.41)

and when M; and M, are non-zero constants. Here, ;23 are dimensionless constants deter-
mining the coupling between the two metrics in the dRGT potential [66], and m is a constant
mass scale degenerate with the parameters fs. Notice that we have given five constraints to
recover massive bigravity, which fix completely the five free functions of time of the general
bimetric action. We can also recover massive gravity (with only one dynamical metric) by
setting My = 0. We note, however, that such model has been ruled out due to the presence of
an instability in which the helicity-0 mode of the massive graviton behaves as a ghost (i.e. has
a negative kinetic term) |121,211] when the non-dynamical metric is either FLRW or de-Sitter.
Furthermore, if the reference metric is Minkowski, massive gravity does not even allow a spa-

tially flat FLRW solutions [206] (although a generalisation of massive gravity has been found
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to lead to viable cosmological solutions [212].)

We remark that the dRGT potential of massive gravity depends on two other constants,
namely [y and [, which act as cosmological constants for both metrics. In our results we do
not find the presence of such terms explicitly, but instead they appear as integration constants
of equations and , that give the time derivatives of the Friedmann equations of
both metrics.

We notice that the parameter oy is not present in massive bigravity, which means that
it represents the linear term of a theory that either might propagate a Boulware-Deser ghost
at the non-linear level, or that it is not fully diffeomorphism invariant, or that it propagates
different DoFs. An example of the last case is the bimetric theory Eddington-inspired Born
Infeld (EiBI) [11,221], whose action is given by:

Mg

5=

[ a [m (R<gg>+§)—§w——gzg§”gw—w——gl) L (642)

where g, is the physical metric to be coupled to matter, g, is an additional metric with a
Ricci scalar R(g), and « is an arbitrary coupling constant with dimensions of L?. EiBI is a
bimetric theory for a massless graviton, and thus it does not propagate any scalar DoF, but it
does introduce relevant modifications to GR — specifically, in the strong-field regime. We can

recover the EiBI quadratic action and background [37] by setting:

rN
Mo, = —— 4
1
O[E K/TQM227 (644)
1r -
M{Z = —% (r+N), (6.45)
- 1 _ H?
M7 =——|(rN4+ —"N8 6.46
! 2 (r T oN(E, - H)?) ’ (6.46)

and when M; = 0 and M, is the constant Planck mass. From these equations we can see that
in this theory there are no kinetic terms for the metric ¢,,, but there are non-derivative inter-
actions terms. We clarify that the action for EiBI theory does not satisfy the extra constraint
in eq. , but instead ag takes the value shown in eq. . In fact, in the EiBI action,
the fields W, and E5 are the only dynamical variables, but they can both be fixed by the gauge
freedom, leading then to an action with no scalar field propagating. Notice that since EiBI
does not satisfy eq. , it does not fall within the action presented in this section. Instead,
EiBI is a specific case of the action in Appendix with M; = 0. Such an action depends on
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five free independent parameters, namely M, Z, Z, o, and ag, or equivalently, ay, ap plus
three free independent background functions.

So far we have focused only on scalar perturbations, however, the constraints we have found
on the parameters are also valid for vector and tensor perturbations (although there could be
additional Noether constraints for those two type of perturbations). Thus, from our results it
is possible to see that some of the three parameters modifying GR will also affect the vector
and tensor perturbations. In particular, from the resulting action we can identify some relevant
parameters of eq. and see that vector perturbations are coupled through Ps,s, whereas
tensor perturbations have a coupling through P, j,x. Specifically, for the subclass of theories

addressed in this section, these two parameters take the following form:

ZNr?
Psys, = —GSMEW, (6.47)
Ma® ([ - dln M? 3
Franax = 17‘ <QZ+ g dlna1> a @Mf(fHZaL. (6.48)

From this we conclude that Z generates interactions between vector perturbations, while the
three parameters Z, Z and a;, generate interactions between tensor perturbations. This result
is consistent with previous studies in massive bigravity, and its two branches of solutions. In
the so-called branch I, where Z = 0, it has been found that scalar and vector perturbations
behave in the same way as in GR, while tensor perturbations are coupled and evolve in a
different way [115,203]. This is in fact what we find from our results: vector perturbations are
not coupled if Z = 0 because of eq. . While scalar perturbations would have a coupling
with Z, in this case that coupling happens to be irrelevant after integrating out the auxiliary
fields, and thus scalars behave as in GR when Z = 0. Finally, tensor perturbations do have
a non-trivial coupling with Z, which indeed affects their evolution. In the so-called branch II,
where Z # 0, the three types of perturbations are coupled and differ from GR [2,]123].
Finally, we emphasise that even though a detailed analysis in vector and tensor perturbations
is necessary, scalar perturbations carry crucial information. From eq. — we can see
that by observing vector perturbations, we can analyse the behaviour of the parameter Z, while
from tensor perturbations we cannot discriminate between Z and ay, as they appear in the
same interaction term. This suggests that an observational test to discriminate if a, is present

or not can be done by analysing scalar perturbations alone.

132



6.3 Discussion

In this chapter we applied the method developed in Chapter [4] to bimetric theories. We cal-
culated the most general diffeomorphism-invariant quadratic action with two metrics, around
a homogeneous and isotropic background, and leading to, up to, second-order equations of
motion. For simplicity, we assumed that only one of the metrics was coupled to matter, a
minimally coupled scalar field, although generalisations to perfect fluids or double couplings
should be straightforward. Following the standard SVT decomposition for cosmological pertur-
bations, we focused on scalar perturbations, and found that the final action depends on 29 free
parameters (functions of time), in addition to three parameters determining the background
evolution, and propagates at most four scalar physical DoFs. Due to the no-go theorem for
healthy Lorentz-invariant bimetric theories with derivative interactions, in this chapter we fo-
cused on the subclass of bimetric theories without derivative interactions. In this case, we find
that the number of free parameters in the quadratic action greatly reduces from 29 to 3, namely
M, ap, and ag, in addition to three extra free parameters that determine the evolution of the
background. The resulting action propagates at most two scalar DoF's, which suggests the
presence of an unstable mode due to the fact that all well-known bigravity theories propagate
at most one scalar DoF. For this reason, we focused on subclasses of theories that propagate
one or no scalar field.

In order to construct actions with only one propagating DoF', we imposed an extra constraint
on the free parameters, which fixed the value of ag. In this case, the most general action has
only two free parameters, and we found that it is a generalisation of the quadratic action of
massive bigravity. We recovered massive bigravity when a; = 0 and M; is a constant mass
scale. We found that the presence of the parameter «j affects the evolution of scalar and
tensor perturbations, and even though it is not present in massive bigravity, it is present in
other bimetric models such as EiBI theory. We also looked at cases in which the bimetric action
propagates no scalar field. We found that when M; = 0, all the kinetic terms of one of the
metrics vanished and, as result, the gravitational action does not propagate any physical scalar
DoF. Such an action depends on two free parameters, and represents a generalisation of the
EiBI theory. In Table we summarise the results of this chapter.

Combining the results from this chapter with those of the previous one we have been able to
extend the widely-used parametrisation of [161] originally proposed for Horndeski theories. It is
now possible to construct a complete action for linear perturbations for general gravity with one

propagating degree of freedom arising from either a scalar, vector or tensor field. It has been
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\ Fields H Free Functions H Theory
J1uvs 92uv My, ap + 3 Massive bigravity
Iipvs Yo ag, o +3 EiBI

Table 6.1: In this table we compile parametrised models for bimetric theories of gravity, that
are invariant under linear coordinate transformations, lead to second-order derivative equations.
The first column indicates the field content of the gravitational theory. The second column
shows the free functions parametrising the quadratic action for cosmological perturbations,
while +1, +2 or +3 counts the number of extra free functions determining the background
(and in turn affecting the perturbations). The parameter M; has dimensions of mass, and
the extra parameters a are dimensionless. The third column shows examples of non-linear
completions that are encompassed by the corresponding parametrisation.

shown that adding more interacting tensor fields will necessarily lead to more propagating scalar
DoFs [140]. We expect the same to be true when adding vector fields, unless further gauge
symmetries arise, such as invariance under U(1) transformations. Similarly, the addition of
more scalar fields should lead to the propagation of extra DoF's, unless they appear as auxiliary
variables. Therefore, even though there may not exist a theorem that would prevent adding
more fields to the actions we have studied, while maintaining only one propagating DoF and its
diffeomorphism invariance, we have been unable to find non-trivial such examples. Hence there
is a possibility that our combined parametrisation for theories with one propagating degree of
freedom is complete.

