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Abstract

Our understanding of the Universe is based on the ΛCDM model which, although the best

cosmological model so far, relies on the presence of major unknown components – dark matter,

dark energy, and an inflationary field – which in turn play a crucial role in the evolution of the

Universe. These limitations of the model suggest that we may need to introduce modifications

at cosmological scales. Indeed, a large variety of modified gravity theories have been proposed

(see [1] for a review) and in order to better understand the behaviour of gravity in this regime,

we must begin by constructing theoretical and observational tests of the ΛCDM model and the

various alternative proposals.

This thesis is concerned with testing gravity on cosmological scales, by analysing the viability

of alternative gravitational theories, and scrutinising their theoretical consistency. In order to

do this, we take two approaches. On the one hand, we explore the viability of a specific

modified gravity theory, namely massive bigravity. The evolution of a perfectly homogeneous

and isotropic Universe has been previously studied in detail in this model, and has been found

to fit observational data. Hence, in this thesis we analyse the evolution of linear cosmological

perturbations, where we find a number of interesting instabilities. On the other hand, we take

a broader view and develop a method for parametrising linear cosmological perturbations that

stays agnostic about the underlying theory of gravity. We apply this method to three classes

of models: scalar-tensor, vector-tensor and bimetric theories, and as a result, in this case, we

identify the complete forms of the quadratic actions for linear perturbations, and the number

of free parameters that need to be defined, to cosmologically characterise these broad classes

of gravity theories.
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CHAPTER 1

Introduction

Einstein’s general theory of relativity (GR) is the foundation of gravity. It is widely accepted to

be the model that describes the behaviour of gravity on small and large scales, in events such as

planetary motion, black hole mergers, galaxy formation and the evolution of our Universe. On

Solar System scales, not only do its predictions show remarkable agreement with astrophysical

data, but precise measurements of phenomena such as light deflection around the Sun, the

perihelion shift of Mercury, and others, rule out many modifications to GR [5, 6]. In addition,

GR has recently been shown to be consistent with the first direct detection of gravitational

waves from the merger of two black holes [7]. Nonetheless, GR exhibits weaknesses both at

very high and very low energy regimes. At high energies, unavoidable singularities arise during

gravitational collapses and the so-called renormalisation problem limits our understanding of

quantum gravity [8–10]. On cosmological scales, GR relies on the presence of exotic unknown

matter components in order to fit observational data. These issues show the current limitations

in our understanding of how gravity behaves and interacts with matter in extreme energy

regimes. As a result, a number of modified gravity theories have been proposed [1,11,12], and

it is imperative that we analyse their consistency and viability, and develop tools to construct

theoretical and observational tests of GR.

Cosmology seems to be a particularly promising regime for testing gravity. We are currently

reaching an era of “precision cosmology”, in which measurements of the anisotropy of the

Cosmic Microwave Background (CMB), of the large-scale structure in galaxy distribution, and

of the overall expansion of the Universe will reach unprecedented precision. Even though

the CMB plays an essential role in constraining gravity on cosmological scales, most of the

focus is currently on galaxy surveys and weak lensing data. In this context, over the next

three years we will see a dramatic improvement in cosmological observations from ongoing

experiments such as the Dark Energy Survey (DES) [13], the extended Baryon Oscillation
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Spectroscopic Survey (eBOSS) [14,15], Mapping Nearby Galaxies at APO (MaNGA) [16], and

the Hobby-Eberly Telescope Dark Energy Experiment (HETDEX) [17]. Furthermore, in the

next decade a next generation of surveys will come online, including the Euclid satellite [18],

the Dark Energy Spectroscopic Instrument (DESI) [19], the Large Synoptic Survey Telescope

(LSST) [20], the Square Kilometre Array (SKA) [21], and the Wide-Field InfrarRed Survey

Telescope (WFIRST) [22], which will provide an opportunity to perform ultimate tests of

gravity on the largest scales in our Universe. The time is ripe then to pin down some of the

fundamental properties of nature on large scales.

The standard cosmological model is the ΛCDM model, which is based on GR and is the

most successful cosmological model proposed so far. However, the ΛCDM model relies on the

presence of crucial unknown components for the evolution of the Universe, namely dark matter,

dark energy, and an inflationary field. Dark matter is essential for galaxy formation, dark energy

is responsible for the late-time accelerated expansion of the Universe, and the inflationary field

is responsible for the early-time expansion that led to the highly homogeneous Universe that

we see today on large scales. The exotic properties of these components raise a number of

questions that we need to answer to understand the physics dominating large scales: what is

the origin and nature of these components? Does the gravitational force behave differently on

large scales? Are there new forces coming into play on large scales? In particular, the origin

of the late-time accelerated expansion of the Universe has become one of the most challenging

problems in theoretical physics. In the ΛCDM model, dark energy corresponds to 69% of

all the energy content of the Universe, and is described by a single constant, known as the

cosmological constant. In order to explain the observed acceleration of the Universe, the value

of this constant must be incredibly small. From particle physics arguments we can predict the

existence of vacuum energy, which provides a value for the cosmological constant, but current

estimates imply that it is more than 50 orders of magnitude larger than the observed value.

This constitutes the so-called cosmological constant problem and shows how the ΛCDM model

is at odds with well-established and robust particle physics theory.

This thesis is concerned with testing gravity on cosmological scales, by analysing possible

modifications to GR and the ΛCDM model. In order to do this, we consider two approaches.

On the one hand, we look at a specific theoretically well-motivated gravity theory, and anal-

yse its viability. Specifically, we analyse the cosmological predictions of a theory known as

massive bigravity, which can explain the late-time accelerated expansion of the Universe in a

natural way and agree with background experimental data, without introducing a cosmological

constant. We focus on the evolution of linear cosmological perturbations, where we find the
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presence of instabilities on the evolution of gravitational waves that could seriously jeopardise

the viability of massive bigravity. Furthermore, we find that even though the prediction for

the rate of formation of large-scale structures, such as clusters of galaxies, might agree with

observations, one of the physical degrees of freedom driving this evolution has negative kinetic

energy, rendering the model likely to be unstable in other regimes.

On the other hand, we stay agnostic regarding the particular underlying gravity theory,

and analyse the consistency and phenomenology of cosmological models that can help test

gravity and falsify GR. In this context, we develop a method for constructing parametrised

cosmological models, in such a way that specific values for the parameters give a description

of specific gravity theories. This method allows us to describe a broad range of theories on

cosmological scales in a unified and efficient manner. The method is sufficiently general that

we can identify the number of cosmologically relevant free parameters characterising families

of theories, which can in turn ultimately be constrained with future observational data, and

hence be used to find phenomenologically viable cosmological models.

This thesis is organised as follows. In the rest of this chapter we review the theory of

general relativity as well as the ΛCDM cosmological model. In addition, we discuss some

generic characteristics of modified gravity theories. In Chapter 2 we introduce and describe

massive bigravity, and in Chapter 3 we examine its predictions on the evolution of cosmological

perturbations, and show that a number of instabilities appear. In Chapter 4 we take a broader

view and explain a method for constructing parametrised cosmological models that is able to

encompass a large class of gravity theories, and we recover GR as an illustrative example of the

method. In Chapters 5 and 6 we apply the previously developed method and consider three

families of gravity theories: scalar-tensor, vector-tensor and bimetric theories. We discuss

some properties of these models, and determine the number of cosmologically relevant free

parameters. Finally, in Chapter 7 we summarise the main results of this thesis and discuss

their applicability and relevance for present and future cosmological analyses.

1.1 Notations and conventions

Throughout this thesis we will be using the metric signature (−,+,+,+). Greek indices such

as µ and ν run over four dimensions of spacetime from 0 to 3, whereas Latin indices such as

i and j run over three spatial dimensions from 1 to 3. The Einstein summation convention is

implied, as usual. We will denote the Minkowski spacetime metric by ηµν = Diag(−1, 1, 1, 1),

and generic metrics by gµν . In some chapters we will make use of two metrics, in which
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case indices of tensors depending on one metric only will be raised and lowered with their

corresponding metric, whereas raising and lowering procedures for quantities depending on more

than one metric will be explicitly specified where required. Partial derivatives are denoted by

∂ and covariant derivatives by ∇. Commas and semicolons will be used to denote partial and

covariant derivatives, respectively. For instance, for a scalar field φ we would write derivatives

as ∂µφ = φ,µ and ∇µφ = φ;µ. Symmetrisation and anti-symmetrisation on a pair of indices will

be denoted by parenthesis and squared brackets, respectively, as follows:

S(µν) =
1

2
(Sµν + Sνµ) ; A[µν] =

1

2
(Aµν − Aνµ) , (1.1)

where S and A represent generic tensors. We will describe the time coordinate of spacetime

with physical time t or conformal time τ . Differentiation with respect to t will be denoted by a

dot, and with respect to τ by a prime. The Hubble rate will be denoted as H and H in physical

and conformal time, respectively. Finally, we mention that in all chapters we will set the speed

of light to unity c = 1, whereas in the following chapters we also set the Planck mass to unity

M2
P = 1/(8πG) = 1, where G is the gravitational Newton’s constant.

1.2 General relativity

General relativity is a geometric theory of gravity, in which gravity and matter interact in

such a way that it leads to a nontrivial structure of space and time. In fact, in the presence

of matter, physical distances between bodies change, and time lapses at different rates. All

information about the effects of matter distribution on space and time are encoded in a 4-

dimensional symmetric metric tensor gµν that describes a Lorentizan manifold with a line

interval ds between two events given by:

ds2 = gµν (x) dxµdxν , (1.2)

where xµ are the coordinates of spacetime, such that x0 = t is the time coordinate and x{1,2,3}

are three spatial coordinates. Here, x stands for the 4-dimensional coordinate vector. Broadly

speaking, the gravitational force is determined by the curvature of spacetime and the role of

the metric is to determine how matter moves in this curved spacetime, whilst in turn matter

determines how the spacetime curves. Let us next illustrate explicitly how this close relation

between matter and spacetime occurs.
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In general relativity, the gravitational interactions are described by the Einstein-Hilbert

action, which is given by:

SEH =
1

16πG

∫
d4x
√
−g (R− 2Λ) , (1.3)

where R is the Ricci scalar (that describes the 4-dimensional curvature of spacetime), G is

known as the gravitational Newton’s constant, and g is the determinant of the metric. Since

we will be interested in the cosmological description of gravity, here we have also added Λ,

which is a priori an arbitrary constant known as the cosmological constant. In addition, in GR

we couple matter fields to the metric by adding a matter action of the following form:

SM =

∫
d4x
√
−gLM (ϕ, gµν) , (1.4)

where LM is some matter Lagrangian which is a functional of the metric gµν and some matter

fields that we symbolically represent here with a single scalar field ϕ. The equations of motion

of GR with matter are then given by:

Gµν + Λgµν = 8πGTµν , (1.5)

where Gµν is known as the Einstein tensor given by

Gµν = Rµν −
1

2
Rgµν , (1.6)

where Rµν is the Ricci tensor, which is related to the Ricci scalar by R = gµνRµν . In addition,

we have defined Tµν as the stress-energy momentum tensor of matter given by:

Tµν = − 2√
−g

δ (
√
−gLM)

δgµν
, (1.7)

where δ denotes a functional variation. Eq. (1.5) are known as the Einstein field equations and

form a closed set of equations when complemented with the matter equation from action (1.4):

∇µTµν = 0. (1.8)

This equation is known as the covariant energy and momentum density conservation equation.

We notice that since any known form of matter builds up a stress-energy tensor that is con-

served, eq. (1.8) is physically desirable and, while in some alternative gravity theories (such as
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massive gravity) it has to be imposed externally, in GR it is a consistency requirement. We

can illustrate this last point by taking the covariant derivative of eq. (1.5):

∇µGµν = 8πG∇µTµν , (1.9)

where we have used that ∇µgµν = 0. From the definition of the Einstein tensor we actually

have that:

∇µGµν = 0. (1.10)

This equation is known as the Bianchi identity, and is satisfied by construction. From eq. (1.9)

we can then see that, provided the Bianchi identity, eq. (1.8) must be satisfied in GR.

As we have previously mentioned, the Einstein field equations define how matter curves

spacetime while eq. (1.8) define how matter moves in spacetime. In order to make this explicit,

let us consider the trace of eq. (1.5) in the case without a cosmological constant (Λ = 0):

R = −8πGT µµ, (1.11)

from where it is clear that matter sources the curvature of spacetime. On the other hand, if we

consider Tµν to be given by a test particle, from eq. (1.8) we find that this particle moves in a

geodesic of the spacetime metric gµν :

ÿµ + Γµαβ ẏ
αẏβ = 0, (1.12)

where yµ(λ) describes the 4-dimensional position of the particle parametrised with an affine

parameter λ. Here we have used dots to denote derivatives with respect to λ and we have

introduced the Christoffel symbols Γµαβ given by:

Γµαβ =
1

2
gµν (gαν,β + gβν,α − gβα,ν) . (1.13)

From here it is also clear to see that matter moves according to how spacetime is curved, which

in this case is encoded in the Christoffel symbols.

General relativity has key characteristics that will be of importance for this thesis, and we

hence mention. First, the Einstein field equations contain up to second derivatives of the metric

in Gµν , and since the metric is symmetric, in principle there are at most 10 propagating gravi-
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tational degrees of freedom (DoFs). However, it turns out that it propagates only two DoFs1

corresponding to two polarisations of a massless spin-2 particle (henceforth called graviton),

which propagates at the speed of light in vacuum. Second, we notice that the Einstein field

equations might resemble the Maxwell theory of electromagnetism and the Klein-Gordon equa-

tion for scalar matter, nonetheless they are non-linear (there are higher powers of the metric in

Gµν), and thus GR is a much more complex theory. Fortunately, these terms are dynamically

relevant only in strong gravitational fields. Third, we notice that the Einstein field equa-

tions (and the Einstein-Hilbert action) are invariant under general coordinate transformations

xµ → x̃µ(x), which induce a transformation in the metric tensor given by:

g̃µν(x̃) =
∂xµ

∂x̃α
∂xν

∂x̃β
gαβ(x), (1.14)

where g̃µν is the metric in the new coordinates, and a similar transformation in the stress-

energy tensor Tµν . Since the equations are invariant, all metrics related by a general coordinate

transformation are physically equivalent, and any apparent differences should not be ascribed

to physical effects. Accordingly, any physical observable should be invariant under general

coordinate transformations. This invariance is often referred to as general covariance, and

corresponds to a gauge symmetry of the theory.

The principle of general covariance and the requirement that in the weak field non-relativistic

limit the Einstein field equations should reproduce Newton’s theory of gravity, were the two

main ingredients that lead Einstein to the discovery of the theory of general relativity. How-

ever, we emphasise that these two ingredients are not unique to GR. As previously mentioned,

general covariance is a gauge symmetry, which only represents a redundancy in the description

and thus it is not a physical property of a theory. Similarly, having Newton’s gravity limit is

not unique to GR. For instance, this is achieved in the Einstein-Fokker theory [23–25], by itera-

tively coupling a canonical massless scalar to its own energy momentum tensor. Such a theory

provides a universally attractive force, and reduces to Newton’s gravity in the non-relativistic

limit. Furthermore, this theory could even be made invariant under general coordinate trans-

formations through the Stueckelberg trick (which will be illustrated in the next chapter). The

modern view of GR is that it is the theory of a non-linearly interacting massless spin-2 particle.

Indeed, it can be shown that the only non-linear Lorentz invariant theory that propagates two

1GR propagates only two degrees of freedom instead of ten because it has a gauge symmetry: diffeomorphism
invariance. The presence of this symmetry means that there is a redundancy in the description of gravity in
GR, which appears in the form of constraint equations.

17



polarisations of a massless spin-2 particle is GR [26–29].

1.3 Modern cosmology

Cosmology describes the global structure and evolution of the Universe. The standard cosmo-

logical model is known as the ΛCDM model and is based on GR. A key feature of this model

is that the Universe can be described using perturbation theory, where the background is a

perfectly homogeneous and isotropic expanding Universe and perturbations describe deviations

from this idealised setting. In this section, we summarise the main ingredients of the ΛCDM

model; we describe and show the relevant equations determining the background evolution as

well as its linear perturbations.