Our action should allow us to identify the subspace of effective parameters in the Parametrised
Post-Friedman (PPF) approach [153,/154] which is, at the moment, still the most general
parametrisation of gravitational theories currently available. Ultimately it should be possi-
ble develop a numerical tool, along the lines of EFTCAMB [222] or HiICLASS [223], which can
be used for analysing data from future large-scale structure surveys such as Euclid, SKA, LSST

and WFIRST, allowing us to test and compare the performance of these theories.
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CHAPTER 7

CONCLUSIONS

General relativity is widely accepted as the correct description of gravity. While at Solar
System scales GR certainly agrees with observational data to high precision, its viability at
cosmological scales has been put in question lately. In this regime GR can fit data only under
the assumption of the presence of exotic matter components in the Universe: dark matter,
dark energy, and inflationary field. In particular, dark energy is introduced as a constant in
the Einstein field equations in order to explain the presently observed accelerated expansion of
the Universe. This cosmological constant receives quantum corrections that are many orders
of magnitude larger than its observed value, which shows the presence of a fine-tuning problem
that poses major tensions between ACDM and expectations from robust theories of modern
particle physics. This suggests that GR might not be the appropriate theoretical model to
describe gravity at large scales, and hence motivates the exploration of alternative gravity
theories, which hopefully can offer a dynamical explanation to the accelerated expansion of the
Universe, either due to interactions with new fields or modified gravitational self-interactions.

This thesis in concerned with testing gravity at cosmological scales by analysing the con-
sistency and viability of gravity models, and constructing theoretical tools to constrain them
in a unified and efficient way with future observational data. In particular, we focus on the
analysis of linear cosmological perturbations, which play a crucial role as many gravity theories
can predict very similar (or even exactly the same) background evolution as the ACDM model,
but perturbations help break this degeneracy. Furthermore, with the next generation galaxy
surveys such as EUCLID, DES, SKA, WFIRST and LSST, we will be able to reach unprece-
dented precision on cosmological observables for perturbations, and thus find tight constraints
for GR and alternative gravity theories.

In the first part of this thesis we study a specific modified gravity theory called massive

bigravity, which can predict a late-time accelerated Universe without a cosmological constant,
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in a technically natural way (stable under radiative corrections). In particular, we analyse the
evolution of linear cosmological perturbations and we show the presence of certain instabilities
that could jeopardise the viability of this model. We show that tensor perturbations grow
as a power-law in time, and hence depending on their initial conditions they could generate
a large amplitude of primordial gravitational waves, and in principle be incompatible with
present bounds from CMB data. However, later papers showed that inflation could naturally
lead to the appropriate initial conditions for tensor modes to fit data [125,]126]. Nevertheless,
we also show that while scalar perturbations behave well (have a viable growth rate), they in
fact propagate a Higuchi ghost, as the helicity-0 mode of the massive graviton has negative
energy and then the model is likely to show instabilities beyond the classical linear regime of
perturbations.

In the second part of this thesis we take a broader approach, in which we analyse entire
classes of gravity theories. Specifically, we develop a method for constructing the most general
parametrised action for linear cosmological perturbations for a given class of gravity theories,
invariant under particular gauge symmetries. Our method allows us to describe a broad range
of theories on cosmological scales in a unified manner, and enables us to ultimately test and
compare gravity models by constraining the parametrised actions with relevant observational
data such as the CMB or measures of large-scale structures such as weak lensing and galaxy
redshift surveys. Our proposal contributes to develop the work done by a number of groups
who have focused on linear perturbation theory in scalar-tensor theories and other variants of
modified gravity [154-161}]169,224,225].

The method we develop is general and systematic and thus can be applied to a wide range
of cases. The main ingredient of the method are the Noether identities, which allow us to
systematically impose any gauge symmetry. Since most gravity theories are diffeomorphism
invariant, we decide to focus on constructing linearly diffeomorphism invariant actions for
perturbations around a homogeneous and isotropic background. In Chapter [5, we apply it to
scalar-tensor and vector-tensor gravity theories. We show that the form of the quadratic action,
crucially, depends on the gauge transformation properties of any extra fields that may arise in
a modified gravity theory, and for this reason the parametrised action can be very different
depending on the field content of gravity. For instance, for scalar-tensor theories there are
only four free parameters determining the general form of the quadratic action for cosmological
perturbations, whereas for vector-tensor theories there are ten. Then, in Chapter [6] we extend
our results and apply the method to bimetric theories of gravity. We show that, in this case,

the most general quadratic action is determined by 29 free parameters, and propagates at most
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four scalar degrees of freedom. However, if we do not allow derivative interactions between
both metrics, the number of free parameters reduces to three. Furthermore, if we focus on
actions that propagate only one DoF, the action has only two free parameters. We summarise

our results in Table [7.1] omitting the bimetric case with derivative interactions.

’ Fields H Der. H Free Functions H Theories ‘
G 2 M GR
Guvs X 2 M, aigr By + 2 Horndeski
Guvs X 3 M, oqg By +2 Beyond Horndeski
s X 4 M, ok r.B,H,P} AQ(1 o545 T 2 4t Scalar-Tensor
v, AP 2 M, aqr,my, OD( 54y WViprns T2 Generalised Proca
Guvy AFS A 2 M, avy,,,, +1 Einstein-Aether
1wy Gouw 2 My, ar, + 3 Massive bigravity
s Jouw 2 ag, ar, + 3 EiBI

Table 7.1: In this table we summarise the results shown in this thesis on parametrised cos-
mological models, which are all linearly diffeomorphism invariant. In all cases the gravitational
quadratic action propagates one scalar DoF, except in the generalised vector-tensor theories, in
which we can have two, and EiBI in which we have none. The first column indicates the field
content of the gravitational action. In all cases we also added a matter scalar field ¢ whose pres-
ence is omitted in this table. The second column indicates the maximum number of derivatives
of the perturbation fields allowed in the equations of motion. Note that in the cases where this
number is higher than 2, we assumed a maximum of two time derivatives, but allowed higher
spatial derivatives. The third column shows the free coefficients parametrising the quadratic
action, while the +1 or +2 counts the number of extra free background functions. In most
cases there is one free mass parameter M or M, and extra dimensionless parameters that we
term a. Note that, as explained in Chapter [4} even in theories with one single metric we find a
free mass scale, and hence a model more general than GR. The fourth column shows examples
of non-linear completions that are encompassed by the corresponding parametrisation.

The ultimate goal is to construct an action that spans as large a swathe of the landscape
of gravitational theories as possible. To do so, in the future we hope to bring all the results
in Table together, and propose a completely general parametrisation for theories of gravity
with one propagating scalar degree of freedom. This extends the widely-used parametrisation
of [17§] that arises in Horndeski theories, and is a substantial step towards achieving a general
parametrisation which transcends scalar-tensor theories. It will also allow us to identify the
subspace of effective parameters in the PPF approach |154] which is, at the moment, still the
most general parametrisation of gravitational theories currently available. In addition, we will
analyse the quasi-static limit of our new formalism, map out the region of stability of these
theories, and ultimately develop a numerical tool which can be used for analysing data from
forthcoming large-scale structure surveys such as Euclid, SKA, LSST and WFIRST.

Special care must be taken when constraining modified gravity theories with cosmological
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data in the context of linear perturbation theory as non-linear effects will become relevant on
small to intermediate scales. In fact, in modified gravity theories non linearities can become rel-
evant at much larger scales than those in the standard ACDM model; the linear approximation
of a modified gravity theory can give an inaccurate prediction of the Universe even at scales
as large as k ~ 0.05h/Mpc at present (see [226,227]). This happens because many modified
gravity theories propagate more DoFs than GR and these extra DoFs undergo a non-linear
process known as screening (such as the Chameleon mechanism in scalar-tensor theories or
the Vainshtein mechanism in bimetric theories), which, depending on the specific theory, can
have a substantial effect in regimes which seem, a priori, linear. While we emphasise that the
tools presented in this thesis can be used to predict the evolution of perturbations and thus
constrain modified gravity theories at sufficiently large scales, a more detailed and accurate
understanding of the effects of screening (such as in [228-232]) must also be used in order to
improve and extend these results (see [55] for an attempt at including these effects yet using
linear perturbations for scalar-tensor theories).

The work presented in this thesis contributes to the ongoing effort of developing appropriate
theoretical models to describe gravity at cosmological scales. In general, we would like the new
candidate theory to explain the accelerated expansion of the Universe in a dynamical and
technically natural way, agree with observations, and be simple, to some degree. Most gravity
models proposed fail to achieve these characteristics in one way or another. For instance,
as we have seen, massive bigravity can certainly fit the expansion history of the Universe,
is equipped with a screening mechanism to fit Solar System constraints, but it is plagued
by instabilities at the linear level of cosmological perturbations. Different extensions to this
model have been considered to circumvent this problem (such as double matter couplings) but
they have been shown to be also unstable [144]145]. For this reason, we have seen a number
of new proposals taking a different approach in which generic modifications of gravity are
parametrised, staying agnostic regarding the specific underlying model, which are then used
to test and falsify GR. Such approaches are being considered not only for linear cosmology
but also to constrain possible modifications of gravity in other regimes [233]. In the case of
cosmology, preliminary estimates have been done to determine how future experimental data
can constrain parametrised modified gravity models [54-58]. They have shown that while
current data precision and systematic errors cannot place strong constraints on gravity models,
future data could improve the precision in a factor of order 10. If future observations were
to find deviations from GR, the work presented here could help substantially towards finding

viable gravity models, and understanding the possible physics that governs the dynamics of the
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Universe and its constituents.
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APPENDIX A

INTRODUCTION

A.1 Gauge transformations

In this section we present the linear gauge transformation rules for a metric, vector and scalar
field under linear coordinate transformations.

In general, the linear transformations of any field can easily be derived from the general
transformation laws. For a 2-rank tensor field ¢g"”, the general transformation law from a set
of coordinates x* to another coordinates z* is given by:

OFt O
of
5 5f Y (z),

g (1) = (A1)

where g"” represents the tensor in the 2# coordinates. If we now consider linear transformations

where 7# = x* + e, with €# being an arbitrary small 4-vector, the transformation law becomes:
3" () m g () (04 + 0a€") (8”5 + Dge”) — €*0ag" (1), (A.2)

where we have Taylor expanded the coordinates of g**(Z) up to first order in €. Here all partial

derivatives are with respect to the x* coordinates. Then, up to linear order in e, we get
G (x) = g™ () + ¢"P0se” + g7 Opet — €*Dng™ (2), (A.3)

which can be seen as a gauge transformation where the fields change but the coordinates are
kept fixed. Notice that in our last step we have used eq. recursively to write €*0,g" (x) =
€200g" (z) + O(?).

Now we consider linear perturbations of the metric dg,, around some background metric

Juv, and find the gauge transformation rule for dg,, under linear coordinate transformation.
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From eq. (A.3)), at zeroth order the metric does not change, while at linear order we find:
5G" = 0g" + g Ose” + g7 Ope” — €*00g"", (A.4)

where dg*” are the linear perturbations of the inverse metric g"”. Here it is understood that all
the fields depend on the coordinates z*. Finally, from eq. (A.4]) we can find the transformation
rule for d¢g,, by using that g**g,, = 0*,. We find that:

50 = 00 — GusOve® — G50 0,€” + €Gu3G0,00g”" (A.5)

If we focus on the scalar-type perturbations, defined in eq. (E.1f), around a spatially-flat
homogeneous and isotropic background metric, from eq. (A.5)) we find that:

d = -7,
B = B+ 1 — a?%,
U = \I’—i-gﬂ',
a
E = E—¢ (A.6)

where a(t) is the scale factor. Here the dots denote derivatives with regards to the physical time
t. Notice we have also rewritten the gauge parameter e in terms of its scalar-type components
as e = (m,0Y0je).

Finally, we emphasise that the same kind of analysis can be done for any type of field. For
a linear perturbation of a scalar field y, expanded as xy = xg + dx, the transformation under

linear coordinate transformations is given by:

oX = ox — €" (Ouxo) ; (A7)

where ¢ is the background solution of the scalar field and dy its first-order perturbation. In

the case of a homogeneous and isotropic background, the transformation becomes:

dX = dX — XoT, (A.8)

where we have assumed that xo = xo(t). For linear perturbations of a vector field, expanded
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as A* = A + o, the transformation under linear coordinate transformations is given by:
at = ot + Ay (0,e") — € (0,A), (A.9)

where Al is the background solution of the vector field, and o* its first-order perturbation.
If we focus on scalar-type perturbations around a homogeneous and isotropic background, the

transformation becomes:

& = o’ +7A— Anr,

a = a-+a*Aé (A.10)
where (A(t),0) is the homogeneous and isotropic background solution, and the scalar-type

perturbations are such that a* = (a°, o) = (a°, h0;a), where h¥ is the 3-spatial metric from

a spatially-flat FLRW background metric.
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APPENDIX B

COSMOLOGICAL PERTURBATIONS IN MASSIVE BIGRAVITY

B.1 Scalar perturbation equations

In this section we present the relevant analysis and equations related to scalar perturbations.

B.1.1 Auxiliary variables

As explained in Section [3.1] the fields By, By, ®; and ®, appear as auxiliary variables in the
equations of motion, and therefore they can be worked out in terms of the remaining fields Ej,

E5 and ¥y, by using their own equations of motion-namely eq. (3.21), (3.22)), (3.25) and (3.26]).

The explicit expressions for the four auxiliary variables are:

1 3 3
B, = o {/{;2 <§Za2m2x + kN1 + X)) HE), + §Hk2N2a2E;mQZ

3 1
+ Zp*mQXZ(l +w)(3Wy + k*Fy)a* + 3 (m*Z(1+ X)(k*E> — K*Ey + 3¥,)N?

+0:(L4+ X)(1 +w) (30 + k*Es) N + 3m*X ZW,) k*a® + U2k N(1 + X)] (B.1)

1
- 4XD,

B, l4Nk;2’HE; (ga2 (pX(1+w)+Nm*Z + p.(1+w)) + k*(1 + X))

3
—2Za*Xm? (—SkmEg +3 (kB> — K°Ey + 3U5) X — K°Ey) (1 + w)p.a®

+k% (K’ By — KBy + 3U) X + (B, — E1)))] (B.2)

162



-1
~ 8HD,

®y

[87—[\11'2 (%p*mQXZ(l + w)a* + ;k2a2 (p(1+ X)(14+w)N +m?Z(X + N?))

FEIN(L 4+ X) ) + 22 (213% (gp*szZ(l +w)a? + N(po(1 + X)(1 + w))k?

+Nm2z) EY — 2m*N?*ZHEK B} + ;ZX(l + w)p.m®a* (p.(1 4+ w)(3Vs + k*E»)
+m*Z(K*Ey — K°Ey + 3U2)N) + k*a® (N(1 +w)*(1 + X)(3V5 + k*Ey) p2+
Z(14+w)m?p. (3X Uy + N* (X (K*Ey — k°Ey + 3Us) + 2k*Ey — k*Ey + 605))
FNMAZA(X + N2)(K2Ey — K2y + 305)) + 2N (Nm2Z + p,(1+ X)(1 + w)) Wak? )] ,

(B.3)

B Za*m?
~ 4HND,

+ ka® (m*Z(K*Ey — kK*Ey 4 3U2)N? + p, (1 4+ w)(3W3 + k*E5) N

dy

3
~NE*HE| (3p.(1 + w)a® + 2k%) + 5pm,,2XZ(1 +w)(k*Ey — K*Ey 4 3W5)a*

+m° X Z(k*Ey — K*Ey 4 3Wy)) + 2HE E)N + 2U,k*N] | (B.4)
where D, is given by:

D, =H ;/&ﬁ (M*N?*Z + p.(1+ X)(1 +w)N +m*XZ) + K*'N(1+ X) + %p*szZ(l + w)a“]
(B.5)
At a first glance, one might expect that the original system of equations —, with
seven scalar fields, has three dynamical degrees of freedom, as the equations of motion for E,
E5 and ¥, are independent and contain second derivatives. However, when eliminating the
four auxiliary variables, and replacing them in the three remaining equations, we get that, in
eq. all first and second derivatives of ¥, cancel out, so that W5 becomes an explicit
auxiliary variable. Therefore, it can be written in terms of E; and F,. Next, we show the
expression for ¥y when worked out from eq. :
T, = % [—27{k2N2Ei (ngZaz(X —1)N? + (=3H*X + 3H* + k*)N + gazmQZ(X — 1))
P

+ 2K*HN?E} + ;k2X2Z2a4m4(E1 — B3 X)N° + (B — ExX)m?a® <Zm4Xa4(X - 1)z?
+E2(E*X — 6X?H% 4 3H?) ) ZN* + (;m4a4 (—2X° By (k* — 3H?)

+ (KB, — 6H?(Ey + 1)) X? 4 2B, (3H* + k)X — k*Ey) Z° — 2H?k? (3XP EyH?
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—(K*Ey + 3H*E) X? + (K*Ey — 3E2H?*) X + 3H’Ey + k*(—E> + Ey)) ) N3

+ (gm4Xa4(X —1)(B) — B2 X)Z? + (—9EH + 6K*H? Ey) X°

— (K* = 3H?) (3H*(E\ + BE») + K*Ey) X + <—9”H4E1 — 6k*H? (E1 + %E2> + k:4E2) X
+ (6H’Ey + k*(—E» + Ey)) K2 ) m*a®ZN? + 3m‘a* (—%Eg(k;2 — 6H*) X° — %k@El

9
—3H*(Ey + E2)X* 4+ Ey (3H* + k%) X) Z°N + ZmGXZ3a6(X —1)(E; — E»X) ] ,  (B.6)
where D, is given by

9 3
D,=X [3m2a2 (§m4Xa4(X - 1)Z* + <kz2X + 57{2 - 3X2”H2> kQ) ZN*

9 9 1 1
+ ZX2771‘122@‘11{,2]\15 + (§m4a4 ((k2 —3H*)X? + (§k:2 + 3%2) X — 5k:?) Z?