1.3.1 Background

The standard cosmological model is based on the cosmological principle, which states that there

should be neither a preferred location nor a preferred direction in space. Indeed, this assumption

embodies the observational fact that the Universe is nearly homogeneous and isotropic on scales

larger than 100 Mpc, as seen in galaxy distribution surveys and the CMB [30, 31]. Therefore,

as an approximation, an infinitesimal line element for the spacetime of the Universe can be

written as:

ds̄2 = −dt2 + a(t)2δijdx
idxj, (1.15)

where t is the physical time, a(t) is known as the scale factor and determines how the Universe

expands, δij is the Kronecker delta, and the bar superscript signals the fact that this is only

the background metric. Here, we have assumed a spatially flat metric, i.e. a Universe with an

Euclidean spatial geometry. This assumption is supported by observations from CMB and large-

scale structures [32]. The background metric given in eq. (1.15) is known as the Friedmann-

Lemaitre-Robertson-Walker (FLRW) flat metric and is a maximally spatially symmetric metric.

For the purpose of this thesis, it is relevant to mention that the FLRW metric is sometimes

expressed in terms of the conformal time τ instead of the physical time t. In that case, the line

element becomes:

ds̄2 = a(τ)2
[
−dτ 2 + δijdx

idxj
]
, (1.16)

where we have made a time coordinate transformation such that adτ = dt. Physical time

corresponds to the time measured by observers comoving with the cosmic expansion, such as

us and thus provides a natural coordinate to use for observations. However, conformal time
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is often used for mathematical convenience as in this case the metric is conformally related to

Minkowski spacetime ḡµν = a(τ)2ηµν . In this chapter though we will be using physical time.

The contribution of matter to the Universe is well described by an ideal hydrodynamic

approximation. For such ideal fluid, with the same symmetries as the metric, the stress-energy

tensor is given by:

T̄µν = (P0 + ρ0) ūµūν + P0ḡµν , (1.17)

where P0 = P0(t) is the pressure of the fluid, ρ0 = ρ0(t) its rest energy density, and ūµ =

(1, 0, 0, 0) its isotropic 4-velocity. Here, the subscripts 0 stand for background quantities.

From the Einstein field equations of motion given in eq. (1.5) and the conservation equation

(1.8) we find that in this background:

H2 =
1

3
(8πGρ0 + Λ) , (1.18)

ρ̇0 = −3H (ρ0 + P0) , (1.19)

where dots denote derivatives with respect to the physical time t, and H ≡ ȧ/a is the Hubble

parameter. Eq. (1.18) is known as the Friedmann equation and is the main equation governing

the expansion of the Universe. These two equations give a closed system to be solved, provided

a matter equation of state for ρ0 and P0. In the standard cosmological model, the different

components in the Universe have a barotropic equation of state:

P0 = wρ0, (1.20)

where w is constant. We can distinguish three types of components:

• Radiation (relativistic matter): w = 1/3,

• Dust (non-relativistic matter): w = 0,

• Dark energy (cosmological constant): w = −1.

From the equations of motion (1.18)-(1.19) we find that the energy density and scale factor

evolve in the following way, depending on the type of matter:

• Radiation (relativistic matter): ρ0 ∼ a−4; a ∼ t1/2,

• Dust (non-relativistic matter): ρ0 ∼ a−3; a ∼ t2/3,

• Dark energy (cosmological constant): ρ0 = Λ/(8πG); a ∼ eH0t,
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where H0 is the Hubble parameter evaluated today. A realistic description of the Universe

should include all the different matter components at the same time, such as photons, neutrinos,

baryons, and cosmological constant. In that case, the energy density determining the expansion

of the Universe is given by:

ρ0 = ργ + ρν + ρb + ρΛ + . . . , (1.21)

where the ellipsis stands for other possible matter components. In this case we see that, when

Λ > 0, as the Universe expands in time, radiation dominates first, followed by the domination

of non-relativistic matter and finally by the cosmological constant. These are the three main

distinct stages of the evolution of the Universe in the ΛCDM model.

The name ΛCDM stands for the assumption on the presence of two particular components:

cosmological constant (Λ) and Cold Dark Matter (CDM). The cosmological constant is intro-

duced to drive an exponentially fast growing scale factor and thus explain current observations

of the accelerated expansions of the Universe. As we have previously mentioned, this is a very

exotic component as it has an equation of state P0 = −ρ0, and hence it has negative pressure.

Cold Dark Matter is a non-relativistic matter component and its name refers to the fact that it

does not interact with electromagnetic radiation (or at least very weakly) and behaves like dust.

It is introduced to explain that – as seen in the motion of visible matter, gravitational lensing,

large-scale structure formation and the CMB – gravity seems to be stronger than predicted by

GR around large-scale structures such as galaxies and clusters if we only take into account the

presence of baryonic non-relativistic matter. CDM would correspond to additional non-baryonic

(non-visible) matter that enhances the gravitational attraction of large-scale structures.

It has been shown by data that neutrinos and photons at present make up about 0.001%

of all the energy of the Universe, baryonic matter about 5%, whereas CDM makes up about

26% and dark energy 69% [32]. Therefore, we can see that CDM and the cosmological constant

make up about 95%, but their origin and nature are still not understood. Whereas it is widely

accepted that CDM is made up of massive particles that interact predominantly via gravity and

there are particle candidates such as axions, sterile neutrinos or Weakly Interacting Massive

Particles (WIMPs) [33–36], the origin of the cosmological constant is certainly less clear and

has become one of the most challenging problems in theoretical physics, and one of the the

main motivations to study modified gravity theories.

All the equations shown in this subsection give the basis of the ΛCDM model. This model

can make accurate and testable hypotheses in key areas such as: expansion of the Universe,

origin of the cosmic microwave background, and nucleosynthesis of light elements. The remark-
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able agreement with observational data gives considerable confidence in the model. However,

the presence of structures such as galaxies and clusters of galaxies show that we do not live in

a perfectly homogeneous and isotropic Universe. In order to obtain a more realistic description

of the Universe and its constituents we introduce perturbations around this background. As

a first approximation we can consider only linear perturbations, and predict the entire time

evolution of linear inhomogeneities at large scales, which certainly goes beyond what we can

currently observe. Higher-order perturbations are relevant to study the distribution of matter

and radiation at smaller scales, and include the effect of screening mechanisms in modified

gravity theories, but in this thesis we only focus on first-order perturbations.

1.3.2 Perturbations

In the standard cosmological model we suppose that small deviations from homogeneity and

isotropy were generated during the early Universe due to quantum fluctuations. Since gravity is

an attractive force, these small perturbations would grow in time, forming structures through

the mechanism of gravitational collapse. In this section, we present and describe the main

ingredients to analyse cosmological perturbations.

Let us consider linear perturbations of the spacetime metric and matter on a given back-

ground. In general, we can split the perturbed metric into two parts:

gµν = ḡµν + δgµν , such that |δgµν | � |ḡµν |, (1.22)

where ḡµν corresponds to the background metric and δgµν to the first order metric perturbation.

Similarly, we can write the perturbed stress-energy momentum tensor as:

T µν = T̄ µν + δT µν , such that |δT µν | � |T̄ µν |, (1.23)

where T̄ µν gives the background value and δT µν its perturbation. In general, the background

and first order terms satisfy equations (1.5) and (1.8), and thus these equations provide all

the necessary information to find the evolution of the background and perturbations (provided

some initial conditions).

We notice that once the background is fixed the system is no longer invariant under general

coordinates transformations. Instead, it is invariant only under linear infinitesimal coordinate

transformations: xµ → xµ + εµ(x), where |εµ| � |xµ| is an arbitrary perturbation. Under this

transformation the background remains unchanged but the linear perturbations transform in
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the following way:

δgµν → δgµν − ḡµβ∂νεβ − ḡβν∂µεβ + εαḡµβ ḡνγ
(
∂αḡ

βγ
)
, (1.24)

and similarly for δTµν . The derivation of this transformation of the metric can be found in

Appendix A.1. The presence of this gauge freedom means that not all apparently perturbed

metrics are physical perturbed spacetimes. For instance, a homogeneous and isotropic form of

the metric can be transformed to an inhomogeneous form by performing particular coordinate

transformations. Thus, in order to be certain whether we are considering a homogeneous and

isotropic spacetime or a perturbed one, we will need to distinguish physical inhomogeneities

(geometrical) and coordinate artifacts.

One approach to this problem is to work in a manifestly gauge-invariant framework. It

consists in defining a new set of gauge-invariant perturbation fields and rewrite all the actions

(or equations of motion) in terms of these new fields. Since, in general, not all the gauge-

invariant perturbation fields are physical, one must also find the physical degrees of freedom

by finding only relevant gauge-invariant fields which the action depends on. Another approach,

which will be adopted for the most part in this thesis, consists on fixing all the gauge freedoms

in a special way such that we eliminate all non-physical perturbation fields, and remain with

physical degrees of freedom only [37].

In the following discussion, we focus on first order perturbations in the idealised homoge-

neous and isotropic background Universe previously presented. We start by noticing that all

perturbations are a priori arbitrary, so even if the background is homogeneous and isotropic,

in general the perturbed metric is not. Usually, metric perturbations are categorised into three

different types: scalar, vector and tensor. This classification is known as the Scalar-Vector-

Tensor (SVT) decomposition and refers to the way perturbation fields transform under spatial

coordinate transformations [38]. It can be shown that, at linear order around a homogenous

and isotropic background, the three type of perturbations decouple from each other, and hence

evolve independently. This property has a particular advantage: we can simplify the original

long mathematical problem by dividing it into three shorter sets of problems for scalar, vector

and tensor perturbations.

As previously mentioned, since the metric tensor lives in a 4-dimensional spacetime and it is

symmetric, it propagates at most ten DoFs. We shall see that these ten DoFs are divided into

four scalar perturbations, two vector perturbations (that propagate two DoFs each), and one

tensor perturbations (that propagates two DoFs). Furthermore, in the standard cosmological
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model, scalar perturbations couple directly to matter, and exhibit the growing modes needed

to cause the formation of large-scale structure in the Universe. For this reason, throughout

this thesis we will mainly be interested in analysing the evolution of scalar perturbations. In

addition, vector perturbations decay in an expanding Universe and thus they do not affect

any cosmological observable in a relevant way. Finally, tensor perturbations do not couple

matter2, and thus they travel freely most of the time and describe the evolution of primordial

gravitational waves.

In what follows we present explicitly the separation into scalar, vector and tensor pertur-

bations.

Scalar Perturbations

The most general way to construct metric perturbations around the background (1.15) with

scalar perturbations is using four scalar fields Φ, Ψ, E, and B. In this case, the infinitesimal

line element of the perturbed spacetime can be written as:

ds2 = − (1 + 2Φ) dt2 + 2B,idx
idt+ a2 [(1− 2Ψ)δij + 2E,ij] dx

idxj. (1.25)

We emphasise that whereas the scale factor depends only on time, the four scalar perturbations

in general depend on space and time.

Similarly, we can write a decomposition of the perturbations for the stress-energy momentum

tensor. For a general perfect fluid, the perturbed tensor is given by:

T 0
0 = −(ρ0 + δρ); T i0 = −(ρ0 + P0)v,i;

T 0
i = (ρ0 + P0)

(
B,i + a2v,i

)
; T ij = (P0 + δP )δij, (1.26)

where there are three scalar perturbations3: the perturbed energy density δρ, the perturbed

pressure δP , and the perturbed curl-free spatial velocity of the fluid v,i. Here, spatial indices

are lowered and raised with the Kronecker delta.

We notice that the scalar perturbations defined in this section in general are not gauge

invariant. Indeed, we find that for an infinitesimal coordinate transformation the scalar fields

2They only couple to an anisotropic stress-energy tensor of matter, which is negligible at late times.

3We could in principle also add an anisotropic stress perturbation which would add a fourth scalar pertur-
bation, but we ignore it here as it is irrelevant at late times.
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transform as:

Φ→ Φ− π̇; Ψ→ Ψ +Hπ; B → B + π − a2ε̇; E → E − ε, (1.27)

δρ→ δρ− πρ̇0; δP → δP − πṖ0; v → v + ε̇, (1.28)

where we have also used the SVT decomposition for the gauge parameter εµ in such a way that

its scalar components are explicitly given by:

εµ = (π, ε,i). (1.29)

Now that we have decomposed the metric and the stress-energy tensor we can write the

equation of motion for perturbations. Replacing expressions (1.25)-(1.33) into eq. (1.5)-(1.8),

and choosing the Newtonian gauge E = B = 0, we find a set of equations that when combined

lead to:

∇2Ψ = 4πGρ0∆M; Φ = Ψ, (1.30)

where ∆M = δρ/ρ0 + ρ̇0/ρ0a
2v is a gauge-invariant matter density perturbation field. Here,

the first equation is known as the Poisson equation, and shows explicitly how the metric scalar

perturbations are coupled to the matter density perturbation, which is responsible for the

formation of the observed large-scale structures today.

Vector Perturbations

Metric vector perturbations can be constructed by using two vectors that live in the 3-dimensional

space: Si and Fi. These vectors satisfy the following condition:

Si
,i = Fi

,i = 0, (1.31)

which states that these two vectors have no scalar contributions, and then they carry only two

independent DoFs each. Specifically, the infinitesimal line element of the perturbed spacetime

can be written as follows:

ds2 = −dt2 − 2Sidx
idt+ a2 [δij + Fi,j + Fj,i] dx

idxj. (1.32)

For a perfect fluid, there will be only one vector perturbation: the divergence-free spatial

velocity of the fluid vT i, such that vT ii = 0. Specifically, the stress-energy tensor can be written
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as:

T 0
0 = −ρ0; T i0 = −(ρ0 + P0)vT i;

T 0
i = (ρ0 + P0)

(
Si + a2vTi

)
; T ij = P0δ

i
j. (1.33)

From the Einstein field equations we can find that the three vector perturbations, Si, Fi and vT i,

couple to each other but there is only one physical vector DoF propagating, namely the velocity

of the fluid. The amplitude of this perturbation decays as the Universe expands, so it could only

be observable today if its initial amplitude was so large that it completely spoiled the isotropy

of the very early Universe. However, in an inflationary Universe there is no room for such large

primordial vector perturbations and hence vector perturbations are not cosmologically relevant

(see [39]).

For completeness, we mention that in general vector perturbations are not gauge invariant.

Indeed, under infinitesimal coordinate transformations they transform as:

Fi → Fi − εTi ; Si → Si + a2ε̇Ti ,

vT i → vT i + ε̇T i, (1.34)

where we have decomposed the gauge parameter in its vector part as εµ = (0, εT i), such that

εT i,i = 0.

Tensor perturbations

Tensor perturbations can be constructed by using one 3-dimensional spatially symmetric tensor

hij, which satisfies:

hi
i = 0; hij

,i = 0. (1.35)

These two conditions ensure that this tensor does not have any scalar or vector contributions,

and hence carries only two independent DoFs. In this case, the infinitesimal line element of

spacetime can be written as:

ds2 = −dt2 + a2 [δij + hij] dx
idxj. (1.36)

A perfect fluid does not have any tensor perturbation (unless it has anisotropic stress), and

thus hij does not couple with matter. From the Einstein field equations we find the following
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equation of motion for hij:

ḧij + 3Hḣij −
1

a2
∂k∂khij = 0 (1.37)

which has oscillatory solutions that describe the propagation of primordial gravitational waves.

Finally, we mention that tensor perturbations do not transform under infinitesimal coordinate

transformations, and hence they are gauge-independent fields.

To finish this section, we note that in order to completely fix the solutions for scalar, vector

and tensor perturbations we need initial conditions. These are provided by the inflationary

theory, which describes an early period of accelerated expansion of the Universe when the Uni-

verse was dominated by a scalar field: the inflationary field or inflaton. Quantum fluctuations

in the metric and the scalar field created small inhomogeneities and sourced primordial matter

perturbations and gravitational waves. This inflationary model predicts nearly scale-invariant

initial conditions for perturbations, which agree with observations from the Planck Satellite on

the CMB and large-scale matter distribution [40].

So far, perturbation theory in the ΛCDM model agrees with all cosmological data, specifi-

cally on the statistical distribution of matter and light in the Universe, with only mild tensions

between Planck and other astrophysical observations [32]. However, as previously mentioned,

there are fundamental unanswered questions regarding the origin of dark matter and dark en-

ergy. Furthermore, the inflationary theory has also been criticised for assuming the presence

of an as of yet unobserved scalar field with very specific properties and the need of fine-tuned

initial conditions [41, 42]. In addition, questions have arisen regarding the validity of usual

inflation and the presence of observable trans-Planckian scales [43]. As previously mentioned,

these issues, and specially the dark energy, have driven the production of many modified gravity

theories in the last decades. In the next section we discuss the cosmological constant problem

as well as the main characteristics that most alternative gravity theories have.