—6K* XH? — OK*H* + 9X2K*H* + K° ) N? + 3m?*a*ZN? (%m4Xa4(X —1)2?

4 <§7_{4 . 3H2k2) X2 4 <k4 - gH4 o ;H2k2> X + 3H2k2>

+Zm4a4 ((k* —6H*) X* + (K> + 6H?) X — k*) Z°N + %mGXZ3a6(X — 1)} . (B.7)

Therefore, as expected, only two degrees of freedoms are remain: E; and Fj.

B.1.2 Complete equations of motion

In this subsection we present the full equations of motion for the two propagating, physical

scalar degrees of freedom: F; and E5. The equation for Fs takes the following form:

" 27 1 3H 3 3
o s <w " §> E*NZ?a*p.m*HZ(1 +w)E]| — D, {—5(1 + w)?a* (§a2XmQZ

1
+E*N(1 4+ X) ) P2+ 5(1 + w) (;m%ﬁz ((Bw—1) X — 2N?) + k*N (3(w — 1)X + 3w

1 2
+1) )anQp*—i—(X—l)kGN w— )| By + — K Nw(X —1)
3 Dy
3 2 4 3 2 2 2 2 1 2 2 3 2 2
_Z(1+w)a iaXmZnLkN(l—l—X) Pt 50 (14 w)k=p. §Zma(3Xw

+N?* (Bw+1)X — 1)) + N&* (Bw — 1) X + 3w+ 1) }] B

2 N - A
+ g—cﬁN EkQZp*mQCle(l +w)N? + k? {3(1 + w) (Z —(1+ 3w)Z> k*X p,a*
2
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P20 4w (1 X)at 4 (2 -3 (“’* é) > }
0,

2 (L4 w)a + k?)] (B2 — Ey) =

- (B.8)

9 N
+4_1(1 +w)ZZX p.m?*a <
and the equation for E; takes the following form:

. 2H 3 2, s 1,
By + 5 4a Za m* (4X*+ Bw—-1)X — (1+3w)) Z +§(3X + Bw+1) X

1
~ 9
—3w) KENZ + NZE(1+ X) | (14 w) N} + 302 {—Ea‘lm‘l(l +X)(X — 1)%(N? +1)2°

9 1
- §a2m2Z2 <§k2N (NV*X(X* =X - 1)+ X°+2+3w(l — X + N?) - 5X7)

“m2Z(X — 12(N? + 1)a? ) + ZkQ (mQZ(X ~1)2(N? 4+ 1)a?

- (2X2 + <w - %) X — (w - %)) k:2N> NZ + Zk4N2X} (1 +w)?p?

+EA(X - 1) {—§a4m4(X — 1)1+ X)(N*+1)23 — ga2(N2 + 1)(X — 1)m? (Nk2(1 + X)
—gm2a22> 7+ % (6m22(N2 + 1)(X —1)a® + (1 + 3X) k2N> kK*NZ + k4ZN2} (1 +w)p.

+(N? 4+ DES(X — 1)2Zm2N (Z — l(X + 1)2)} E!

\)

_H_]§2_944 — 1)2( N2 3_1224 12

2D g P 1+X)(X -1 (N*+1)(14+w)Z 2mZ E*N(X —1)(1
1

§(Nk2(1+X)

27 (2 1 1 1
+X)(N2—|—1)——7 <—X2—l— <w——>X——w——> a*(1+w)*Np? + 5

2 \3 3 2" "%
; 1, 1
—3m2a22> (1 +w)(N? + 1)(X — 1) } Y EENZ (9 2(1 4 w)? (Xw +5X7 - 6) Np?

L2 w)(X 1) (m2a2Z(X —)N? + B(X +w)N + m2a®Z(X — 1)) P

5

+k2Zm*(X — 1)2(N? + 1) ) + (;az(l + X)(1+w)p. + K (X — 1)) pZ(1+ w)kZNﬂ E}

2 ~
+ %ﬂu) {—%m422 ((1 +X)Z - 22) a*k2(X — 1)2N* — % {—3/)* <(—%X3 +2X2
1

(3w — §> X — gw — 1) 7 +7Z(X — 1)2> (1+w)a® + k(X —1)*((1+X)Z

3

- 3 -
—27) } m?Za*k*N? + { <—§m4(1 + X)X -1)22° +3m*Z(X —1)*2% + 1 (X? = 3w

+(Bw—-2)X —1)p2(1 +w)’Z — Sp*XZ(l +w)?(1 + X)) at + %p*a%Q(l + w) ( (-1

2

L+ +3w)x) 2

+(2+3w)X2+(3w—1)X)Z—4ZG+X) (X—1)>—|—3
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_ 1 _
27(X — 1)) (X — 1)} KN — Sm?Za? {ZZX?’pf(l +w)?at — 3k2(1 + w) (Z(X 1)

+Z (—X3 + gXQ + (—% + 3w> X — gw — 1)) pea® + (14 X)Z = 22)k4(X — 1)2} N

3 1 3
—Zm4Z2 ((1 v X)Z - 22) alk2 (X — 1)2] Bi+ = [—a2(X )2t 22O N (Z
1

Z\ 2 1
—(X + 1)5) — ngZkA {—5()( —1)k*Z (—gp* (1+3X — X*+3w) (1 +w)a® + (X?

4
— ng {—;k4m4a2(1 + X)(X = 1)2Z° + 3a®m* (gsz(l +w)lat + (X -1)*) 22

—1)k2> + (gpia +w)*(1 + X)a* + gp*k‘ZX(X — (1 +w)a® + k*(X — 1)2> Z} N?

2 1
— ;p* (gp* (sz + §X + w) (1+w)a® + (X — 1)k? <Xw - §)> (1 +w)Z

+s (gcﬂ(l + X)(1+w)p. + K (X — 1)) Zk? (gcﬁ(l + X)(1+w)p. + k2X> (1+ w)} N?

2 1(9 9 2 2
— gm22k2 {—5 <1p§X (X% =1+ (1+3w) X) (1 +w)*a* + Sp.(X = 1) <§X2 -5 -w

+ (w - %) X) k(14 w)a® +k*(1 + X)(X — 1)2> K7+ Z (gp*(l +w)a® + k:2>
: (gpzxa +w)3(1+ X)a* + 3p.°X(X — 1)1+ w)a® + k(X — 1) > } N

~ (2 . ,
—a? (Z (gXpr(l +w)3a® + gkzprz(l +w)?a* + K5 (X — 1)2>
6

k
—3(1 + X) (X — 1)22) m422] (Ey — Ey) =0, (B.9)
where Dy and D, are given by:

Dy =Zp.(1+w)N Ep*m2 <N2k2 + (gp*(l +w)a® + k2> X) at(1+w)Z

+ (gp*(l + X)(1 +w)a® + K*(X — 1)) (gp*(l + w)a’® + k2> N/#} (B.10)
2

D, :ngZsz(l + w)?a® + zk%* (m*(X + N*)Z + p.(1+ X)(1 4+ w)N) (1 + w)a*
+ 3k* . NX (1 4+ w)a® + k°N(X —1). (B.11)

B.1.3 Exponential instabilities

As mentioned previously, in the expanding branch scalar perturbations have an exponential
instability at early times for sub-horizon scales; the instability is independent of the particular
values of the parameters #s. However, during the bouncing branch, different solutions can be

found for different parameters. For this reason, we distinguish the following cases: (a) 83 # 0;
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(b) B3 =0 and (B4 — 352) # 0; (¢)B3 = 0 and (B4 — 352) = 0; (d) B3 = B2 = 0.

In what follows we will see that in cases (a), (b) and (c), F; develop an exponential instability
at early times. For simplicity, let us study the equations of motion during the radiation-
dominated era for sub-horizon scales. Generically, the equations of motion can be written

as

E. 4 fu(z, N)E, + gu(x, NYE, = 0; © = kH ', (B.12)

but when approximated at early times in the bouncing branch (N > 1) and for sub-horizon

scales (x > 1), these coefficients become:

Case (a):
16 B4 H 8 32
Jin= 5 gi 2%, fi2 = 5%]\72 , Jo2 =2H, fa = —18H, (B.13)
1 4
gn = —=2*H?, gy = —ZU “H?, go = —ﬁ—NHQ 63N7'l2 (B.14)
9 Pa Ba
Case (b):
-3 o4 -3
fii=—2H, fia =2H, foo = <5 62)7-[ Jo1 = 4M H, (B.15)
Ba Z 81
1 2 1
dJ11 = —§$2H2, J12 = —5332%2, 922 = 3 H g21 = 6?421 (B.16)
Case (c):
36 S 27 By
Jin=—06H, fia =6H, foo= _N_xQEH’ fa = T N# B, (B.17)
1 14 1
g = —53327'12, G2 = —35527'[2, G2 = §£U27'[2, g = 4. (B.18)

As we can see in all cases, the coefficient g;; has a negative sign, which will induce an exponential

instability in the solutions for F.

B.1.4 Density contrast

The explicit form of the density contrast dg. as a function of Ej is:
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2(1 +w)
Dq

9
+ §pm(l + w)a’Ey (9p.m* X Z(1 + w)a® + 6k*Na® ((1 + X)(1 + w)p. + Zm*N)

+4E'N(X — 1)) + 6k°N (Ex(1 + X)(1 + w)p. — m*NZ(X — 1)(E; — Ey)) a®

dan = [—27K%a*p.m®HN?Z(1 + w)E} + 9p.k*m* ZX (1 + w)(N?E; + E»)a’

+4k°E,N(X = 1)] (B.19)

where Dy is given by:

Dy =2Tm*ZXp>(1+ w)*a® + 18k%p.(1 + w)a* (p.(1 + X)(1 + w)N + m*Z(X + N?))

+ 24k* p, NX (1 + w)a* + 8k°N(X — 1). (B.20)

B.2 Ghost-like instabilities

As it was shown in [68], bimetric massive gravity given by eq. is said to be ghost-free in
the sense that it propagates the right number of degrees of freedom: five for a massive graviton
and two for a massless graviton, and avoids an extra ghost-like scalar field (with negative sign
in its kinetic term). However, as realised for the first time by Higuchi in [121], the helicity-0
mode of the massive graviton might behave as a ghost for some values of the parameters of
the theory in de-Sitter spacetime, leading to instabilities on the solutions beyond the classical
linear regime. The condition to have positive kinetic terms only in the action is known as the
Higuchi bound. In addition, the helicity-1 vector field could also propagate as a ghost for some
parameters, while the tensor fields are always safe from becoming ghosts (see [234]).

In the case of FLRW backgrounds, described by eq. —, a Higuchi bound for scalar
and vector fields was found in [194] for the bimetric massive gravity model addressed in this
chapter, by analysing the quadratic action for linear perturbations. In this section, we analyse

the satisfiability of these Higuchi bounds for the relevant cases considered in this chapter.
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B.2.1 Scalar fields

According to [194], the Higuchi bound for the helicity-0 mode in the second branch of back-

ground solutions, satisfying XH = h, is:

y 1
m? (1 + ﬁ> —2H? >0, (B.21)

where H is the Hubble parameter and m is given by:
m? =m?NZ, (B.22)

where Z was defined previously as Z = 3, + 23, N + B3N2.
In what follows, we consider the expanding and bouncing branches, and analyse the Higuchi

bound in two relevant limit cases: early and late times.

Expanding branch: In this branch we have g; > 0. Using the Friedmann equation given by

eq. (3.4), the bound (B.21)) becomes:

1 2
m*N (81 + 26:N + B3N?) <1 + ﬁ) -3 [po +m? (Bo + 3Ny + 35:N? + B3N?)] > 0,
(B.23)
or equivalently, using the constraint (3.12]),

N(B1 + 2B;N + B3N?) (1 + %) — ; (% + 305 + 383N + 64N2> > 0. (B.24)

1. Early times: At early times, N < 1. Considering only the leading terms in 1/N,

the bound (B.24)) becomes:

fi
— >0 B.25
2>, (5.25)

which is satisfied for the cases considered in this chapter, as it was assumed that

£ >0and N > 0.

2. Late times: At late times we approach a de-Sitter spacetime where py — 0 and
N — N, where N satisfies eq. (3.12) with py = 0. In this regime the bound (B.23)

becomes:
N(By + 26, + B N?) (1 + %) - § (Bo + 3N 61 + 36,82 + B;N%) > 0. (B.26)

This bound can be satisfied for different values of the parameters. One interesting
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case is when (3 is the only non-zero parameter. In this case the bound becomes:

1 _
(ﬁ — 1) >0 = N<1, (B.27)
which is actually satisfied, as in this 3,-only model, N = 1/+/3.

Finally, we have found that the Higuchi bound can be satisfied in the expanding branch for
appropriate values of the parameters at early times and late timesﬂ However, this does
not guarantee instability-free solutions, as we could have tachyonic instabilities, which
is what happens in this branch as described in Section [3.2] where growing exponential

solutions were found.

Bouncing branch: In this branch we have g3 = gy = 0 and gy # 0 with 5, # 0. Here,
Z = (. Using the Friedmann equation given by eq. (3.4), the bound (B.21)) becomes:

m?N (1 + %) - % [Po +m? (o + 3Nﬁ1)} > 0, (B.28)

or equivalently, using the constraint (3.12]),

Np (1 + %) - ; (% + 64N2> > 0. (B.29)

1. Early times: At early times, N > 1. Using eq. (B.29) and considering leading terms

in N, the bound becomes:

2
m2N B, — §m2ﬁ4N2 >0 (B.30)

2
= & —§m254N2 >0, (B.31)

which can only be satisfied if 84 < 0, which is not viable as we would have negative
energy density (see eq. (3.64))).

1. Late times: At late times we approach a de-Sitter spacetime where py — 0 and

N — N, where N satisfies eq. (3.12) with py = 0. Using eq. (B.28), the bound

LA more careful analysis is needed to check that the Higuchi bound is satisfied at all times, which will be
left as future work.
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becomes:

m2N B, (1 + %) — %mQ(ﬁo +38.N) >0 (B.32)
- 2
= % (1-N?) - gﬁo > 0. (B.33)

For the interesting case of self-acceleration, where Sy = 0, this bound is generically

not satisfied as N > 1 (see [111]). It can only be satisfied if 8; = 23;, where N = 1.

Finally, we have found that the Higuchi bound is not satisfied in the bouncing branch.
This means that in the quadratic action for perturbations, the helicity-0 mode has a
negative kinetic term, becoming a ghost-like degree of freedom. In this case, this does
not translate into instabilities in the solutions as we found well-behaved solutions in
Section |3.2l However, instabilities might appear when studying higher order classical

perturbations or in semi-classical analyses.

B.2.2 Vector fields

According to [194], the Higuchi bound for the vector modes in the second branch of background

solutions, satisfying XH = h, is:

m? > 0. (B.34)

For the relevant cases considered in this chapter m? > 0 and N > 0, so this condition becomes:
Z = B +2B,N + f3N? > 0. (B.35)

Analogously to the scalar modes, we now consider the expanding and bouncing branches,

and analyse the Higuchi bound in two relevant limit cases: early and late times.
Expanding branch: In this branch g; > 0.

Early times: Early times are characterised by N < 1. Then, in this regime eq. (B.35)

becomes simply Z = 3;, which is satisfied.

Late times: At late times we approach a de-Sitter spacetime where py — 0 and N — N,

where N satisfies eq. (3.12) with py = 0. Condition (B.35)) becomes:

B+ 262N + B3N? >0, (B.36)
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which can be satisfied for appropriate values for #s. In particular, for the S;-only

model, this condition will be satisfied.

Bouncing branch: This branch is characterised for g5 = f3 = 0, and therefore Z = ;. This
means that at all times, the condition is satisfied if 5, > 0, which corresponds to
the case considered in Subsection [3.3.2] as there it was shown that §; < 0 introduced
exponential instabilities in scalar, vector and tensor modes, and therefore that case was

ruled out.

Finally, we have found that the Higuchi bound for vector modes can be satisfied at early
and late times for appropriate values of parameters in the expanding branch, while it is always

satisfied in the bouncing branch.
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APPENDIX C

TOOLS FOR TESTING GRAVITY: NOETHER IDENTITIES

C.1 3+1 decomposition

In this section we present the 3+1 decomposition of the metric used throughout Chapter [4]

The spacetime metric g,,, can be decomposed as follows:
Guv = —NpNy + h,uu; (Cl)

where n* is a time-like unit vector satisfying n#n"g,, = —1. Note that this means that h,,n" =
0, and then h,, describes 3-dimensional space-like hypersurfaces normal to n*.