1.4 Modified gravity

The cosmological constant is one of the central topics of cosmology nowadays, and the main

motivation to consider modified gravity theories. It is only visible at large scales, where the

curvature is small enough (i.e. R ≤ 2Λ), and thus it can only be probed cosmologically. As

shown in the previous sections, the cosmological constant drives the present accelerated expan-

sion of the Universe. Observations show that the cosmological constant represents about 69%

of all the energy content of the Universe, and its measured value is Λ ∼ 10−123M2
P. According
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to standard lore, this measured constant is an effective cosmological constant that has a contri-

bution from a geometrical constant (inserted ad hoc into the Einstein-Hilbert action) and the

gravitating quantum vacuum energy of all particles in the standard model of particle physics.

However, estimates of this vacuum energy with Quantum Field Theory give a value more than

50 orders of magnitude larger than the measured cosmological constant [44]. This results in

a fine-tuning problem, in which the geometrical constant must cancel out to a high degree of

accuracy the vacuum energy in order to lead to the measured value of the effective cosmological

constant, even though, a priori, they are independent from each other. This issue constitutes

the so-called cosmological constant problem and is one of the most important challenges in

theoretical cosmology nowadays.

Furthermore, it has been observed that the fractional energy densities of the effective cos-

mological constant and non-relativistic matter are comparable at present. However, since the

latter evolves in time as ρ ∼ a−3, the period of time in which these two are comparable is

extremely short. This constitutes the so-called coincidence problem and has been explained

so far by assuming that we are privileged observers, living in a special time. This assump-

tion however, is contrary to the previously mentioned Cosmological Principle. Therefore, even

though the cosmological constant provides a simple way of recreating the current accelerated

expansion of the Universe, it poses major theoretical issues.

In the last decades there has been a number of proposals to avoid the cosmological constant

and coincidence problems with modified gravity theories, in which dynamical mechanisms can

create an accelerated expansion of the Universe. Usually, we can distinguish two types of gravity

models: those where the matter stress-energy tensor is modified in such a way that the equation

of state approaches w ' −1 at late times, and those where the left-hand side of the Einstein

field equations is modified. The former type of models are commonly known as dark energy

theories of gravity, and the latter ones as modified gravity theories. While there are models

which unambiguously belong to one category or the other, in reality there is a continuum of

models between the two types (see [45] for a review). For this reason, the division between

these two classes is a matter of personal preference and in this thesis we will be generically

referring as modified gravity theories to any modification to GR and the ΛCDM model.

Before discussing some general characteristics of modified gravity theories, it is interesting

to mention that modifications of gravity have an old history. In fact, one of the events that

led to the success of GR was that the accepted theory of gravity at the time – Newton’s law of

Universal attraction – did not describe gravity properly in certain regimes. In the 19th century,

Newtonian gravity predicted only half of the observed advance angle of precession of Mercury’s
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orbit. At the time, the mathematician Le Verrier hypothesised the presence of a new planet

– Vulcan – perturbing Mercury’s orbit and hence responsible for this discrepancy. Vulcan was

never found, and the solution was actually found in the early 20th century when Einstein

showed that GR could predict exactly the observed amount of advance of Mercury’s perihelion,

without any recourse to additional planets. Therefore, it was then found that gravity needed

to be modified: while Newtonian gravity was very accurate in the regime of small velocities

and weak fields, it did not describe appropriately gravitational forces at larger velocities and

stronger fields.

In general, modified gravity theories can be constructed in different ways and in order to

understand how they can modify GR it is important to mention Lovelock’s theorem [46, 47].

This theorem states the following:

“In four dimensions, the only local diffeomorphism invariant action which leads to

2nd order field equations of motion and which depends only on a metric is a linear

combination of the Einstein-Hilbert action with a cosmological constant up to a total

derivative.”

This theorem shows that in order to modify GR we can change the dimensions of spacetime,

consider non-local terms, change the number of degrees of freedom (or fields), give up diffeomor-

phism invariance, and/or add higher derivatives. In many cases these changes are degenerate,

and for this reason many modified gravity theories perform more than one change. For instance,

as we will see in the next section, massive gravity breaks diffeomorphism invariance and also

propagates more degrees of freedom than GR.

Once we have considered a certain modification of gravity, we need to assess its viability. In

general, any model must pass certain theoretical consistency checks and also satisfy observa-

tional constraints. The main theoretical requirements on any modified gravity theory are that

it is free from unstable degrees of freedom, such as ghosts, gradient, or tachyon instabilities.

In general, any of these instabilities can make cosmological perturbations grow too fast, and

either invalidate the perturbative approach taken in the previous section or simply not fit data.

Furthermore, ghosts are particularly dangerous because they are modes with negative kinetic

energy, and hence make any vacuum state unstable as an arbitrary number of these modes can

be produced. For this reason, special care must be taken when considering higher-derivative

gravity theories, as Ostrogradsky’s theorem [48] tells us that equations of motion with higher

than second derivatives will lead to a Hamiltonian which is unbounded from below due to the

presence of ghosts.
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Regarding observational constraints, modified gravity theories need to first reproduce the

success of GR on small scales, specifically from Solar System experiments. However, many

theories propagate an extra scalar field that couples (directly or indirectly) to matter and thus,

a priori, modifies gravity by producing a fifth force. On the one hand, this fifth force could be an

advantage and modify GR on cosmological scales, potentially driving the late-time accelerated

expansion of the Universe without a cosmological constant. On the other hand, this fifth force

could also affect predictions at small scales, but models must reduce to GR in this regime as

any modification is severely constrained by experimental data. In fact, typically the strength

of the fifth force is required to be orders of magnitude weaker than gravity at small scales.

For this reason, most modified gravity theories are equipped with a mechanism that suppresses

the effect of the scalar field in the Solar System, called screening mechanism. This is done

by making some property of the scalar field dependent on the background environment under

consideration. Next, we summarise the three main types of screening mechanisms (see [49, 50]

for a detailed review):

1. Chameleon.

In the Chameleon mechanism the scalar field has a mass that depends on its environment

in such a way that it becomes heavy in dense environments, such as in the Solar Sys-

tem. This makes the Compton wavelength of this mode small, and hence effectively an

undetectable short-range force. On the contrary, around diffuse environments, the scalar

field becomes light with a large Compton wavelength. In this case, the mode becomes

detectable and potentially relevant for cosmological observations.

2. Symmetron.

In the Symmetron mechanism the scalar field has a potential that is density-dependent,

which effectively changes the coupling to matter. In dense environments the vacuum

expectation value of the potential is near zero, and thus the field does not couple to matter.

As the density drops, the potential undergoes a spontaneously symmetry-breaking phase

and takes a non-zero expectation value, resulting in a coupling between the scalar field

and matter.

3. Vainshtein.

In the Vainshtein mechanism the scalar field has non-linear kinetic terms. These terms

become large at small scales and effectively make negligible the coupling to matter (and

hence the fifth force). At large scales these non-linear terms become negligible and the
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fifth force becomes relevant, inducing potential modifications at cosmological scales. As

we will mention in the next section, the scale at which the fifth force starts getting

suppressed is known as the Vainshtein radius.

We emphasise that, by construction, all these screening mechanisms operate in the regime

of non-linear perturbations. Therefore, even though they play an important role in the analysis

of viable modified gravity theories, we will not consider them further in this thesis as we will

focus on cosmological scales where perturbations are linear.

Modified gravity theories also need to fit cosmological data, and whereas many models can

reproduced exactly the same evolution for a homogeneous and isotropic Universe as ΛCDM,

they usually differ in the evolution of cosmological perturbations. For instance, in the Dvali-

Gabadadze-Porrati (DGP) gravity model, the rate of structure formation can differ from other

models by a few percent for identical Hubble functions [51]. Therefore, cosmological perturba-

tions provide a relevant tool for discriminating between gravity theories, and potentially support

or refute some of them. For this reason, this thesis is mainly concerned with predictions on the

evolution of perturbations of gravity theories.

Even though the CMB plays an essential role in constraining cosmological perturbations,

most of the focus is currently going to galaxy surveys and weak lensing data, in which one of

the key probes will be the growth-rate of large scale structures, defined as:

f =
d ln ∆M

d ln a
. (1.38)

As we showed in the previous sections, the evolution of ∆M depends on the gravitational

potentials, and if there is any presence of fifth force, then the growth rate f will change. A

number of experiments will come online within the next decade, including Euclid, DESI, SKA,

LSST and WFIRST, which will allow us to make important improvements in constraints on

gravity at large scales. Indeed, current attempts on constraining gravity models have shown

that present data is not conclusive yet [52]. We note that it has been suggested that there might

be some evidence for deviations from GR, but the systematic uncertainties in the experimental

data are too large to consider such deviations conclusive [53]. From all the future combined

data, preliminary studies [54–58] have shown that we could improve the precision on modified

gravity constraints by order 10. Therefore, over time we expect to see a dramatic increase in the

precision with which we can constrain gravity on cosmological scales, and the work presented in

this thesis aims to analyse models and develop tools to test gravity at large scales in preparation

for future data.
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CHAPTER 2

Massive bigravity

The history of massive gravity dates back to 1939, when Fierz and Pauli developed the linear

theory of a massive spin-2 field in Minkowski space [59]. It consists of a covariant quadratic

action, known as the Fierz-Pauli action, describing a free massive graviton which propagates five

degrees of freedom – namely, modes with helicity ±2, ±1 and 0. This action is the only possible

instability-free quadratic action for a massive graviton [60]. In this chapter we show explicitly

this action and some of its properties. We show that in the presence of matter, the Fierz-Pauli

action exhibits the so-called van Dam, Veltman, Zakharov (vDVZ) discontinuity [61,62], which

arises when taking the massless limit as, contrary to expectations, the model does not reduce to

the theory of a massless graviton (that is, GR). This happens because in this limit the helicity-0

mode still propagates and couples to the trace of the stress-energy tensor, hence modifying the

behaviour of matter.

We then focus on non-linear completions of the Fierz-Pauli action. Non-linear massive

gravity theories (that reduce to the Fierz-Pauli action at the linear level) were studied exten-

sively following the non-linear proposal by Vainshtein in 1972 [63]. It was then argued that

non-linearities could cure the vDVZ discontinuity as non-linear interactions would become com-

parable to the linear terms for small values of m. Such non-linear interactions would give rise

to a screening of the helicity-0 mode at small scales, rendering the theory compatible with Solar

System tests of gravity [63,64]. Despite this resolution of the vDVZ discontinuity, Vainshtein’s

model was flawed as it contained an instability, a Boulware-Deser ghost [65], i.e. an extra scalar

degree of freedom whose kinetic term had the wrong sign.

Finally, in this chapter we show the most successful current non-linear theory of massive

gravity. In 2010 major progress was made when a particular family of ghost-free interaction

potentials was constructed by de Rham, Gabadadze and Tolley in [66] and confirmed to be

ghost-free by Hassan and Rosen in [67] (see also [68]). dRGT massive gravity [69–71], as it
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is known, contains the spacetime metric gµν as well as a fixed non-dynamical second metric

fµν . A bimetric ghost-free extension of the dRGT massive gravity was proposed by Hassan and

Rosen in [72] (see also [73]), where the new metric fµν is also dynamical. For a more detailed

review on massive gravity and its origins, see [74,75].

2.1 Linear massive gravity

Let us start constructing the linear action for a massless graviton. Consider a symmetric

Lorentz spin-2 field hµν in 4-dimensional Minkowski space. It has been previously shown that

the most general local covariant quadratic kinetic Lagrangian that avoids the propagation of

unstable degrees of freedom (modulo boundary terms and an overall normalisation factor) is

given by:

LGR,L = −1

4
hµν Êαβµν hαβ, (2.1)

where Ê is known as the Lichnerowicz operator and it is given by:

Êαβµν hαβ = −1

2

[
�hµν − 2∂(µ∂αhν)

α + ∂µ∂νh− ηµν
(
�h− ∂α∂βhαβ

)]
, (2.2)

where we raise and lower indices with the Minkowski metric, also h = hµµ is the trace of the

tensor field, and � = ∂µ∂µ is the d’Alembert operator. This action corresponds to the linearised

Einstein-Hilbert action around Minkowski space when the metric is expanded as:

gµν = ηµν +
1

MP

hµν ; hµν/MP � ηµν , (2.3)

and only quadratic terms in hµν are kept in the action. Therefore, we conclude that, as in GR,

the field hµν describes a massless graviton and hence propagates only two polarisations and the

action is invariant under linearised diffeomorphism transformations:

hµν → hµν + ∂µεν + ∂νεµ. (2.4)

We note that diffeomorphism invariance plays a crucial role as it ensures that the action does

not propagate an unstable mode, known as Boulware-Deser ghost [65]. In other words, if

the action was not diffeomorphism invariant it would propagate a ghost, which would be an

additional physical degree of freedom with a wrong sign in its kinetic term in the action. The

presence of such a ghost leads to a Hamiltonian which is unbounded from below, which renders

32



quantum vacua unstable as states with arbitrarily negative energy can be created.

Next, let us consider the possibility of giving a mass to the graviton. In order to do this

we add non-derivative terms to the action in eq. (2.1). A priori, we could write two kind of

interactions:

Lm = −1

8
m2
(
hµνhµν − ah2

)
, (2.5)

where m is a mass parameter and a is a free dimensionless constant. It is possible to show

that the entire Lagrangian LGR,L + Lm propagates six degrees of freedom, one of which is a

Boulware-Deser ghost. In order to avoid the presence of this unstable mode we can only choose

a = 1, in which case eq. (2.5) simply reduces to:

LFP,m = −1

8
m2
(
hµνhµν − h2

)
, (2.6)

which is known as the Fierz-Pauli mass term. The total Fierz-Pauli Lagrangian is the given by

LFP = LGR,L + LFP,m, whose equations of motion are given by:

(
�−m2

)
hµν = 0; ∂µhµν = 0, ; h = 0. (2.7)

From here we can identify m as the mass of the graviton and we can see that the field hµν prop-

agates now only five degrees of freedom (instead of six)1, corresponding to the five polarisations

of a massive graviton: the helicity-0, ±1 and ±2 modes.

We note that the presence of the mass terms now breaks the gauge symmetry of the Einstein-

Hilbert action shown in eq. (2.4), while Lorentz invariance is still preserved. An important

consequence of this is that the mass parameter m is technically natural, i.e. it is stable under

quantum corrections because these corrections are proportional to the parameter m itself [74,

75]. This means that even if this parameter is set to a very small value (which might be needed

if this theory is expected to describe a modified gravity theory explaining the cosmological

constant problem), there is no fine-tuning problem. In general, we say that a small parameter

is technically natural if there is a symmetry that appears as the small parameter is set to

zero. In the case of massive gravity, this symmetry is linearised diffeomorphism invariance that

protects a zero value of the mass from quantum corrections.

The construction of an action for a massive spin-2 field is interesting already from a particle

1Explicity, the field hµν in principle has ten independent DoFs because it is a 4D symmetric tensor. However,
from eq. (2.7) we see that it is traceless and divergenceless, and hence it satisfies five constraints that reduce
the total number of DoFs to five.
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physics point of view, but in this thesis we will focus on considering such action as a candidate

for a gravity theory. If we were to consider a massive graviton to be the mediator of the

gravitational force we would need first to find how this field interacts with matter. Let us

consider a linear coupling to matter:

LM =
1

2MP

hµνT
µν , (2.8)

where T µν is the energy-momentum tensor of some external source. In this case, it was shown

that this model exhibits a discontinuity – the vDVZ discontinuity [61, 62] – which refers to

the fact that in the m → 0 we do not recover the model of a massless graviton, that is GR.

Indeed, calculations have shown that in this limit the model predicts a magnitude of the light

bending angle around a point source that is 25% smaller than in GR [74]. At first sight, this

discontinuity might seem odd as by taking that limit we make LFP,m = 0 and the Fierz-Pauli

actions reduces to the Einstein-Hilbert action of GR. However, this limit is not smooth as

degrees of freedom are lost in the process. The correct way of taking the limit is by performing

the so-called Stueckelberg trick. As we shall see in a moment, this trick makes explicit the

origin of the discontinuity: the massless limit of massive gravity is not massless gravity (GR),

but rather massless gravity plus extra degrees of freedom, which correspond to a massless vector

and a massless scalar fields. While this massless vector propagates freely (without any coupling

to the graviton or matter), the scalar does couple to the trace of the energy momentum tensor,

hence changing the behaviour of matter and causing the vDVZ discontinuity.