If we define the lapse and shift functions through:

1
n’ = N,v (C.2)
N
n' = N (C.3)
then the metric components become:
goo = —N?+hi;N'N?, (C4)
goi = hi;N?, (C.5)
gi; = hi. (C.6)

In this setting, we can construct the Ricci curvature for the 3-dimensional space, R, in

terms of h;; and the corresponding three dimensional covariant derivatives, as well as the
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extrinsic curvature K*
K", = h,Vn", (C.7)
which satisfies
K" n" = K"n, =0. (C.8)

Specifically, in terms of the lapse and shift functions, the extrinsic curvature can be rewritten

as:
1 /.

where h = dh/dt and D; denotes the covariant derivatives in the 3-dimensional space described
For completeness, we also show the Gauss-Codazzi relation, which relates the standard

4-dimensional curvature (4 R, to the 3-dimensional curvature R, :
DR =K, K" — K>+ R+ 2V, (Kn" —n’V n"), (C.10)
or, alternatively, through

Ry, = hoh (Y Ry, + nn" YR o] — KK, + K, KD (C.11)

C.2 Scalar perturbations

In this section we show relevant quantities in terms of the four linear scalar perturbations of
the metric.

Following the standard SVT decomposition, we consider linear perturbations around a FRW
background, and write the metric components in terms of four scalar perturbation fields B, &,

U and FE in the following way:

go = —(1+29),
goi = OB,
gz'j = CL2 {(1 — 2@) (5@' + 2818JE] > (C12)
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where a is the scale factor and depends only on the time ¢, while the four perturbations depend

on time and space in general.

Using the expressions given in Appendix in the 3+1 decomposition, we can express all

the relevant quantities used throughout Chapter [4)in terms of the four scalar metric fluctuations:

ON D, (C.13)
SN h"9;B, (C.14)
Shi a® [—2Wd; + 20,0, F) (C.15)
Y —%@2 + %h”@BOjB, (C.16)

5V/Ih| = a® =30 — ®0*E] (C.17)
5/ |n] = d gxp? - %a4(82E)(82E) — d®VP’E| (C.18)
0K, = —(V+ H®)§', + a’h"0,0;F — h" 0,0, B, (C.19)

0K = —3(U+ H®)+ d’0*°F — 9*B, (C.20)
SR, = 6,0°U +1"9,0;9, (C.21)

SR = 40°V, (C.22)
R = 2[AV0*W — 1Y (9,9)(0;V)] — 4a’0*WO*E, (C.23)

where h¥ = ‘;—2] represents the background spatial metric, and also 9> = h%9;0;. Here, a single
0 stands for linear perturbations, while d, stands for quadratic perturbations, which will be

needed to calculate the second-order action.

C.3 New coefficients

The coefficients T, in the quadratic action for the metric are related to the original coefficients

(i.e. the functional derivatives of the gravitational Lagrangian, L,) via:

Tons = Lons + %Lh (C.24)
Thnx = Lnnx + %Lh (C.25)
T=L—3HLg — Lg + 2Ly, (C.26)
Tss = Lss — 5HLge — Lgs (C.27)
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Ty = 2Ly + Lyy — Ly —9HLy —12H Ly, —3H Ly — Lyx (C.28)

Ty = %Lh + Ly — Ly, —3HLy, (C.29)
Ty =L+ Ly—3HLy— Ly —3HLg (C.30)
Tosn+ = Losn+ + %Las (C.31)
Thry = Lngy + %LR (C.32)
Tnk = Lng — Ly — 2Ly, (C.33)
Tnos = Los — Ly — 2Ly, + Lvos — Lons — 3H Ly g — Lyss +3HLyyg + Loys  (C.34)
Tosny = %Las + Logn+ (C.35)

Tosos+ = Losos+ + Losasx1 — 6H (Lasas'+ + Lasan1> —2 <LasaS+ + LasaSu)

—ALso2sx1 + 12H (Lggp g + Lgpesun) +4 <L5825'><1 + Ls'a25x1> (C.36)
Tososx = Losasxa + 6H (Lgggxa + Lggasxa — Losasxa) — 2Lasasxa — 2Lso2sxa

+2Lgp25,2 + 2Lg2902 (C.37)

Tonon = —2Lnoen + H(Lyyee + Lygen — Lonox) + Lyoes + Lioen + Lonon

— Lonox — 2Lo2n + TH Lo + Loz (C.38)

2Tyoen+ = Loen — HLgor — Lyeyy + 2Lpoen+ (C.39)
Twr = Lp + Lyn (C.40)
Tnog = Lag + Lyog — Las — Long + Loxs (C.41)
Thoss+ = Lnossy+ + %LBSS (C.42)
Ticorns = Licorns — Loay (C.43)
Txog = Livas — Long (C.44)
To2nos = Lossy + Loss — Lge iy — Lanozs + Loznos — Lasns (C.45)

C.4 Background equations

In this section we show the derivation of the metric background equations of motion, for a
spatially-flat FRW metric. We do this by calculating the Taylor expansion of the fundamental
total action (gravity and matter) up to first order on the metric perturbation fields. Let us start

by finding the linear terms in the expansion of the fundamental non-perturbed gravitational
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Lagrangian Lg. From eq. (4.12)) we find:
LY = Ly6h + LyON + Li0K + LrdR + LN + Lo y0*6N + LygOidN' + Lygd,0N?, (C.46)

where 0 stands for first-order perturbations only. Thus, the linear terms of the gravitational

action Sg will be:
S _ / d's L (a*6N + 8\/I0]) +a* (Ludh + LyoN + LyN + LK ), (CAT)

where L = L(GO), and we have eliminated many terms that formed a total derivative. Now we

make use of the following relations:
1 1. )
5/ |h| = §a35h; 0K = —3HSN + §5h — ;6N (C.48)

to rewrite the linear action as:

SW = /d4m a3 [51\[ (E 4 Ly —3HLy — Ly — 3HLK>
1. .
+ 5o <L 4+ 2Ly, — 3HLy — LK>] . (C.49)

Now we proceed to find the linear terms from some matter action Sy;. If we consider as

matter a general perfect fluid with a stress-energy tensor 7", the linear expansion leads to:

) i P
SIE/}) =5 /d4x a*T" §g,, = /d4x a® <—P()5N + 70(%) ; (C.50)

where T" is the diagonal background stress-energy tensor for the fluid with rest-energy density
po and pressure Fy. Notice that here we have also ignored terms that formed total derivatives.

Finally, the total first-order action will be:

S 4 g = /d4:c o [N (L + Ly = 3HLy — Ly — 3HLic = o)
1 _ .
+ §5h <L+2Lh—3HLK—LK+P0>} . (C.51)
Now we notice that the equations of motion of the perturbation fields will have zeroth-order
terms coming from the total linear action, and first-order terms coming from the total quadratic

action. Since the resulting equations of motion must be satisfied order-by-order, we will have,

in particular, that the total contribution from zeroth-order terms will vanish. Therefore, both
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brackets in eq. (C.51)) must be zero, leading to the following two metric background equations:

L+ Ly—3HLy— Ly —3HLg = py

L+2L, —3HLg — Lg = —P,. (C.52)

Notice that the total linear action will always be zero then, given the background equations.
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APPENDIX D

A GENERAL THEORY OF LINEAR COSMOLOGICAL

PERTURBATIONS: SCALAR-TENSOR AND VECTOR-TENSOR

THEORIES

D.1 New coefficients for scalar-tensor action

The coefficients in the quadratic action of the scalar field y are related to the original coefficients

(i.e. the derivatives of the Lagrangian, L,) via

Txx = Lxx - 3HLX>’< - Lxx

Tin = 2Ly + Ly) /2

I\n=Ly+Lw—3HL x— L,y

1
Tin = 5Ly + Ly

2
Tyos = Lyos — 3HL, 55 — L, 95 — Lsoy + 3H Ly, 5 + Ly

Tin = Ly + Lyny — Ly

1
Toryny = §La2x + Lo2yny

T8X3X = Laxax — 2LX32X + HLXBQX + LXBQX + HL@QXX + L<92X>'< — HL@XaX — Laxax

Tyas = Lyas — Lyog + Loyg — Loxs
T@x@N = —L32X — LX82N + HLX82N + LXQQN + L@xBN - HL@)(BN - L@)(@N

- L82XN + HL82xN + LaQXN

1
T82Xh+ - LBQ)'(h—i- —|— §L82X

T62)'<N - L82)'( - anzN + LX82N —|— L@x@N - L@)’((‘)N - L82xN —|— L(??)'(N
Txas = ans - LaxS

To2y0s = Lyoss — Layors + La2yas — Losyd80

(D.10)
(D.11)
(D.12)
(D.13)
(D.14)



D.2 Fourth order action for scalar-tensor theories

In this section we show the most general quadratic Lagrangians of a scalar-tensor theory in-

volving four derivatives of the perturbation fields (at most two time derivatives, though).

L =a® §LRR+(5R)2 + LrrxORSSR! + Ly, SROSN' + Lyyg, OR50,0N

+ Tpisog OO N Q0N + Ty, R SN 00N + Tpa g 0SNG N7

+ T35, OhO* 00 N* + Ly s 0hij0* P N' + Ly 0his0° 00 0, N

+ %T32N62N825N826N + To250255 hij0*SN'O*ON? + Thegpesy 0;00N'0F9;0 N
+ Thot N4 ORO*ON + Ligan0hij0' 90N + Lygss 0K 9?0;0N?

+ Licosso0 K7 0,0k N* + Liycgssx 6 K10P0:0N7 + Lycpo e 0K O*ON

o 1
,Ci = a3 L32XR+5R825X + 2L82xR>< 5R;a]87,5x + T34xh+5h845x + §T82x82x(825X)2
o 1 )
+ 4L84xh>< 5hijazf)]825x + §T8de815X826X + T82N82X825N825X
+T 2, 950" OXOON" + T3 0:0X SN + Loy SKP0X + Licory0Ki070;0%| . (D.16)
where we have made integrations by parts and grouped some coefficients L, together into new

coefficients T, for simplicity.

D.3 New coeflicients for vector-tensor action

The coefficients in the quadratic action for the vector field are related to the original coefficients

(i.e. the derivatives of the Lagrangian, L,) via:

Tos = Las —3HL g — L, (D.17)
Toant = Loany + %Laom (D.18)
Too = Laa — HLos — Laa, (D.19)
Tas = Las — Lyg, (D.20)
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Toon = Laon — Loa — HL o5 — Loan — Loon + HLgox + Lo,
Toant = Loan+ + %Laa,

Toan = Loa + Lygyr — Laon — Ly, + Loan

Toaos = Loaos — Lao2s — Lo2as,

Tot00 = Lasad — Loaas,

Ta@do = La@do - Laado - H (Ldﬂao - L@dao) - Laaaﬂ + L@da07

T8a8a+ = L8a8a+ + L@oc(?ocx
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APPENDIX E

A GENERAL THEORY OF LINEAR COSMOLOGICAL

PERTURBATIONS: BIMETRIC THEORIES

E.1 Scalar perturbations

In this section we show relevant quantities in terms of the four linear scalar perturbations
of each metric. Following the standard SVT decomposition, we consider linear perturbations

around a homogeneous and isotropic background, and write the metrics in the following way:

dsy = —N? (1 + ®y) dt* + 2N 9, Bodtdx' + b* [(1 — 2Wy) &;5 + 20;0; Es] da*da?, (E.2)

where a, b and N are background quantities and depend only on the time ¢, whereas the 8
perturbations ®4, Ba, U4 and E4 (for A = {1,2}) depend on time and space. From the ADM
decomposition of eq. , we can find the results of eq. —, and also express all the
relevant quantities used throughout Chapter [6]in terms of the scalar metric perturbations. Here
we give a list of quantities, that appear in the quadratic gravitational action Sg ), in terms of

the scalar perturbations:

5N; = _% (92 + R 0,3,0,B,)
5\/h_1 = a [—3\111 — a282E1} ,
oo/ = @ gmf - %a4(82E1)(82E1) — ®U,0%E |
0K, = —(Uy+ H®)5', + a’hi{0,0;F, — hi0,0;B;,
0K, = —=3(VU,+ H®))+ a’0*F, — 9By, (E.3)
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(®3 + 1y 0;B20,B5) ,

[«%)
5
[N}
Il
[yl
w

—30, — B6%E,)

leﬁwlz

1
Sov/hy = b { s — 564(82E2)(62E2) — VU0°E, |,
i 1 i, Py : 7 il
0Ky, = —% (% + Hb<I>2> ) + =h300;Er — h0,0; By,
3 b?
0Ky, = N(\IJQ + Hy®s) + N82E2 0°B,, (E.4)
where Bij = % nd h” = 2‘ represent the background spatial metrics, and 9? = 9'9;, where

the indices are lowered and raised using the background metric of the corresponding field the
derivative is acting on. Also, a single ¢ stands for linear perturbations, while J, stands for

quadratic perturbations.

E.2 Dictionary of parameters

In this section we give expressions for the 29 parameters the final bimetric action depends on.

The names we have given to those parameters are the following:
2
MA? Oy, Oy, OBy, Ok, O, O, 04 A, O, (E5)

where A = {1,2}, i = {1..4} and j = {5..13}. In terms of the original coefficients Ls and Ps

these parameters can be expressed as:

M3 = 2L Ak, (E.6)
1
ap, = T (2L anoznx + 3Lanozn) — 1, (E.7)
4
ar, = M2 (Langzhe + 3L anozhx + 9L anozny) — 1, (E.8)
1 Hy
ap, = m HANLAKN+TANK_N_3(2LAKKX +3LAKK+) _L (E9)
]_ N4 2
AR, = W [NALANN —9Hy (LAKK+ + 2LAKK><)
—12H3 (N3 — 1) Lagkx + NiHanLayx] | (E.10)
1 _
ap = I (L1 — 4L1pps — 8Lapnx ) (E.11)
2
ap = =3z [V*Toxn = Hy (2Lanscx + 3Lankc+)] (E.12)
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1

a4 = —WLAKN, (E.13)
Qg4 = _Mij (Lanozhe + 2L apo2nx + 3L ano2n+) (E.14)
aza = ]\]\;—% (2L ano2nx + Lanoen+) s (E.15)
gy A = MLE‘LAaNaN, (E.16)
as = MLIQLIS'S = ]]\\;—7;%55 = —@P&sy (E.17)
ag = ML%LWN = %LzNN = —%szy (E.18)
ar = _Mi% (Luosns + 2L1sne) + ﬁ (Luasns + 2Liasix — Linics — 2Lancx) - (B-19)
ag = @(7’213}1282le + 3Pp02n,4) (E.20)
Qg = @Phlawu’ (E.21)
Qa1p = ML%Llha%m (E.22)
o = @PKIKQJF, (E.23)
ara = @ (3Piyias + Prcra) - (E.24)
a3 = @ [7° (Proozne + 3Phy02m x2) + 97 Pryozn, + + 3Pnyo2n x1] » (E.25)

where we have defined N4 such that Ny = 1 and N, = N, thus Hiy = 0, Hiy = Hy,
and also H; = H and Hy, = H,. Here, we have also introduced the ratio of the scale factors
r = b/a. The parameters M4 have mass dimensions and appear multiplying the whole quadratic
action, whereas all the parameters as are dimensionless and are the couplings coefficients of
the different interactions terms for the fields. For instance, the parameters ay,, ar,, ap,, and
ag, determine the interactions terms given by ¥ 202D 4, V0%V 4, © A\il 4 and @?4, respectively.
These parameters are generalisations of those present in the parametrisation of dark energy
models of [161].

Finally, we comment on the fact that these 29 parameters can have different expressions
in terms of the functions Ls and Ps, if we use relations between them given by the Noether

constraints. This is why parameters as and ag have three equivalent expressions in equations

(E.17) and (E.18]). For these specific parameters, these three expressions show that the dynam-

ical terms of the fields B; with By and ®; with ®, are related to each other, signalling the fact

that the dynamical terms of these fields appear in a specific combination in the action, and
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thus there is a field redefinition such as eq. (6.26]), that can make two fields appear as auxiliary

fields (without time derivatives) instead of dynamical fields.

E.3 Complete action without derivative interactions

If we avoid derivative interactions between both metrics, then 26 of the 29 previous parameters

are fixed. Specifically, we find that the following 26 constraints:

N <2HM12 +po + P0>

M= - , (E.26)
2r3 (H,, _ HNHb)
N —1
aHl = 07 aHz = _( N >7 (E27)
dln M3

— E.28

AT dlnay’ ( )
N—-1)(N+1
ap, = 07 B, = _( ])V(z )7 (E29)
6H,H 1 3 H, (H — H)

= —(2 P, — P, —3op—————-— E.30

K = e oot B+ 5l + ) s = San e (E-30)
6 G : (H — Hy)

— 2 |HHy (N? =2 H]—g AT ) E.31
K, NZHNH(, [ b4IN ( ) + My ap NHNHbQ ) ( )
QA = Qg4 =aga=as =0, (E.32)

a5 = g = 07 = g = (g = 0, (E33)
1 (dIn M}

=Z 1 E.34
- 8(dlna+)7 (E34)
1] = 19 = (V13 = 0, (E35)

where we have defined the scale factor a4 such that a; = a and as = b, and we have introduced
the ratio of the mass scales v* = MZ/M3Z. We can see that the quadratic bimetric action
without derivative interactions depends only on three independent free parameters: ag, ay and
M;, in addition to the four background functions a, b, N and ¢, which give three additional
independent free functions, due to the background equation (4.28|).