The main idea behind the Stueckelberg trick is that gauge freedoms are not physical, but

instead simply a redundancy in the description of a given system. Thus, we notice that Fierz-

Pauli action previously given is not explicitly gauge invariant but this symmetry can be restored

by introducing redundant fields. Let us introduce two redundant fields Aµ and φ, known as the

Stueckelberg fields, by performing the following replacement in the Fierz-Pauli action2:

hµν → hµν +
2

m
∂(µAν) +

2

m2
∂µ∂νφ. (2.9)

2Notice that in this field replacement we have renormalised the fields Aµ and φ with powers of m in such
a way that these fields are canonically normalised in the resulting action. This renornalisation is crucial as,
even though the transformation becomes singular in the m→ 0 limit, it allows us to take a smooth limit in the
action when m→ 0.
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In this case, the total Fierz-Pauli Lagrangian LFP, including matter, becomes:

L = −1

4
hµν Êαβµν hαβ −

1

8
m2
(
hµνhµν − h2

)
− 1

2
F µνFµν −

1

2
hµν (Πµν − Πηµν)

−m (hµν − hηµν) ∂µAν +
1

2MP

hµνT
µν − 1

m

2

MP

Aµ∂νT
µν +

1

m2

1

MP

φ∂µ∂νT
µν , (2.10)

where we have defined Fµν = ∂[µAν], Πµν = ∂µ∂νφ, and Π as the trace of Πµν . This action is

now invariant under the following gauge transformations:

δhµν = ∂µεν + ∂νεµ; δAµ = −m
2
εµ + ∂µΛ; δφ = −2mΛ, (2.11)

where εµ and Λ are arbitrary gauge parameters. These transformations correspond to linearised

diffeomorphisms with a U(1) symmetry. We emphasise that eq. (2.10) has the exact same

physical information as the previously shown Fierz-Pauli Lagrangian, and the difference lies in

the presence of gauge symmetries.

As mentioned in the previous chapter in eq. (1.8), in GR all matter sources are covariantly

conserved as that is a consistency condition. In massive gravity this is not the case, and matter

could well be or not be conserved. However, since any known form of matter is indeed conserved,

we impose conservation of matter as an external equation to be satisfied: ∂νT
µν = 0. In this

case, we take the m→ 0 limit of eq. (2.10) and find that the Lagrangian becomes:

L = LGR,L(h)− 1

2
F µνFµν −

1

2
hµν (Πµν − Πηµν) +

1

2MP

hµνT
µν , (2.12)

where LGR,L(h) is the Lagrangian in eq. (2.1) for the field hµν . From here we see that the

model propagates one tensor, one vector and one scalar field, and thus, after performing the

Stueckelberg trick, the massless limit is smooth because the number of degrees of freedom is

conserved. In addition, we see that the vector field has become a free field, but the tensor and

scalar fields are still mixed. In order to see explicitly how fields interact with each other and

matter, let us perform the following field redefinition:

hµν = h′µν + φηµν , (2.13)

so the Lagrangian in eq. (2.12) becomes unmixed:

L = LGR,L(h′)− 1

2
F µνFµν −

3

4
∂µφ∂

µφ+
1

2MP

h′µνT
µν +

1

4MP

φT, (2.14)
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where T is the trace of the energy-momentum tensor. As we can see, matter is coupled to a

massless graviton but also to the scalar mode φ that corresponds to the helicity-0 mode of the

massive graviton. Due to the presence of this extra scalar-matter coupling this model does not

reduce to GR in the massless limit. A resolution to the vDVZ discontinuity is provided by

the Vainshtein screening mechanism [63] which involves including non-linear kinetic terms in

the action. In the limit m → 0, these non-linear terms screen the effects of the troublesome

helicity-0 mode. This mechanism highlights the importance of constructing an appropriate

non-linear theory of massive gravity, which is the main topic of the next section.

2.2 Non-linear massive gravity

The development of a non-linear theory for a massive graviton started with the proposal of

Vainshtein in 1972 [63]. He suggested the following simple extension to the Fierz-Pauli La-

grangian:

L =
M2

P

2

√
−gR− 1

8
m2ηαµηνβ (hµνhαβ − hµαhνβ) , (2.15)

where the metric gµν is related to the tensor hµν through the relation gµν = ηµν + hµν/MP.

Vainshtein found spherically symmetric solutions around a point object of mass M , and showed

that for r � rV the linear terms dominate and for r � rV the non-linear terms dominate, where

r is the distance to the source and rV is given by:

rV =

(
GM

m4

)1/5

, (2.16)

where G is the gravitational Newton’s constant. This radius is known as the Vainshtein radius,

and determines when non-linearities become relevant. In the limit m→ 0, we see that rV →∞,

and thus the non-linear terms always dominate, and hence there is no regime in which we

can trust the Fierz-Pauli theory. This suggests that the vDVZ discontinuity is an artifact

of the linear perturbation theory, but the solutions to the full non-linear theory should be

smooth in that limit. In fact, the correct limit of GR should be in the regime where the non-

linearities dominate, i.e. for r � rV at distances near the source, whereas modifications to GR

should appear far away from the source where the description is given by the linear theory.

This dynamical mechanism in which GR can be restored due to non-linearities is known as

the Vainshtein mechanism, and it happens because the non-linear kinetic terms in eq. (2.15)

suppress the coupling between the helicity-0 mode and external matter, making it effectively

negligible.
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In 1972 Boulware and Deser [65] studied this and other specific non-linear extensions to

the Fierz-Pauli theory, and showed that they propagated six degrees of freedom – namely, five

polarisations of the massive graviton and one extra Boulware-Deser ghost. This ghost would

be infinitely heavy on flat backgrounds, and hence would not be excited in Minkowski space,

and would not propagate in the Fierz-Pauli theory. However, the ghost would become light

and hence propagate around nontrivial solutions [70], including cosmological backgrounds [76]

and weak-field solutions around static matter [77–79], rendering these models unstable. The

presence of this ghost became the main obstacle in the process of building non-linear massive

gravity for four decades. Furthermore, other pathologies such as strong classical non-linear

couplings and a very low cutoff energy for the theory (determining its region of trustability)

also came into play.

In 2010 considerable progress was made with the first ghost-free proposal by de Rham,

Gabadadze, and Tolley [66] of a non-linear massive gravity theory, known as dRGT massive

gravity. This model was motivated by constructions of massive gravity with auxiliary extra

dimensions [80], and its action is explicitly given by:

S =
M2

g

2

∫
d4x
√
−gR(g)−m2M2

g

∫
d4x
√
−g

4∑
n=0

βnen

(√
g−1f

)
, (2.17)

where gµν is a dynamical metric with a Ricci scalar R(g), whereas fµν is a fixed reference

metric. Here we have that βn are free dimensionless coefficients, while Mg, and m are arbitrary

mass scales (although it is customary to set Mg = MP). In addition, this action contains

interactions between both metrics, which are expressed in terms of the functions en

(√
g−1f

)
,

which correspond to the elementary symmetric polynomials of the eigenvalues λn of the matrix√
g−1f , which satisfies

√
g−1f

√
g−1f = gµλfλν

3. Explicitly, the functions en(X) are given by:

e0 = 1,

e1 = [X],

e2 =
1

2
([X]2 − [X2]),

e3 =
1

6
([X]3 − 3[X][X2] + 2[X3]),

e4 = det(X) =
1

24
([X]4 − 6[X]2[X2] + 3[X2]2 + 8[X][X3]− 6[X4]), (2.18)

3Note that there is an ambiguity in
√
g−1f , as different matrices may result in gµλfλν when squared.

37



where X is a matrix and [X] stands for the trace of X. From these functions we notice that the

terms β0 and β4 in eq. (2.17) simply describe the presence of cosmological constant terms for

each metric, whereas the parameters β1,2,3 describe genuine interactions between both metrics.

dRGT massive gravity has been studied in detail and it has been proved to be fully ghost free

by Hassan and Rosen in [67] (see also [68]). Therefore, it propagates only five degrees of freedom,

corresponding to the five polarisations of a massive graviton. In addition, it also equipped with

the Vainshtein mechanism, and thus reduces to GR in the massless limit. However, this model

is not renormalisable, that is, it contains non-renormalisable operators suppressed by a scale

given by:

Λ3 =
(
Mgm

2
)1/3

. (2.19)

Scattering amplitudes are proportional to powers of (E/Λ3), where E is the energy of the sys-

tem. Thus, these amplitudes become order one and strongly coupled when E ∼ Λ3, and hence

perturbative unitarity is broken at that scale. For this reason, massive gravity is considered to

be an effective field theory with a cutoff scale given by Λ3
4. As an estimation, if Mg = MP and

m ∼ H0 ∼ 10−33eV (in order to make the mass relevant at cosmological scales), Λ3 ∼ 10−13.

We notice that, similarly to the Fierz-Pauli action, massive gravity is not diffeomorphism

invariant. This is due to the fact that the reference metric fµν is fixed and thus it does not

transform under a change of coordinates, hence making the potential interactions in eq. (2.17)

not invariant. However, there is a natural extension to this theory in which the reference metric

fµν is indeed promoted to be a dynamical field. This extension is called massive bigravity and

it is manifestly diffeomorphism invariant.

Massive bigravity is a bimetric theory of gravity proposed by Hassan et. al. in [72], and its

action is given by:

S =
M2

g

2

∫
d4x
√
−gR(g) +

M2
f

2

∫
d4x

√
−fR(f)−m2M2

g

∫
d4x
√
−g

4∑
n=0

βnen

(√
g−1f

)
.

(2.20)

Here we have two dynamical metric fields: gµν and fµν , with their associated Ricci scalars R(g)

and R(f) and mass scales Mg and Mf , respectively. Massive bigravity has the same potential

interactions as dRGT massive gravity, and thus is also free from the Boulware-Deser ghosts.

4Strictly speaking, Λ3 is the strong coupling scale of dRGT massive gravity, but not necessarily its cutoff
scale. The cutoff of a theory corresponds to the scale at which the given theory breaks down and new physics
is required to describe nature. However, in the case of massive gravity we only know that perturbation theory
breaks down at Λ3, and whether new physics come into play is not yet known. In most cases both scales coincide
(like in GR) but examples of theories in which the strong and cutoff scales differ from each other have been
found [81].
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However, it propagates more degrees of freedom: five polarisations of a massive graviton and

two of a massless graviton. In order to illustrate this we calculate the quadratic action of

massive bigravity around Minkowski space. We start by considering linear perturbations of

both metrics:

gµν = ηµν +
1

Mg

hµν ;
1

Mg

hµν � ηµν ,

fµν = ηµν +
1

Mf

lµν ;
1

Mf

lµν � ηµν , (2.21)

where hµν and lµν are perturbations to be kept only up to second order in eq. (2.20). For

simplicity, we consider the so-called “minimal model”, where β0 = 3, β1 = −1, β2 = β3 = 0

and β4 = 1. In this case, the quadratic action for both perturbations is given by:

S = −
∫
d4x

{
1

4
hµν Êαβµν hαβ +

1

4
lµν Êαβµν lαβ

+
1

8
m2M2

eff

[(
hµν
Mg

− lµν
Mf

)(
hµν

Mg

− lµν

Mf

)
−
(
h

Mg

− l

Mf

)]}
, (2.22)

where we have defined an effective mass M−2
eff = M−2

g + M−2
f , and h and l denote the trace of

the perturbations hµν and lµν , respectively. We notice that indices for both metrics are raised

and lowered with the background Minkowski metric. From eq. (2.22) we see that we have two

linearised Einstein-Hilbert kinetic terms for each metric, as well as two mixed Fierz-Pauli-like

mass terms. The mixed terms can be diagonalised by performing the following field redefinition:

uµν
Meff

=
hµν
Mg

+
lµν
Mf

;
vµν
Meff

=
hµν
Mg

− lµν
Mf

. (2.23)

Action (2.22) in terms of the fields uµν and vµν becomes:

S = −
∫
d4x

{
1

4
uµν Êαβµν uαβ +

1

4
vµν Êαβµν vαβ +

1

8
m2
[
vµνvµν − v2

]}
, (2.24)

where v denotes the trace of the field vµν . From here it is clear that this model propagates one

massless graviton, described by the field uµν , and one massive graviton of mass m, described

by vµν . We emphasise that the last term in this action has the Fierz-Pauli structure and thus

it is free of ghosts.

As previously mentioned, massive bigravity is now manifestly invariant under coordinate
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transformations xµ → x̃µ(x)

g̃µν(x̃) =
∂xα

∂x̃µ
∂xβ

∂x̃ν
gαβ(x); f̃µν(x̃) =

∂xα

∂x̃µ
∂xβ

∂x̃ν
fαβ(x). (2.25)

We emphasise that, due to the potential interactions, there is only one copy of diffeomorphism

invariance, i.e. both metrics transform with the same coordinate transformation. We note

that even though massive bigravity is diffeomorphism invariant, the mass parameter m is still

technically natural as its quantum corrections are protected by a second copy of coordinate

transformations (that is recovered when m = 0). In addition, we mention that massive bigravity

is also considered to be an effective field theory, and has the same strong coupling scale Λ3 as

massive gravity.

Next, we discuss how to couple matter to gravity. Whereas in massive gravity it seems nat-

ural to couple matter to the dynamical metric gµν (although alternatives have been considered

as well [82–105]), in massive bigravity it is not clear. As a first analysis, in the next chapter we

consider the case in which matter is minimally coupled to gµν only:

SM =

∫
d4x
√
−gLM, (2.26)

where LM is some matter Lagrangian. Therefore, gµν describes the evolution of spacetime. In

this case, as shown in [71], the equations of motion for gµν and fµν are given by:

R(g)µν −
1

2
gµνR(g) +

m2

2

3∑
n=0

(−1)nβn

[
gµλY

λ
(n)ν

(√
g−1f

)
+ gνλY

λ
(n)µ

(√
g−1f

)]
=
Tµν
M2

g

,

(2.27)

R(f)µν −
1

2
fµνR(f) +

m2

2M2
∗

3∑
n=0

(−1)nβ4−n

[
fµλY

λ
(n)ν

(√
f−1g

)
+ fνλY

λ
(n)µ

(√
f−1g

)]
= 0,

(2.28)

where we have defined M2
∗ ≡M2

f /M
2
g , and we have used the following relation for the interaction

terms:

√
−g

4∑
n=0

βnen

(√
g−1f

)
=
√
−g

4∑
n=0

βn
e4−n

(√
f−1g

)
det
(√

g−1f
) =

√
−f

4∑
n=0

β4−nen

(√
f−1g

)
, (2.29)

where the matrix
√
f−1g is the inverse of

√
g−1f . Note that to satisfy this relation we need

to have
√
−g det(

√
g−1f) =

√
−f . Otherwise, we would have a minus sign in the RHS of
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eq. (2.29), and hence a minus sign in the interaction terms of eq. (2.28). In addition, we have

defined the matrices Y λ
(n)µ(X) as:

Y(0) =I,

Y(1) =X− I[X],

Y(2) =X2 − X[X] +
1

2
I
(
[X]2 − [X2]

)
,

Y(3) =X3 − X2[X] +
1

2
X
(
[X]2 − [X2]

)
− 1

6
I
(
[X]3 − 3[X][X2] + 2[X3]

)
, (2.30)

where I is the identity matrix. In addition, we have to complement the gravitational equations

(2.27)-(2.28) with a matter equation. In massive bigravity, due to the presence of diffeomor-

phism invariance, matter conservation is satisfied:

∇µ
gTµν = 0, (2.31)

where ∇µ
g is the covariant derivative with respect to the metric gµν . Contrary to GR, this

equation does not follow from the conservation of the equations of motion. Indeed, if we take

the covariant derivative of the equations of motion (2.27)-(2.28) we find that the derivatives of

the interaction terms do not vanish, and in fact they lead to a set of consistency constraints

which will be referred to as Bianchi constraints.

To summarise, in this chapter we have briefly reviewed the history of massive bigravity.

The linear theory for a massive graviton is given by the Fierz-Pauli action, which propagates

five polarisations of a spin-2 particle with mass m. This linear model presented a discontinuity

in the limit m→ 0, known as the vDVZ discontinuity, which could be solved by means of the

Vainshtein mechanism. In this mechanism non-linear interactions play a crucial role as they

are the ones dominating the massless limit, hence rendering the linear theory inappropriate to

describe this limit. In general, these non-linear interactions introduce a Boulware-Deser ghost;

a degree of freedom with negative kinetic energy that makes the model unstable. However,

specific non-linear terms can be constructed to avoid this ghost, which are the ones given in the

dRGT action. This action incorporates the presence of a fixed reference metric, but a natural

extension can be made by promoting it to a dynamical field. The resulting model is massive

bigravity, a theory that propagates one massive graviton and one massless graviton. In the

next chapter we focus on analysing cosmological solutions in massive bigravity.
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CHAPTER 3

Cosmological perturbations in massive bigravity

Massive bigravity, as proposed by Hassan and Rosen in [72], is an alternative to general rela-

tivity, and an extension of the dRGT massive gravity [66]. One of the main attractions of this

model is that it can predict viable cosmological homogeneous and isotropic solutions with late

time self-acceleration without including a cosmological constant. Furthermore, if one assumes

the presence of a large vacuum energy in this model, it has been argued that an appropriate

value for the graviton’s mass may lead to screening of long wavelength modes, reconciling the

value of the measured cosmological constant with quantum field theory [74]. As such, massive

bigravity seems to be an appealing candidate for a theory of the Universe.

Massive bigravity has five more degrees of freedom than general relativity – due to an extra

massive graviton propagating – which could be a source of concern. Only recently has GR

been shown to be well-behaved, i.e. that the initial value problem is sufficiently well posed

that the theory can be considered classically predictive [106]. With an extra five degrees of

freedom, it is conceivable that massive bigravity will not be as obliging. A possible hint of

there being any problem would be the presence of classical instabilities and a natural first step

would be to study linear cosmological perturbations. A first analysis of such perturbations

has been undertaken in [107–110], where unstable solutions on sub-horizon scales were found

for some parameters of the theory in homogeneous and isotropic backgrounds1. A subsequent

analysis in [111] identified a particular class of parameters that lead to stable solutions and,

as such, might be used to construct a viable cosmology. In this chapter, we undertake an

independent analysis of the evolution and stability of linear cosmological perturbations using

the gauge fixing method proposed in [112]. We confirm previous results for scalar perturbations

but also analyse vector and tensor perturbations finding a number of interesting instabilities.

1As of now, these type of backgrounds have been the only ones considered on cosmological studies of massive
gravity.
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Our results confirm the obvious: that it is a phenomenologically rich theory which needs to be

studied in great detail if it is to be cosmologically considered on par with GR.

The outline of this chapter is as follows. In Section 3.1 we review the standard FLRW

cosmological background in the presence of a perfect fluid, and we find the equations of motion

for first order cosmological perturbations. Here, we use the formalism developed in [112] to fix

the gauge, simplify the problem, and to identify the physical degrees of freedom. In Section 3.2

we study the evolution of the two physical scalar degrees of freedom, in Section 3.3 we study

vector perturbations, and in Section 3.4 we study tensor perturbations. Finally, in Section 3.5

we summarise our findings and discuss the prospects of massive bigravity as a viable theory of

gravity and cosmology. Throughout this chapter we will be using Planck units and conformal

time.

3.1 Cosmological perturbations

In this section we first review previous results on solutions for a homogeneous and isotropic

Universe in massive bigravity. We then consider general linear cosmological perturbations and

use the standard SVT decomposition [38].

3.1.1 Background

For simplicity we will assume that both metrics share the same characteristics: homogeneous,

isotropic and flat:

ds2
f = Y (τ)2[−X(τ)2dτ 2 + δijdx

idxj], (3.1)

ds2
g = a(τ)2[−dτ 2 + δijdx

idxj], (3.2)

where τ is the conformal time, a(τ) is the scale factor of the spacetime metric that is coupled

to matter, and X(τ) with Y (τ) describe the evolution of the metric second fµν
2.

In addition, we will assume that matter is only coupled to gµν and is described by a perfect

fluid:

T̄ µν = (P0 + ρ0)ūµūν + P0δ
µ
ν , (3.3)

where P0 = P0(τ) is the pressure of the fluid, ρ0 = ρ0(τ) its rest energy density and ūµ =

2Note that we do not have the freedom to set X = 1, as any time coordinate redefinition that absorbs the
dependence on X in the metric fµν , will add a new dependence on X into the metric gµν .
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(1/a, 0, 0, 0) its isotropic 4-velocity.

If we replace eq. (3.1)-(3.3) into eq. (2.27)-(2.28), we find the following equations of motion:

H2 =
a2

3

[
ρ0

M2
g

+m2
(
β0 + 3β1N + 3β2N

2 + β3N
3
)]
, (3.4)

H′ = a2

2

[
− P0

M2
g

− H
2

a2
+m2

(
β0 + β1N [2 +X] + β2N

2 [1 + 2X] + β3N
3X
)]
, (3.5)

h2 =
a2

3

(
X2

N

)
ν2
(
β1 + 3β2N + 3β3N

2 + β4N
3
)
, (3.6)

h′ =
a2

2

[
2

a2
hxh−

h2

a2
+

(
X

N

)
ν2
(
β1 + β2N [2 +X] + β3N

2[1 + 2X] + β4N
3X
)]

(3.7)

where it is implicit that all variables depend only on τ and all primes represent conformal time

derivatives. We have defined H = a′/a, h = Y ′/Y , hx = X ′/X, ν = m/M∗, and N = Y/a.

Note that the parameter M∗ is redundant, as we can rescale the metric fµν to make M∗ take

any value we want and redefine βs such that the action remains invariant. For simplicity, from

now on we will use M∗ = 1.

It is important to note that in order to obtain the previous equations, we had to make

a choice for the matrix
√
g−1f . For simplicity, we have chosen the diagonal form:

√
g−1f =

diag (NX,N,N,N). As we will explain later, some solutions allow X to change sign, and there-

fore this matrix can change sign at some point. Then, in order to satisfy
√
−g det(

√
g−1f) =

√
−f , and therefore eq. (2.29), we need to make the unconventional (multivalued) choice of

√
−g

and
√
−f without absolute values, allowing them to change signs. As explained in [113,114] if√

g−1f can change sign we can find continuous solutions through singularities in fµν .

We also have the matter equation of motion:

ρ′0 = −3H(ρ0 + P0), (3.8)

which has the standard form, as matter has been minimally coupled to the metric gµν . In

addition, we have Bianchi constraints for both metrics, resulting from the Bianchi identity of

each metric and the local conservation of the matter stress-energy tensor. However, due to

the diffeomorphism invariance, they are both equivalent, so we have only one relevant Bianchi

constraint, given in this case by:

(XH− h)
(
β1 + 2β2N + β3N

2
)

= 0. (3.9)

We can easily identify two cases for the solutions:
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(β1 + 2β2N + β3N
2) = 0: This case leads to a constant N = N̄ , such that

β1 + 2β2N̄ + β3N̄
2 = 0. (3.10)

As a consequence, H = h and the Friedmann equation becomes:

H2 =
a2

3

[
ρ0

M2
g

+ Λ

]
; Λ = m2

(
β0 + 3β1N̄ + 3β2N̄

2 + β3N̄
3
)
, (3.11)

which corresponds to general relativity with a cosmological constant. This case is not

particularly interesting at the background level as it does not bring new features. Fur-

thermore, as pointed out in [115], when studying first order perturbations, the interaction

terms between gµν and fµν vanish when imposing the constraint (3.10), and the model

results in just two copies of general relativity.

(XH− h) = 0: This constraint can be replaced into eq. (3.6), and then compared to eq. (3.4),

to find the following consistency equation:

ρ̃ ≡ ρ∗
m2

=
β1

N
+ 3β2 − β0 + 3N(β3 − β1) +N2(β4 − 3β2)−N3β3; ρ∗ = ρ0/M

2
g , (3.12)

which relates N and the density ρ0.

For a standard equation of state P0 = wρ0 (with w constant), according to eq. (3.12),

at late times (ρ̃ � 1), N will approach a constant value, and both metrics enter an

accelerated de-Sitter phase. However, at early times (ρ̃ � 1), two types of behaviours

can be identified: one where N � 1 (and β1 6= 0) and another where N � 1. The branch

characterised by N � 1 at early times will be called expanding branch, as in this case

both metrics expand in time. While the branch characterised by N � 1 will be called

bouncing branch, as in this case gµν expands but fµν bounces.

The expanding branch is usually identified as the physical one as, in this case, the con-

tribution of the graviton mass to the Friedmann equation will always be small (for ap-

propriate choices of parameters), as expected. However, in the bouncing branch, the

contribution of the graviton mass may be comparable to the matter energy density ρ0 at

early times. Furthermore, in the bouncing branch, if w > 0 at early times, then X < 0

at early times, and tend to X = 1 at late times. This means that X crosses a zero point,

where f00 = 0, and therefore f−1
µν diverges. At this point also det(

√
g−1f) = 0. As ex-

plained in [113,114], this divergence stays hidden from the matter sector as gµν does not
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experience any divergence, and the corresponding vielbein fields are continuous through

this point. We confirm this at the level of the background, where no divergence is present

in the set of equations of motion eq. (3.4)-(3.7), nor in their solutions3. In addition, in

the next sections we find non-divergent solutions for linear perturbations through this

point. Therefore, our results suggest that this divergence might have a mathematical

origin instead of a physical one4. Then, even though solutions in the bouncing branch

are exotic, they will be analysed in this chapter at the level of perturbations. However, it

is clear to us that further research is needed to understand completely the nature of this

branch.

Throughout this chapter we will focus on the second branch of solutions satisfying XH = h,

as this one brings relevant modifications to general relativity. Background solutions and viable

cosmologies in this branch have been studied in detail in [115–120]. Given these results, the

next logical step is the study of cosmological perturbations in this background. We will use the

standard SVT decomposition, and find the relevant equations of motion for these three types

of perturbations.

3.1.2 Scalar perturbations

Let us consider linear scalar perturbations [107–111]. We use the following Ansatz for the

perturbed metrics:

ds2
f = Y 2[−X2(1 + 2Φ1)dτ 2 + 2B1,iXdx

idτ + [(1− 2Ψ1)δij + 2E1,ij]dx
idxj], (3.13)

ds2
g = a2[−(1 + 2Φ2)dτ 2 + 2B2,idx

idτ + [(1− 2Ψ2)δij + 2E2,ij]dx
idxj], (3.14)

where ds2
f and ds2

g are the line elements for the metrics fµν and gµν respectively. We read from

here that we have four scalar perturbation fields for each metric: Φ1, B1, E1, Ψ1 for fµν and

Φ2, B2, E2, Ψ2 for gµν .

For matter, we have a perfect fluid and the scalar perturbations of the perturbed stress-

3One might worry about eq. (3.7), as the first term in the RHS contains hx, which diverges when X = 0.
However, the full relevant quantity in that equation is hxh, which is finite. This can be seen from eq. (3.6),
where we observe that h ∝ X, cancelling the X in the denominator of hx and rendering the relevant term finite.

4The Ricci scalar associated to the metric fµν diverges, while the one for gµν does not. Given that the
latter one represents the spacetime metric, it will determine the relevant physical properties of spacetime.
Furthermore, the Ricci scalar of fµν will always appear multiplied by the determinant of fµν , rendering it finite.
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energy with an equation of state P = wρ can be written as:

δT 0
0 =− (ρ0 + P0)(3Ψ2 − E2,ii − χ,ii),

δT i0 =− (ρ0 + P0)χ′,i,

δT 0
i =(ρ0 + P0)(B2,i + χ′,i),

δT ij =w(ρ0 + P0)(3Ψ2 − E2,ll − χ,ll)δij. (3.15)

Note that we describe matter in a different way to the one presented in Chapter 1. Here, scalar

perturbations are written in terms of only one field χ, in a non-conventional but useful way

proposed in [38]. Consequently, we have nine scalar fields describing first order perturbations

in this theory. As we will see later, from these nine fields there will be only two propagating

physical degrees of freedom: one coming from matter perturbations and another one from the

helicity-0 mode of the massive graviton. All the other seven scalar fields are simply auxiliary

fields, i.e. they appear without time derivatives and therefore they are not physical dynamical

fields. This unconventional description for perfect fluid perturbations is useful in order to apply

the tools developed in [112] to eliminate ambiguities related to the gauge-symmetry present in

the theory.

The action given in eq. (2.20) is invariant under diffeomorphisms, and the nine perturbation

scalar fields in the model transform under this symmetry as:

Φ̃2 = Φ2 −Hπ − π′; Ψ̃2 = Ψ2 +Hπ; B̃2 = B2 + π − ε′; Ẽ2 = E2 − ε,

Φ̃1 = Φ1 − [h+ hx] π − π′; Ψ̃1 = Ψ1 + hπ; B̃1 = B1 −
ε′

X
+ πX; Ẽ1 = E1 − ε,

χ̃ = χ+ ε, (3.16)

where the fields with tilde denote the fields in the new set of coordinates, and ε with π are

the two scalar gauge parameters defining an infinitesimal coordinate transformation. As these

fields are gauge-dependent, anything you calculate from them will depend on your gauge choice.

This ambiguity is usually eliminated by defining a new set of independent gauge-invariant scalar

fields. In this chapter we will approach this problem by fixing the gauge in a convenient way,

as in [112]. First, we look at the Noether identities associated to the gauge symmetry:

E ′Φ1
− EΦ1 [h+ hx] + EΨ1h+ EB1X + E ′Φ2

+ (EΨ2 − EΦ2)H + EB2 = 0,

Eχ − EE1 +

(
EB1

X

)′
− EE2 + E ′B2

= 0, (3.17)
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where we have denoted Ex as the equation of motion for the field x. From here we can recog-

nise those fields with redundant equations of motions, and therefore the ones that are good

candidates to be fixed with the gauge-freedom. The appropriate candidates are the following:

(Ψ1,Ψ2) + (E1, E2, χ), (3.18)

which means that we can use our two gauge parameters to fix one field of the first parenthesis

and one of the second parenthesis. Specifically, we will choose the gauge such that Ψ1 = χ = 0.

The advantages of fixing the gauge, and particularly in this way, is that: (1) we easily simplify

the problem by reducing the number of fields by two, (2) we eliminate the redundant equations

of motion, and all the remaining ones form the independent set of relevant equations, (3) all

the remaining dynamical fields are still gauge-invariant, in the sense that the following gauge-

invariant variables:

ζ ≡ Ψ2 −
1

3(ρ0 + P0)
δρ =

1

3
(E2,ii + χ,ii), (3.19)

ζ1 ≡
1

3
(E1,ii + χ,ii), (3.20)

become E2 and E1 in our gauge-choice, and as we will see later, these two fields are the only

physical ones.

After fixing the gauge, let us consider the equation of motions for the seven remaining fields

in Fourier space:

2H
(
3Ψ′2 + k2E ′2

)
+
(
(1 + w)ρ∗(3Ψ2 + k2E2) +m2NZ(3Ψ2 + k2(E2 − E1))

)
a2

+ 2
(
Ψ2k

2 +H(3Φ2H− k2B2)
)

= 0, (3.21)

2(X + 1)Ψ′2 + 2H(X + 1)Φ2 −m2ZN(XB1 −B2) + (1 + w)ρ∗(1 +X)B2 = 0, (3.22)

2(k2E
′′

2 + 3Ψ
′′

2) + 2H(3Φ′2 + 6Ψ′2 + 2k2E ′2)− 2k2B′2 + 3Za2m2N(Φ1 + Φ2)X

+ a2
(
−3(1 + w)ρ∗(2Φ2 + w(3Ψ2 + k2E2)) + 2Nm2(−3Φ2Z + (3Ψ2 + k2(E2 − E1))Z̃)

)
+ 2(9H2 − k2)Φ2 + 2k2(Ψ2 − 2HB2) = 0, (3.23)

E
′′

2 −B′2 + 2HE ′2 + (E2 − E1)a2m2NZ̃ − Φ2 − 2HB2 + Ψ2 = 0, (3.24)

and also
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2Nhk2E ′1 − a2ν2Z(k2E2 − k2E1 + 3Ψ2)X2 − 2Nhk2B1X + 6Φ1h
2N = 0, (3.25)

2hΦ1N(X + 1) + ν2Xa2Z(XB1 −B2) = 0, (3.26)

NXE
′′

1 −N(−2Xh+X ′)E ′1 −X2
(
B′1N +NΦ1X + 2NB1h+ ν2a2Z̃(E2 − E1)

)
= 0, (3.27)

where we have defined Z = β1 + 2β2N + β3N
2, and Z̃ = β1 + β2N(1 +X) + β3N

2X. We have

omitted the explicit dependence of variables, but it should be clear that the perturbation fields

are now in Fourier space and depend on the conformal time τ and the wavenumber k.

From equations (3.21), (3.22), (3.25), and (3.26) we can see that B1, B2, Φ1 and Φ2 appear

as auxiliary variables, as they do not have any time derivatives and therefore they can be easily

worked out in terms of Ψ2, E1 and E2 (see Appendix B.1.1). After replacing these four fields

into the remaining three equations, we notice from eq. (3.23) that Ψ2 becomes an auxiliary

variable as all its time derivatives are cancelled. Therefore, we can now work out Ψ2 in terms

of E1 and E2. If we do this, we end up with two equations for the only two physical scalar

degrees of freedom:

E
′′

a + cabE
′
b + dabEb = 0, (3.28)

where the indices a and b can take the values (1, 2), and the coefficients cab and dab depend on

the background functions and the wavenumber k. More specifically, these coefficients depend

only on k, H, N and a, which are the four relevant quantities. The explicit expressions for

these equations are given in the Appendix B.1.2.