The resulting quadratic action can be written as:
2 2 2

where S%) is the action for the self-interaction terms of the metric ga,,, whereas S(T21 )T2 is the

action for the interaction terms between both metrics, and 5;2) includes all the terms involving
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the matter perturbation dp in eq. (4.34)). Notice that Sg ) does include the quadratic terms of

the metric perturbations coming from the matter action S These actions are given by:

S:(r? = /d4x a® M? [—3\11% — 6HU,®, + 20°0*E, (U, + H®,) — 20,6°B,

dIn M? P>
—(1 U,0°0, + 20,0°V, — 2H®,0°B; — | 3H? — o?
TQZ . dlnM2 ~ 3
——~ (0'B B A Loz, [ 2V, — a?0°E
+2(]\7—1—7“)(a 1) (@ 1>+T< dlna * ) 1(2 1= 1)
(N_T) 242 4 2 /92 2
+ g HZ® (3¥1 — a*0°Er) + a*aH? (0°Er)
- b
_ (H—Hy) 4 31 , Hy 3 292
+<Hb(N—7">Z— 2 r o 2HN(D1+(H_Hb)2\IJ1 2\Ifl—a8E1
1
— @, (3V, — a’P*F E.37
gt O ) )| (B37)

3\112 6H\I/<I> 2b82E\If H,® 2—9’B
N2 N222+7 5(Uy + b2)—— 2

2

S = / d'z Nb* M

dIn M2 , H?
_ (1 L an ) U020, + 20,020, — QWCDQGQBQ - 3F®2

dlnb
VINZ ) V2 alln]W2 3
— = (9B B _ A 27 | Uy [ =Wy — b2O°E
+2r3(N+T) (0'B2) (0, 2)—|—N7“2( dna ) 2(2 2 J 2)
(N —r)
Nr3(H — Hy)

_ (H—H,) 4 31 ., Hy 3 252
+(Hb(N—r)Z—TraE éHN(I)Q—F(H_Hb)z\I/Q Ellfg—bé?Eg

+ Hy2Z O, (30, — B0 E,) + NozLa‘lHQ V2 (9%E,)?

1

—m% (30, — b2a2E2)> L} : (E.38)

32N

Ina

N i (N— r)

+H,®, (3x111 — a’0*Ey)) — 2a°0*H?a 0 E,0° Fs

@ | g M243 > dn M} 2 205 92
Ty, — 1Q —r |27 —+ VA d (3\112\1/1 —a \1128 El —b \IJ 0 EQ)

(H®y (30, — b°0%Es)

2

+ (Hb (N-r)Z - H — 1) Hb)r?’aE) (HiNcbl% + (Hy — H) (91 (302 — b*0°E»)

1
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-

(E.39)

Here, we have two mass scales for each metric M7 and M2, and we have introduced the mass

ratio v? = M}Z/M2, and the scale factor ratio r = b/a. In addition, for ease of comparison with
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massive bigravity, we have introduced two functions Z and Z such that:

ME(N —7r)Z = Liggx, (E.40)
1din M2 - HyH, \ - Lixx
M2 Z= L = H L - E.41
T ( 2 dlna > (H, — H) (3 (H—Hb)) wioct g Ty (B4
where
Lixkx = po+ Py +2HM?. (E.42)

We omit the expression for Ss(f) as it can be straightforwardly obtained from eq. . We
emphasise that the total parametrised action depends on 3 + 3 free independent functions of
time. There is a dependence on six parameters My, Z, Z, ay and agp, in addition to the four
background functions a, b, N and @. However, Z and Z are dependent functions according
to eq. —, one background function is dependent through eq. , and M, is also
dependent through eq. . Equivalently, we can consider the six independent parameters
to be M4, Z, Z, ay, and ap, while the background functions would be dependent.

From the parametrised action shown here we can see that the fields ®, and B, appear as
auxiliary variables, whereas the fields ¥, and E4 have dynamical terms. This means that, in
general, this action propagates two physical scalar fields. Nevertheless, there are some trivial
cases in which no scalar is propagated. This happens if either M; or M, vanishes, and thus
all the dynamical terms of one of the metrics vanish (although these metrics can still have
non-derivative terms as long as the quantities ZM?2, ZM?3, o, M2 or ay M? are finite). As it is
shown in Section [6.2] Eddington-inspired Born Infeld theory is an example of a gravity model
with M; = 0 that does not propagate any scalar DoF. On the other hand, there are also cases

that propagate only one scalar DoF, such as massive bigravity, which is presented in Section

6.2

E.4 The effect of derivative interactions

As it is shown in Section [6.2] when there are no derivative interactions between the metrics,
the kinetic terms of each metric correspond to linearized Einstein-Hilbert with a generalised
Planck mass. In the context of massive gravity, work towards theories that go beyond the
ordinary Einstein-Hilbert terms include [129-131], although later on in [132] it was shown
that it is not possible to non-linearly complete the specific terms studied in previous analyses

without reintroducing the Boulware-Deser ghost below the cutoff-scale of the effective field
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theory, concluding that there can be no new healthy Lorentz-invariant derivative interactions
in the metric formulation.

For completeness, in this section we briefly discuss the case in which we do allow derivative
interactions, which might be relevant in the context of Lorentz-breaking theories (although keep-
ing linearised diffeomorphism invariance) due to the no-go theorem of [132]. Lorentz-breaking
massive gravity in flat space has been studied before as it avoids the VDVz discontinuity and
improves the strong coupling scale of the effective field theory [235-237], giving an interesting
alternative to the standard Fierz-Pauli theory of massive gravity. Possible generalisations to
curved space have also been studied [23§], but they break linear diffeomorphism invariance,
and thus they would not be included in the class of theories studied in Chapter [6]

In what follows, we will study theories with derivative interactions that propagate only one
scalar DoF. Such actions can be constructed in different ways, but as an example we mention
a case that has a similar structure to massive bigravity, that is, where the fields ®4 and By
are auxiliary variables. For this to happen the 29 parameters presented on Appendix must

satisfy the following constraints:

2

a5 =05=0, ;4 =0, agv° = TNSOZ472. (E.43)

Thus, the most general action satisfying these constraints will depend on 24 free parameters,
in addition the background free functions, and will propagate at most two scalar DoFs. In
such actions the fields F4 and ¥ 4 will appear as dynamical fields. In order to construct ghost-
free actions propagating only one scalar DoF we impose that one of the dynamical fields is an
auxiliary variable after integrating out the four auxiliary fields B4 and ®4. Again, following
the structure of massive bigravity, we impose that ¥, is an auxiliary variable. We find that this
can happen when different sets of constraints for the parameters are satisfied. For instance,

this happens if:

Qg1 = Qg = 0,
ax, HyH? = 3 [2H2Hy (20, + 1) — 2HyHy(ap, +1) — ap(H — H,,)] ,
60532 - QKQ)(&H2 + 1) + HbT’Ql/QOég (aKz__ 120532 B 6)
6(ap, +1) 6N (ap, +1)

(aK2 — 60532)2
(OéK2 — 12&32 — 6)

61/3727“3H = HbN( + 2H 1 a,

ax, H*M;? = (2pg + Py) + Nr* M +6H*M{ag,. (E.44)

Actions satisfying these five constraints propagate only one scalar DoF and, in general, have
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derivative interactions between both metrics. In addition, we notice that the values for the
parameters in Appendix[E.3|set to avoid derivative interactions, along with the extra constraint
in eq. (6.30)), are a particular case of the constraints presented here. Therefore, actions satisfying
eq. are a direct generalisation of the non-derivative action shown in Section .

In order to illustrate the form that the action can take now, equation shows the extra
interaction terms that appear in the quadratic action, compared to the terms in eq. , due
to the new set of constraints given eq. , when ayg is a non-zero constant (and thus az o # 0

due to the constraints) and when the rest of the parameters take the same value as those of

Appendix [E.3}

N _ . )
AS;?TQ = /d4l‘ 16&5Oz9M12 m <N823262E1 + 82B182E2) + Hb823282E1
N?(H — Hy) Hr? V2492
+ Bma BQ \Ill + mBl — NO ¢28 El
a’r? 2 27 a’r? 2 92 2
— 0 B By + <Hb — HyHy + 3Hb> OB, | (E.45)

where, for simplicity, we have assumed M; and M, to be constants. We can see that different
derivative interactions appear, including time and space derivatives. All these terms arise
because of the non-zero value of ag and a3 5 solely.

It is important to mention that we have just shown one of the simplest cases that we can
have with derivative interactions. The most general model satisfying the set of constraints given
in eq. has a large number of free parameters, namely 19. This shows that there is a broad
class of models with derivative interactions propagating only one scalar DoF at the linear level
around homogeneous and isotropic backgrounds. Further restrictions on the parameters could
be found by analysing the stability of the evolution of perturbations, as well as by looking for

healthy non-linear completions.
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