3.1.3 Vector perturbations

Let us consider vector perturbations for both metrics:

ds2
f = Y 2[−X2dτ 2 − 2S1iXdx

idτ + (δij + F1i,j + F1j,i)dx
idxj], (3.29)

ds2
g = a2[−dτ 2 − 2S2idx

idτ + (δij + F2i,j + F2j,i)dx
idxj]. (3.30)

From here we can see that the vector perturbations are S1i and F1i for the metric fµν , and S2i

and F2i for gµν . These vector fields satisfy:

Si
,i = Fi

,i = 0, (3.31)
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which means that they are purely transverse vectors with no scalar contributions. Here we

lower and raise three-space indices by using the Kronecker delta, δij, and its inverse, δij. The

perturbed stress-energy tensor for a perfect fluid coupled to vector perturbations can be written

as:

δT 0
0 = 0,

δT i0 = −(ρ0 + P0)χiT
′
,

δT 0
i = (ρ0 + P0)(χiT

′ − S2i),

δT ij = 0, (3.32)

where viT ≡ χiT
′

represents the vorticity of the fluid and satisfies viT ,i = 0. Here, we have used

the same non-conventional decomposition as for scalar perturbations, as proposed in [38]. We

see that have five vector perturbation fields: two for each metric and one for matter. In GR

we only have one propagating vector degree of freedom but it is cosmologically irrelevant as

it decays with the expansion of the Universe. However, in massive gravity we will have three

degrees of freedom: one from matter and two polarisations from the massive graviton.

In analogy to scalar perturbations, we analyse the gauge symmetry present in the massive

bigravity action to fix a gauge. In this case, vector fields transform as:

F̃2i = F2i − εTi , S̃2i = S2i + εT
′

i , ṽ
T
i = vTi + εT

′

i , F̃1i = F1i − εTi , S̃1i = S1i + εT
′

i , (3.33)

where εiT is an infinitesimal arbitrary gauge field, also satisfying εiT ,i = 0. Consequently, the

Noether identity associated to this gauge parameter is:

EF2i
+ EF1i

+ E ′S2i
+ E ′S1i

+ E ′vTi = 0, (3.34)

and we can use the gauge freedom to fix either F1i or F2i. With the gauge choice F̃1i = 0, the

relevant equations of motion are:

(
(k2N + 2m2a2Z)X + k2N

)
S1i − 2m2a2S2iZ = 0, (3.35)

− 2a2ρ∗(1 +X)(1 + w)vTi + k2(1 +X)F ′2i + 2S2iρ∗(1 +X)(1 + w)a2 + S2ik
2(1 +X)

+ 2Zm2Na2(S2i −XS1i) = 0, (3.36)

F ′′2i + 2HF ′2i + S ′2i +m2Na2Z̃F2i + 2HS2i = 0, (3.37)

vT
′

i −H(3w − 1)vTi − S ′2i + (3w − 1)HS2i = 0. (3.38)
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We see that S1i and S2i appear as auxiliary variables in equations (3.35) and (3.36). There-

fore they can be worked out in terms of the remaining fields. When doing that we obtain only

two relevant equations for F2i and the vorticity field vTi .

The full equations for the vector field F2i and the vorticity field vTi are the following:

vT
′

i +
1

Dv

[
−2a2ρ∗Z(Nk2 + 2m2a2Z)(1 + w)X ′ −H

(
− 4k2a2Z̃ρ∗N(1 +X)(1 + w)

+ 2a2m2
(
−4ρ∗X

2(1 + w)a2 + (3w − 1)(N2 +X)k2
)
Z2

+(1 +X)k2N
(
(3w − 1)k2 − 2ρ∗(1 +X)(1 + w)a2

)
Z
)]
vTi

− k2

Dv

[
−X ′Z(Nk2 + 2m2a2Z) +H

(
2a2XZ2(2X − 1 + 3w)m2 + (X + 3w)(1 +X)k2NZ

+2Nk2Z̃(1 +X)
)]
F ′2i −

Z̃(k2(1 +X)N + 2Xm2a2Z)

2ZN
F2i = 0, (3.39)

F ′′2i +
1

Dv

[
−X ′k2Z(k2N + 2a2m2Z) +H

(
4a2m2

(
k2N2 +X(2ρ∗(1 + w)a2 + k2X)

)
Z2

+(1 +X)
(
4ρ∗(1 + w)a2 + (1 +X)k2

)
k2NZ + 2Nk4Z̃(1 +X)

)]
F ′2i

− 2a2(1 + w)ρ∗
Dv

[
−X ′Z(Nk2 + 2m2a2Z) +H

(
4a2Xm2Z2(X − 1) +Nk2(X − 1)(1 +X)Z

+2Nk2Z̃(1 +X)
)]
vTi +

Z̃(2m2a2ZN2 + k2(1 +X)N + 2Xm2a2Z)

2NZ
F2i = 0, (3.40)

where Dv is given by:

Dv = Z[4ρ∗m
2ZX(1+w)a4+2k2(m2N2Z+ρ∗(1+X)(1+w)N+m2ZX)a2+k4N(1+X)]. (3.41)

Since vTi and F2i satisfy vTi k
i = F2ik

i = 0, and the equation for vTi is of first order, these set of

equations actually propagate three degrees of freedom, as expected.

3.1.4 Tensor perturbations

Let us consider tensor perturbations for both metrics:

ds2
f = Y 2[−X2dτ 2 + (δij + h1ij)dx

idxj], (3.42)

ds2
g = a2[−dτ 2 + (δij + h2ij)dx

idxj], (3.43)

such that

hbi
i = 0, hbij

,i = 0 ; b = (1, 2). (3.44)
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From here we can see that the tensor perturbations are h1ij for the metric fµν , and h2ij for

gµν . Here, we use the metric δij and its inverse δij to lower and raise spatial indices. Since, in

the perfect fluid model, there are no tensor matter perturbations, the perturbed stress-energy

tensor to be considered here coupled to tensor perturbations hij is zero.

Because of the constraints given in eq. (3.44), each hbij has two degrees of freedoms, or

polarisations, which are usually indicated as p = +,×. More precisely,

hbij(~x, τ) =

∫
d3k

(2π)3/2
hbij(k, τ)ei

~k·~x, hbij(k, τ) = hb+(k, τ)e+
ij(k) + hb×(k, τ)e×ij(k), (3.45)

where e+
ij and e×ij are the polarisation tensors, which have the following properties:

epij = epji, kiepij = 0, epii = 0,

epij(k) = ep∗ij (−k), ep∗ij (k)ep
′

ij(k) = 2δpp′ . (3.46)

Notice also that hbij are gauge invariant and therefore they represent physical degrees of free-

dom. For simplicity, and without loss of generality, we choose a specific direction ~k = kẑ so

tensor perturbations lie in the xy plane. As a result, tensor metric perturbations can be written

as:

ds2
f = Y 2

[
−X2dτ 2 + [(1 + h1+)dx2 + (1− h1+)dy2 + dz2 + 2h1×dxdy]

]
, (3.47)

ds2
g = a2

[
−dτ 2 + [(1 + h2+)dx2 + (1− h2+)dy2 + dz2 + 2h2×dxdy]

]
, (3.48)

where these tensor perturbations now depend only on τ and z. If we replace this Ansatz in the

equations of motion (2.27) and (2.28) we find:

h′′2p + 2Hh′2p + h2pk
2 +m2a2NZ̃(h2p − h1p) = 0, (3.49)

h′′1p − (hx − 2h)h′1p +X2k2h1p +
Xm2a2Z̃

N
(h1p − h2p) = 0. (3.50)

Summarising, in this section we described the possible background cosmological solutions in

the massive bigravity theory, and found the relevant equations for first order cosmological per-

turbations. Note that for scalar and vector perturbations all the coefficients in their equations

of motion are continuous and finite in the expanding and bouncing branches. However, if we

recall that hx = X ′/X, for the tensor perturbations we see in eq. (3.50) that the coefficient of

h′1p diverges when X = 0 in the bouncing branch. Nevertheless, this coefficient is not a problem
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given that h′1p = 0 when X = 0, in such a way that the complete second term in eq. (3.50)

stays finite, regardless of the initial conditions. We can see this analytically near the bounce

time, τb, where X(τb) = 0. For the large k limit, eq. (3.50) is approximated by:

h′′1p −
h′1p

(τ − τb)
+ x2

0k
2 (τ − τb)2 h1p = 0, (3.51)

where we have used that h = 0 and X = x0 (τ − τb) near τb. The solution to this equation is

h1p ∝ e±ikx0(τ−τb)2/2, and its derivative is h′1p ∝ (τ − τb)e±ikx0(τ−τb)2/2, which goes to zero as fast

as X when τ → τb. Similarly, for the small k limit, eq. (3.50) is approximated by:

h′′1p −
h′1p

(τ − τb)
= 0, (3.52)

where we have ignored the interaction term with h2p, as this one is proportional to (τ − τb),

and is then negligible. The solution to this equation is h1p ∝ (τ − τb)2, whose derivative also

goes to zero as fast as X when τ → τb.

3.2 Scalar perturbations

In order to study the evolution of the two physical scalar fields, we need to analyse the form

of the coefficients given in eq. (3.28). Since it is not possible to find exact analytical solu-

tions to these equations, we focus on a number of different relevant regimes and use suitable

approximations in order to have a better understanding of the evolution of perturbations.

3.2.1 Expanding branch

As mentioned before, the expanding branch is characterised by N � 1 at early times and a

de-Sitter phase at late times.

Early times

Let us assume that the early times are dominated by radiation. At this stage, we have ρ̃� 1,

and N � 1, therefore, we can expand the solutions in powers of N . For example, at first order

we have that eq. (3.12) becomes:

ρ̃ =
β1

N
+O(N0); β1 > 0 (3.53)

53



Note that at early times this equation is solely characterised in terms of β1, and therefore all

models in this branch will behave in the same way at early times, regardless of the specific

values for the other βs. We can then find approximate equations of motion for super-horizon

and sub-horizon scales when considering only the leading order terms in 1/N in eq. (3.28).

1. Super-Horizon scales (x = kH−1 � 1): the evolution equations reduce to

E ′′2 + 2HE ′2 −
x2

15
HN2E ′1 + 3N2H2(E2 − E1) = 0,

E ′′1 + 10HE ′1 −
5

3
Hx2E ′2 + 15H2(E1 − E2) = 0, (3.54)

and when considering only lowest orders in x2 and N , the solutions are:

E2 = c1 +
c2

τ
,

E1 = c1 +
15

7

c2

τ
+ c±τ

n± n± =
1

2
(−11±

√
21) < 0, (3.55)

where c1, c2 and c± are some integration constants. As we can observe, in this regime

both functions are decaying to the same constant c1.

2. Sub-Horizon scales (x = kH−1 � 1): the evolution equations reduce to

E ′′2 +
12H
x2

E ′2 −
27

2

N2H
x4

E ′1 +
x2H2

3
E2 −

45

2

N2H2

x2
E1 = 0, (3.56)

E ′′1 + 6H(E ′1 − E ′2)− 5

3
x2H2E1 + 2x2H2E2 = 0, (3.57)

and when considering only the highest orders in x2 the solutions are:

E2 ∝ e±ikτ/
√

3,

E1 =
1

(kτ)3
c±e

±
√

15
3
kτ + E2, (3.58)

where c± are some integration constants. We can see that E2 is oscillating, while E1 has

an exponential instability.

We confirm the general behaviour previously described with numerical plots given in Fig. 3.1,

obtained solving the full equations of motion. In this figure we show the evolution of E1 and

E2 as a function of conformal time (with arbitrary units) at early times during the radiation-

dominated era for a given sub-horizon scale- we have set m2β1 = 10−2, with the other βs

vanishing, and arbitrary initial conditions of order 1 for both fields. For this plot and all the
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following numerical plots in this chapter we will set Mg = 1. As we expected, E2 oscillates while

E1 grows exponentially fast, increasing its value in many orders of magnitude, and eventually

breaking the validity of linear perturbations. Note that large scales will not be affected by

the exponential growth as much as small scales, as the former ones enter the horizon later,

and therefore, experience the exponential expansion for a shorter period. Note also that in

eq. (3.57), the exponential solution for E1 is due to the minus sign in the coefficient E1, which

when calculated for a general w, will be negative for w > −1/2. Therefore, during the matter-

dominated era, there will also be an exponential growth in E1.
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Figure 3.1: Evolution of E1 and E2 as a function of τ for a given sub-horizon scales at early
times during the radiation-dominated era. We have set β1m

2 = 10−2 and the other βs vanishing.

Furthermore, we can see that in eq. (3.56), we ignored the terms with E1 and E ′1 to find

the analytical solutions in eq. (3.58). However, as time goes on, E1 will grow many orders of

magnitude and it will not be possible to discard the coupling between the two fields; E1 will

feed back into the equation for E2, making this latter field grow as well. Roughly, we expect

that to happen when the terms for E1 are larger than those of E2 in eq. (3.56), i.e. when

x7e−
√

15x/3 � N2. Fig. 3.2 is a continuation of Fig. 3.1, as it shows the evolution at later times,

where we can see the unstable behaviour in E2.

We have studied the behaviour of scalar perturbations at early times during the radiation-

dominated era, showing that generically, there is an exponential instability at early times in both

scalar perturbations. During the matter era, the same instability appears. This exponential

growth breaks the validity of first order perturbations and therefore we cannot trust the results.

This instability could correspond to an actual physical problem of the model, or could be cured

by higher order perturbations. A further analysis is needed to understand the nature of this

instability and what it tells us, more generally, about the theory.
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Figure 3.2: Evolution of E1 and E2 as a function of τ in the radiation-dominated era for a
given scale sub-horizon k. At later times, both perturbation fields are growing exponentially
fast, becoming several orders of magnitude larger than their early time value.

Late times

At late times, the background will approach a de-Sitter phase, where N → N̄ , X → 1, Z̃ →

Z = Z̄, and H → aH0, with N̄ , Z̄ and H0 constants. Notice that the exact value of N̄ depends

on the parameters β, and also

Z̄ = β1 + 2β2N̄ + β3N̄
2,

H2
0 =

1

3

m2

N̄

(
β1 + 3β2N̄ + 3β3N̄

2 + β4N̄
3
)
,

a =
1

−H0τ
, (3.59)

where, in these coordinates, the infinite future is characterised by τ → 0.

We now study the evolution for super-horizon and sub-horizon scales in this de-Sitter phase,

assuming w = 0.

1. Super-horizon scales: the evolution equations are now

E ′′2 +

(
2N̄2 + 1

N̄2 + 1

)
HE ′2 −

(
N̄2

N̄2 + 1

)
HE ′1 + qN̄H2(E2 − E1) = 0,

E ′′1 +

(
N̄2 + 2

N̄2 + 1

)
HE ′1 −

(
1

N̄2 + 1

)
HE ′2 +

( q
N̄

)
H2(E1 − E2) = 0, (3.60)

where q ≡ m2Z̄/H2
0 . These equations are solved by:

E1 = c0 + c1τ
2 + c±τ

n± , (3.61)

E2 = c0 + c1τ
2 − N̄2c±τ

n± , (3.62)

where c0, c1 and c± are some integration constants, and n± is such that Re(n±) > 0.
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Therefore, both functions decay to the same constant.

2. Sub-horizon scales: the evolution equations are now

E ′′2 +HE ′2 −
9

4

q[q(N̄2 + 1)− 2N̄ ]

x4
HE ′1 +

1

2
qN̄H2(E2 − E1) = 0,

E ′′1 + 6HE ′1 − 5HE ′2 + x2H2(E1 − E2) = 0, (3.63)

and when considering only the highest orders in x2, the solutions are hypergeometric

functions with power laws decaying to the same constant.

Figure 3.3 shows numerical results on the evolution of both scalar perturbations in the de-

Sitter phase in the matter-dominated era for a given sub-horizon scale. As in previous plots,

we considered m2β1 = 10−2 and the other βs vanishing, and arbitrary initial conditions of the

same order for both fields. Here both fields are oscillating and approaching the same constant

value.
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Figure 3.3: Evolution of scalar perturbations as a function of the conformal time during the
de-Sitter phase at late times in the matter-dominated era.

3.2.2 Bouncing branch

In this subsection we will show some approximate analytical solutions for the two physical scalar

fields in the bouncing branch. First of all, note that the differences between the background

evolutions in the expanding and bouncing branches occur only at early times, as at late times

in both cases the metrics will enter a de-Sitter phase. Consequently, in the bouncing branch

the evolution of perturbations at late times is the same as in the expanding branch. For this

reason, in this subsection we focus on early times only. It is relevant in this case to show the

evolution during the radiation-dominated era and the matter-dominated era, as fields do not

evolve in the same way in both stages.

In this branch we can have different background solutions depending on the parameter
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values. We will distinguish the following cases: (a) β3 6= 0; (b) β3 = 0 and (β4 − 3β2) 6= 0; (c)

β3 = 0 and (β4 − 3β2) = 0; (d) β3 = β2 = 0. All the viable solutions with other combinations

of null parameters are contained in these cases. As stated in [111], only case (d) is physically

possible, as all the other cases have an exponential instability for sub-horizon scales at early

times, similar to the one found in the expanding branch. For this reason, from now on we study

perturbations for case (d) only. For more details about the other cases see Appendix B.1.3.

For case (d), notice that at early times N � 1 and then eq. (3.12) approximates to:

ρ̃ = N2β4, (3.64)

and therefore we need to impose β4 > 0. Conditions on the remaining parameters β0 and β1

are also present, as at late times the Friedmann equation (3.4) becomes:

H2 =
a2

3
m2
(
β0 + 3β1N̄

)
, (3.65)

where N̄ is the late time value of the function N . Consequently, we also need to impose

β0 + 3β1N̄ > 0. In general, we could satisfy this condition when both βs are positive or when

one of them is negative (for some appropriate values). However, as we will see later, cases with

β1 < 0 bring instabilities in the solutions for scalars, vectors and tensor perturbations during

the radiation-dominated era. Therefore, from now on we will assume β1 > 0.

Early times radiation-dominated era

At early times N � 1, and therefore we consider only leading order terms in N in the equations

of motion and we assume w = 1/3. We again study the evolution in super-horizon and sub-

horizon scales, focusing on case (d), where β3 = β2 = 0.

Super-horizon scales: for super-horizon scales the equations become

E ′′2 + 2HE ′2 +
9

2x2

H
N

β1

β4

E ′1 −
1

3
x2H2E2 −

m2β1a
2N

2
E1 = 0, (3.66)

E ′′1 + 6
β1

β4

H
N

(
E ′1 −

x2

6
E ′2

)
+
x2H2

3
E1 − 2m2β1a

2N
x2

3
E2 = 0 (3.67)

and when keeping only the lowest orders of x2 and the highest orders of N , the solutions

are E2 = c1 + c2/τ and E1 = c3 + c4erf(pτ), where c1, c2, c3 and c4 are some integration

constants and p2 = 3β1/(β4N
2τ 2) = const. Therefore, both functions decay to a constant

in this regime.
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Notice that if β1 were negative, the solution for E1 would be E1 = c3 + c4erf(i|p|τ), which

would grow exponentially fast, breaking the linear perturbation approximation.

Sub-horizon scales: the evolution equations are now

E ′′2 +
12

x2
HE ′2 +

27

x4

H
N

β1

β4

E ′1 +
1

3
x2H2E2 −

3m2β1a
2N

x2
E1 = 0, (3.68)

E ′′1 + 6
β1

β4

H
N

(E ′1 − E ′2) +
1

3
x2H2E1 − 4m2β1a

2NE2 = 0, (3.69)

and when keeping only the terms of order x2, the solutions are Ei ∝ e±ikτ/
√

3. Unlike in

the expanding branch, in this case scalar perturbations are well behaved.

Fig. 3.4 shows numerical results for the evolution of scalar perturbations as a function of

the conformal time (in arbitrary units), for a given sub-horizon scale during the radiation-

dominated era at early times, confirming our previous analytical results. In this particular case

we set m2β1 = m2β4 = 10−2, and arbitrary initial conditions of order 1 for both fields.
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Figure 3.4: Evolution of scalar perturbations as a function of τ , during early times in the
radiation-dominated for a given sub-horizon scales.

Early times matter-dominated era

As above, let us consider only leading terms in N but now assume w = 0.

Super-horizon scales: the evolution equations are

E ′′2 + 2HE ′2 − 2
H
N

β1

β4

E ′1 −
1

3
x2H2E2 −m2β1a

2NE1 = 0, (3.70)

E ′′1 +
5

2
HE ′1 −H

x2

3
E ′2 +

5

6
x2H2E1 −

1

3
x2H2E2 = 0, (3.71)

and when keeping only terms with the lowest orders in x2 (and highest powers in N) we

get: Ei = c1i + c2i/τ
ni , where c1i and c2i are some integration constants, and n1 = 4 and

n2 = 3.
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Sub-horizon scales the evolution equations now reduce to

E ′′2 +HE ′2 +
27

2x4

H
N

β1

β4

E ′1 −
3

2
H2E2 −

m2β1a
2N

2
E1 = 0, (3.72)

E ′′1 +
3

2
HE ′1 −

1

2
HE ′2 +

1

2
H2x2E1 −H2E2 = 0, (3.73)

and when considering only the highest orders in x2 (and highest powers in N) the solutions

are E1 ∝ e±ikτ/
√

2 and E2 = c1/τ
3 + c2τ

2, where c1 and c2 are some integration constants.

Here we can see that E2 grows as a power law in time, which will affect E1 at later times,

where this one will also start to grow as a power law.

Fig. 3.5 shows numerical solutions for both scalar fields for a given sub-horizon scale during

early times in the matter-dominated era. In this case we set m2β1 = m2β4 = 10−2, and arbitrary

initial conditions of order one for both fields. As found in the analytical solutions, E1 oscillates

while E2 grows as a power law.
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Figure 3.5: Evolution of scalar perturbations as a function of τ , during early times in the
matter-dominated era for a given sub-horizon scale.

Analogous to the results for the expanding branch, in this case the quadratic growth in E2

will affect E1 at later times, making the latter field grow as a power law as well, as we observe

in Fig. 3.6 (this figure is a continuation of Fig. 3.5).
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Figure 3.6: Evolution of scalar perturbations during early times in the matter-dominated for a
given sub-horizon scale.
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In addition, we can study the evolution of the gauge-invariant form for the density contrast

δGIk = δρGI/ρ0,

δGIk = [δρ+ ρ′0(B2 − E ′2)]/ρ0, (3.74)

where δρ is given by the δT 0
0 in eq. (3.15). After fixing the gauge, and eliminating the auxiliary

variables, δGIk can be expressed entirely in terms of Ei and E ′i (see Appendix B.1.4). In Fig. 3.7

we see numerical results for the evolution of d ln δGIk/d ln a as a function of the conformal time

(in arbitrary units) for a given sub-horizon scale during the matter-dominated era. In this

case we have also set m2β1 = m2β4 = 10−4. We observe that at early times δGIk grows nearly

proportional to the scale factor a, and then it starts decaying faster as we enter into the de-

Sitter phase, analogously to GR. A more detailed study on the comparison of this model with

observations was done in [111].
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Figure 3.7: Evolution of density constrast as a function of the conformal time τ in the matter-
dominated era for a given sub-horizon scale.

It is important to remark that even though classical scalar fields do not evidence expo-

nential instabilities in this branch, they do not satisfy the Higuchi bound (see Appendix B.2

for details), and therefore one scalar field propagates as a ghost, i.e. with a negative kinetic

term. Consequently, instabilities might appear when studying higher order perturbations, and

negative norm states are expected to appear in a quantum theory of massive gravity (see [121]).

3.3 Vector perturbations

Analogously to the previous section, we now study the evolution of vector perturbations in

different regimes, by making relevant approximations to the full equations of motion given by

eq. (3.39)-(3.40).
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3.3.1 Expanding branch

Recall that the expanding branch is characterised by N � 1 at early times and a de-Sitter

phase at late times.

Early times radiation-dominated era

Considering w = 1/3 and leading order terms in 1/N , the equations for vector perturbations

become:

F ′′2i +
2(4x4 + 33x2 + 40)H

(8 + x2)(x2 + 5)
F ′2i −

16(3x2 + 20)H
(8 + x2)(x2 + 5)

vTi + 3(x2 + 5)H2F2i = 0, (3.75)

vT
′

i +
8(8x2 + 50)H

(8 + x2)(x2 + 5)
vTi −

2(4x2 + 25)Hx2

(8 + x2)(x2 + 5)
F ′2i − 3(x2 + 5)H2F2i = 0, (3.76)

where x = k/H.

Super-horizon scales: the evolution equations reduce to

F ′′2i + 2HF ′2i − 8HvTi + 15H2F2i = 0, (3.77)

vT
′

i + 10HvTi −
5

4
x2HF ′2i − 15H2F2i = 0, (3.78)

and, ignoring terms of order x2, the solutions are F2i = c1/τ + c±τ
n± and vTi = c2/τ

2 +

b±τ
n± , where n± < 0, and where c1, c2, c± and b± are some integration constants related

to each other. Therefore, both vector perturbations decay to zero in this regime.

Sub-horizon scales: the evolution equations reduce to

F ′′2i + 8HF ′2i −
48

x2
HvTi + 3x2H2F2i = 0, (3.79)

vT
′

i +
64

x2
HvTi − 8HF ′2i − 3x2H2F2i = 0, (3.80)

and when ignoring terms of order x−2, the solutions are

F2i ∝ e±ik
√

3τ/τ 4, (3.81)

vTi = c1 − c±e±ik
√

3τ/τ 4, (3.82)

where c1 and c± are come integration constants related to those of F2i. Therefore, in this

regime both functions decay as a4.
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Figure 3.8 shows numerical results for the evolution of vector perturbations as a function of

τ , during early times in the radiation-dominated era for a given sub-horizon scale; we have set

m2β1 = 10−2 while all other βs are vanishing, and we have chosen arbitrary initial conditions

of the same order for both fields. We can clearly see that both fields decay in the same way,

but while F2i is oscillating around 0, vTi oscillates around a constant value. We find similar

behaviour the matter-dominated era.
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Figure 3.8: Evolution of vector perturbations as a function of τ , during early times in the
radiation-dominated era for a given sub-horizon scale.

Late times

We now assume w = 0 and a de-Sitter spacetime where N takes the constant value N̄ , and

a ∝ 1/τ , with τ → 0 being the infinite future.

Super-horizon scales: the evolution equations are

F ′′2i + 2HF ′2i + a2x2F2i = 0, x2 = m2Z̄(N̄2 + 1)/N̄, (3.83)

vT
′

i +HvTi −
1

N̄2 + 1
HF ′2i − a2x1F2i = 0, x1 = m2Z̄/N̄ , (3.84)

and are solved by F2i ∝ τn± and vTi = c1τ + c±τ
n±−1; Re(n±) > 1, while c1 and c± are

integration constants related to those of F2i.

Sub-horizon scales: the evolution equations reduce to

F ′′2i + 4HF ′2i + x2H2F2i = 0, (3.85)

vT
′

i +HvTi − 3HF ′2i − x2H2F2i = 0, (3.86)

and are solved by F2i ∝ τ 2e±ikτ and vTi = c1τ+c±τ
2e±ikτ , where c1 and c± are integration

constants related to those of F2i. In this case, both perturbations are decaying.
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Figure 3.9 shows numerical solutions for the evolution of vector perturbations as a function

of τ , during late times for a given sub-horizon scale. Again, we have set m2β1 = 10−2 and

all other βs vanishing, and arbitrary initial conditions of the same order for both fields. Both

fields oscillate and decay in the same way, but while F2i is oscillating around 0, vTi oscillates

around a decaying function.
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Figure 3.9: Evolution of vector perturbations during late times in the de-Sitter phase for a
sub-horizon scale.

3.3.2 Bouncing branch

As we have mentioned before, the bouncing branch is characterised by N � 1 at early times

and a de-Sitter phase at late times. Next, we study the evolution of vector perturbations at

early times in the same way we previously did for scalar perturbations.

Early times radiation-dominated era

We will start by assuming w = 1/3. When considering only leading terms in N , the equations

of motion become:

F ′′2i +
20H

(x2 + 10)
F ′2i +

16H
x2 + 10

vTi +
3β1

2β4

H2

N
(2 + x2)F2i = 0, (3.87)

vT
′

i +
8

3

H
N

(9β2
1 − 4β0β4)

β1β4(x2 + 10)
vTi −

x2

3

H
N

(9β2
1 − 4β0β4)

β1β4(x2 + 10)
F ′2i −

3β1

2β4

x2H2

N
F2i = 0. (3.88)

We now study these equations for sub-horizon and super-horizon scales.

Super-horizon scales: the evolution equations reduce to

F ′′2i + 2HF ′2i +
8

5
HvTi +

3β1

β4

H2

N
F2i = 0, (3.89)

vT
′

i +
4

15

H
N

(9β2
1 − 4β0β4)

β1β4

vTi −
x2

30

H
N

(9β2
1 − 4β0β4)

β1β4

F ′2i −
3β1

2β4

x2H2

N
F2i = 0. (3.90)
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Ignoring terms of order x2 and lowest order terms of N , the solutions are F2i = c1 + c2/τ

and vTi ∝ e−p
2τ2 , where c1 and c2 are some integration constants, and p2 = 2(9β2

1 −

4β0β4)/(15β1β4Nτ
2) = const. Notice that here we have assumed that (9β2

1−4β0β4)/(β1β4) >

0, since otherwise viT would grow exponentially fast, creating an instability in the solu-

tions.

Sub-horizon scales: the evolution equations reduce to

F ′′2i +
20

x2
HF ′2i +

16H
x2

vTi +
3β1

2β4

H2x2

N
F2i = 0, (3.91)

vT
′

i +
8

3

H
N

(9β2
1 − 4β0β4)

β1β4x2
vTi −

1

3

H
N

(9β2
1 − 4β0β4)

β1β4

F ′2i −
3β1

2β4

x2H2

N
F2i = 0. (3.92)

Considering only highest order terms in x2, the solutions are F2i ∝ e±iKτ
2/2/
√
τ and

vTi ∝ e±iKτ
2/2
√
τ , where K2 = 3β1

2β4
k2

Nτ2
. We then see that, contrary to GR, F2i decays but

the vorticity field vTi grows. This modification happens as the dominant term in eq. (3.92)

corresponds to the interaction term with F2i instead of the term with vTi .

Notice that if β1 were negative, solutions for F2i and viT would be combinations of Bessel

I and K functions, which would grow exponentially fast, creating an instability in the

solutions.

Figure 3.10 shows numerical results for the evolution of vector perturbations as a function

of τ , during early times for a given sub-horizon scale in the radiation-dominated era. In this

case we have set m2β1 = m2β4 = 10−2, and arbitrary initial conditions of the same order for

both fields. As expected due to the analytical solutions, F2i decays in time while vTi grows.
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Figure 3.10: Evolution of vector perturbations as a function of τ , during early times in the
radiation-dominated era for a sub-horizon scale.
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Early times matter-dominated era

Let us now assume that w = 0, and consider only leading order terms in N in the equations of

motion to find

F ′′2i +H(5x2 + 24)

2(x2 + 6)
F ′2i −

3H
x2 + 6

vTi +
1

4
x2H2F2i = 0, (3.93)

vT
′

i +H(x2 + 15)

(x2 + 6)
vTi −

3

2
H x2

(x2 + 6)
F ′2i −

1

4
x2H2F2i = 0. (3.94)

Super-horizon scales: the evolution equations become

F ′′2i + 2HF ′2i −
1

2
HvTi +

1

4
x2H2F2i = 0, (3.95)

vT
′

i +
15

6
HvTi −

1

4
Hx2F ′2i −

1

4
x2H2F2i = 0, (3.96)

and, when ignoring terms of order x2, the solutions are F2i = c1/τ
4 + c2/τ

3 + c3 and

vTi ∝ 1/τ 5, where c1, c2 and c3 are some integration constants. Therefore, both functions

decay in time.

Sub-horizon scales the evolution equations now reduce to

F ′′2i +
5

2
HF ′2i −

3H
x2
vTi +

1

4
x2H2F2i = 0, (3.97)

vT
′

i +HvTi −
3

2
HF ′2i −

1

4
x2H2F2i = 0, (3.98)

and, when ignoring terms of order x−2, the solutions are F2i ∝ e±ikτ/2/τ 3/2 and vTi =

c1/τ
2 + c±e

±ikτ/2/τ 3/2, where c1 and c± are integration constants.

Figure 3.11 shows numerical results for the evolution of vector perturbations as a function

of τ , during early times for a given sub-horizon scale in the matter-dominated era. In this case

we have set m2β1 = m2β4 = 10−2, and arbitrary initial conditions of the same order for both

fields. With these plots we confirm our analytical results.
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Figure 3.11: Evolution of vector perturbations as a function of τ , during early times in matter-
dominated era for a given sub-horizon scale.

3.4 Tensor perturbations

In this section we find approximate analytical solutions for the tensor modes in the relevant

regimes for both branches. As mentioned previously, in the bouncing branch, we restrict our

study of the tensor modes for the case β3 = β2 = 0.

3.4.1 Expanding branch

As before, we study the solutions of tensor perturbations at early and late times.

Early times

Let us consider only leading order terms in 1/N , as N � 1 at early times in this branch. In

this approximation eq. (3.49)-(3.50) become:

h′′2p + 2Hh′2p + x2H2h2p +m2a2Nβ1(h2p − h1p) = 0, (3.99)

h′′1p + 2(4 + 3w)Hh′1p + (4 + 3w)2x2H2h1p + 3(4 + 3w)H2(h1p − h2p) = 0. (3.100)

Super-horizon scales: the equations simplify to the form

h′′2p + 2Hh′2p = 0, (3.101)

h′′1p + 10Hh′1p + 15H2(h1p − h2p) = 0, (3.102)

and are solved by h2p = c1+c2/τ and h1p = c3+c4/τ+c±τ
n± , with n± = −(9±

√
21)/2 < 0,

where c1, c2, c3, c4 and c± are integrations constants, related to each other. Therefore,

both solutions decay to a constant.
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Sub-horizon scales: the evolution equations become

h′′2p + 2Hh′2p + x2H2h2p +O(N3/2)(h2p − h1p) = 0, (3.103)

h′′1p + 10Hh′1p + 25x2H2h1p = 0, (3.104)

with solutions h2p ∝ e±ikτ/τ and h1p ∝ e±i5kτ/τ 5.

Unlike scalar perturbations, tensor perturbations in the expanding branch are not unstable-

they oscillate and decay. We find the same behaviour in the matter-dominated era. Fig. 3.12

shows numerical results for the evolution of both tensor perturbations as a function of τ (in

arbitrary units), at early times during the radiation-dominated era for a given sub-horizon

scale. In this particular case we set m2β1 = 10−2, and all other βs vanishing, and arbitrary

initial conditions of the same order for both fields. As expected due to the analytical solutions,

we observe that h1p decays faster than h2p.
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Figure 3.12: Evolution of tensor perturbations as a function of the conformal time during early
times in the radiation-dominated era for a given sub-horizon scale.

Late times

Now, let us study the behaviour in the de-Sitter phase, in the matter-dominated era. In this

phase N takes the constant value N̄ , and a ∝ 1/τ , with τ → 0 being the infinite future. The

equations of motion become:

h′′2p + 2Hh′2p + k2h2p + x2H2(h2p − h1p) = 0, (3.105)

h′′1p + 2Hh′1p + k2h1p + x1H2(h1p − h2p) = 0, (3.106)

where x2 = m2N̄ ˜̄Z/H2
0 and x1 = m2 ˜̄Z/(H2

0 N̄) = x2/N̄
2.
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Super-horizon scales: the evolution equations simplify to

h′′2p + 2Hh′2p + x2H2(h2p − h1p) = 0, (3.107)

h′′1p + 2Hh′1p + x1H2(h1p − h2p) = 0, (3.108)

and are solved by h1p = c1 + c2τ
3 + c±τ

n± and h2p = c1 + c2τ
3 − x2

x1
c±τ

n± , where c1, c2

and c± are integration constants and n± = 1
2
(3 ±

√
9− 4x1 − 4x2). Since Re(n±) > 0,

both solutions decay in time to a constant.

Sub-horizon scales: the evolution equations now become

h′′2p + 2Hh′2p + k2h2p = 0, (3.109)

h′′1p + 2Hh′1p + k2h1p = 0, (3.110)

and are solved by hbp ∝ e±ikττ , which are decaying, as in this regime τ → 0 in the infinite

future.

Note that since h1p decays considerably faster than h2p during early times, h2p could start

in the de-Sitter phase being some orders of magnitude larger that h1p (which will happen

if the initial conditions at early times for both fields were of the same order of magnitude).

In this case, there is an intermediate phase in the full solutions of eq. (3.105)-(3.106), when

the k2h1p ∼ x1H2h2p. In this phase h2p could affect the evolution of h1p, as h1p will start

growing,“reaching” the magnitude of h2p, until k2 � x1H2, when the scale is super-horizon,

and both fields will approach the same constant.

Fig. 3.13 shows numerical solutions for tensor perturbations as a function of τ (in arbitrary

units) at late times for a given sub-horizon scale. In this particular case we set m2β1 = 10−2

and all the other βs vanishing, and arbitrary initial conditions of the same order for both fields.

In this case we observe that since h1p starts in the de-Sitter phase being at least two orders

of magnitude smaller than h2p, the previously described intermediate phase occurs, where h1p

grows while h2p decays as expected for a sub-horizon scale. Generically, for different initial

conditions, we would see a phase where h1p first decays and then it grows.
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Figure 3.13: Evolution of tensor perturbations as a function of the conformal time during the
de-Sitter phase at late times in the matter-dominated era.

3.4.2 Bouncing branch

As before, we only focus on early times as the evolution at late times will be the same as in the

expanding branch. We study the radiation-dominated era and matter-dominated era. At early

times, we consider only the leading order terms in N in all the coefficients in eq. (3.49)-(3.50),

as N � 1 at early times in this branch:

h′′2p + 2Hh′2p + x2H2h1p +m2a2Nβ1(h2p − h1p) = 0, (3.111)

h′′1p − (1 + 3w)Hh′1p +

(
1 + 3w

2

)2

x2H2h1p −
(1 + 3w)

2

m2a2β1

N
(h1p − h2p) = 0. (3.112)

Early times radiation-dominated era

Let us consider w = 1/3 in eq. (3.111)-(3.112), and find their solutions for super-horizon and

sub-horizon scales.

Super-horizon scales: the evolution equations are now

h′′2p + 2Hh′2p +m2a2Nβ1(h2p − h1p) = 0, (3.113)

h′′1p − 2Hh′1p +O(N−2)(h1p − h2p) = 0, (3.114)

and are solved by

h2p = c±
e±iKτ

τ
+ c3 + c4

[
τ 3 − 12

τ

K2
+

24

(K4τ)

]
,

h1p = c3 + c4τ
3, (3.115)

where c±, c3 and c4 are integration constants, and K2 = m2a2Nβ1 = const. Therefore,
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h1p and h2p grow as a power of τ .

Notice that if β1 were negative, the solution for h2p would include e±|K|τ instead of oscil-

lating functions, which would correspond to an exponential instability.

Sub-horizon scales: the evolution equations are now

h′′2p + 2Hh′2p + x2H2h2p +m2a2Nβ1(h2p − h1p) = 0, (3.116)

h′′1p − 2Hh′1p + x2H2h1p −
m2a2β1

N
(h1p − h2p) = 0, (3.117)

and when considering highest orders in N only, the solutions are

h1p ∝ (1∓ ikτ)e±ikτ ,

h2p =
(c1±

τ
+ c2± + c3±τ

)
e±ikτ +

c4±

τ
e±iωτ , (3.118)

where ω2 = k2 +m2β1a
2N , and where the coefficients c1±, c2±, c3± and c4± are integration

constants, related to those of h1p. Note that ω = constant as during the radiation-

dominated era at early times ρ̃ ≈ β4N
2 ∝ a−4, and therefore a2N is constant. Unlike GR,

here we observe that h1p grows linearly with time, while h2p also includes a growing modes

as a consequence of the interactions with h1p. The growing mode in h1p is a consequence

of the fact that the metric fµν is bouncing, and therefore at early times the term with h′1p

in eq. (3.117) has a negative sign.

Notice that if β1 were negative, ω2 would be negative for some values of k, and for those

cases there would be an exponential instability in the solution for h2p.

Fig. 3.14 shows numerical solutions for the evolution of both tensor perturbations as a

function of τ , at early times during the radiation-dominated era for a given sub-horizon scale.

In this case we set m2β1 = m2β4 = 10−2, and arbitrary initial conditions of order one for both

fields. As expected due to the analytical solutions, we see a growth in both fields in this stage.
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Figure 3.14: Evolution of tensor perturbations as a function of the conformal time, during early
times in the radiation-dominated era for a given sub-horizon scale.

Early times matter-dominated era

Now, let us consider w = 0 in eq. (3.111)-(3.112), and find their solutions for super-horizon and

sub-horizon scales. Note that during the matter-dominated era at early times ρ̃ ≈ β4N
2 ∝ a−3,

and then a2N ∝ N−1/3 and a2/N ∝ N−7/3. Therefore, mixing terms can be ignored in the

equations of motion as N � 1 at early times in this branch.

Super-horizon scales: the evolution equations are now

h′′2p + 2Hh′2p = 0, (3.119)

h′′1p −Hh′1p = 0, (3.120)

and are solved by h2p = c1 + c2/τ
3; h1p = c3 + c4τ

3, where c1, c2, c3 and c4 are integration

constants. We find then that h1p grows as a power of τ and h2p decays, in a similar way

to the radiation-dominated era solutions.

sub-horizon scales: the evolution equations simplify to

h′′2p + 2Hh′2p + x2H2h2p +O(N−1/3)(h2p − h1p) = 0, (3.121)

h′′1p −Hh′1p +
x2H2

4
h1p +O(N−7/3)(h1p − h2p) = 0, (3.122)

and are solved by h1p ∝ (1∓ ikτ/2)e±ikτ/2 and h2p ∝ (1∓ikτ)
τ3

e±ikτ .

Fig. (3.15) shows numerical solutions for the evolution of tensor perturbations as a function

of τ (in arbitrary units), at early times in the matter-dominated era for a given sub-horizon

scale. Again, in this case we set m2β1 = m2β4 = 10−2, and arbitrary initial conditions of the

same order for both fields. Unlike during the radiation-dominated era, in this case h1p grows

linearly with time, but h2p decays.
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Figure 3.15: Evolution of tensor perturbations during early times in the matter-dominated era.

We have found that h1p grows as a power law at early times for super-horizon and sub-

horizon scales. At late times, this could mean that h1p could start in de-Sitter phase being

some orders of magnitude higher than h2p. This would produce the same effect described

previously for late times solutions in the expanding branch, but in this case h2p would grow at

late times due to h1p.

3.5 Discussion

In this chapter we have undertaken a comprehensive analysis on the evolution of cosmological

linear perturbations in massive bigravity and have found approximate analytical solutions in

a wide range of regimes. We have confirmed the main results of previous works on linear

perturbations, but also extended their analysis to vector and tensor modes. In doing so we

have found that massive bigravity has a number of instabilities which manifest themselves

as growing solutions. In particular, we have found that most choices of parameters generate

exponential instabilities in the scalar, vector or tensor modes. A subset of model space does

not have exponential instabilities: when β3 = β2 = 0 with β1 and β4 being positive, which

corresponds to a particular case of the bouncing branch. However, even for this subset of

models we have found growing power-law solutions in vector and tensor modes, contrary to

GR, in addition to a violation of the Higuchi bound, which would likely bring instabilities when

studying the model beyond the classical linear regime. For vector and tensor perturbations,

this growth is a consequence of a bounce in fµν along with effects from the interaction terms

between both metrics. Analogously to scenarios with exponential instabilities, these growing

modes could be a source of concern as the validity of perturbation theory could break down

at some early time. However, this latter case is not as bad because, as we will show later, we

can prevent modes from growing too large by considering particular initial conditions. This

resulting fine-tuning is much less restrictive than that required for the exponential solutions.
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As previously mentioned, such growing modes may be a hint that all is not well and that

the initial values problem may not be well-posed. If indeed this is the case, it would not be

surprising as extra degrees of freedom may lead to such behaviour. For example there have

been efforts in trying to determine whether scalar-tensor theories have a well-posed initial value

problem, while a study of Einstein-Aether theories has shown that caustics will generically arise

there [122]. We believe a detailed analysis of the initial value problem in massive bigravity is

essential to place it on a firm footing.

An alternative view could be to take the solutions we have found and speculate on their

cosmological consequences. To do this accurately, one would have to explore the correct set of

initial conditions which would arise in such a theory due to (for example) inflation. One would

then have to incorporate our equations into a complete and realistic model of the Universe that

incorporates the various components, the correct thermal history and the Boltzmann equation

for the relativistic degrees of freedom. Nevertheless, for now we can attempt to estimate the

effect of the new solutions we have found by focusing on a few observables.

In what follows we will focus solely on tensor modes; we found a growing mode for vectors

but we do not address its effect for now. Recall from the previous section that for super-horizon

scales during the radiation-dominated era, h2p grows as τ 3 due to the interaction terms with

h1p. Therefore, from the end of the inflationary era until the recombination era, h2p might

deviate substantially from its value in GR. As a result we might expect a larger effect from

gravitational waves in the Cosmic Microwave Background (CMB). An estimate of how much

h2p could grow in this stage (on super-horizon scales) gives us:

h2rec ≈ h2i +
(Kτeq)2

6

[
h1i − h2i +

τ 3
r

15
τih
′
1i

]
+

(Kτeq)2

9

[
h1i − h2i +

τ 3
r

6
τih
′
1i

](
1−

(
τeq

τrec

)3
)
,

(3.123)

where h2rec is the value of the tensor perturbation h2p at recombination given an initial value of

h2i at some initial time τi. The subindex eq corresponds to a value at the matter-equality time,

and we have defined τr = τeq/τi = aeq/ai. Here, we have also used that K2 = m2a2Nβ1 ∝ m,

and Kτeq � 1 (which would happen for a sufficiently small m), and calculated the first order

corrections in K2.

Note that in GR the value at the recombination era would be h2i for a super-horizon scale,

given that h′2i = 0 and, therefore, the second and third terms in eq. (3.123) correspond to the

modifications introduced by massive gravity to this tensor perturbation, which are proportional

to m. Even though Kτeq � 1, the modification is not necessarily small as it depends also on
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the initial conditions for h1p.

If we choose τi to be the end of the inflationary era (for example where ai ∼ 10−28), we

have that τ 3
r τi ∼ 10107. Therefore, we would need h1p to be effectively zero at the end of the

inflationary era, and h1p would then be constant for super-horizon scales. Otherwise, h1p, and

as a consequence h2p, could grow large and break the validity of perturbation theory. Assuming

h′1i = 0 and some preferred values found in [111] when constraining scalar perturbations with

observational data, the largest modification introduced by massive gravity in h2p at the epoch

of the recombination, according to eq. (3.123), would be:

∆h2rec = h2rec − h2i = 10−6 (h1i − h2i) . (3.124)

Further research at early times is needed in order to give exact numbers as we would need to

know the initial condition for both tensor perturbations.

In a similar way, we can study the evolution for sub-horizon perturbations. For a scale

that crosses the horizon during the radiation-dominated era, there will be a modification in the

evolution of h2p, with respect to GR, coming from the interaction with h1p, as we can see in

eq. (3.118). From the horizon crossing time τc until the recombination era τrec, the modification

to h2p is given by:

∆h2rec =

(
τeq

τrec

)2(
K2

k2

)[
c1h2c + x2

eq

(
c2h1c + c3

h′1c
k

)]
, (3.125)

where xeq = kτeq, and the subindex c indicates that the quantity is evaluated at the horizon-

crossing time. Here, again, we have considered only first order corrections in K2, and the

coefficients c1, c2, and c3 are functions of sin(xrec) and cos(xrec), so they all roughly have the

same order of magnitude.

Note that, since in eq. (3.118) h2p has a linear growing mode, one could have expected to

have larger modifications for larger k, as larger k enter the horizon before and consequently

spend more time growing. However, as we observe in eq. (3.125), for larger k the modification

is smaller. This happens because the coefficients c1±, c2± and c3± in eq. (3.118) are related

to those of h1p. In particular, c3± ∼ kh1c, c2± ∼ k2h1c/K
2 and c1± ∼ k3h1c/K

4. Therefore,

for sufficiently small m, the dominant term will be c1± and therefore the growing mode will

be suppressed compared to the decaying mode, which is what actually happens for observable

scales with the preferred values found in [111].

In addition, note in eq. (3.125) that, since xeq � 1, the contribution from h1c to ∆h2rec is
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much larger that the contribution from h2c. A numerical estimate at a scale of order 1Mpc

gives us

∆h2rec ∼ 10−24h2c + 10−5h1c + 1045h′1c, (3.126)

where, again, we see that some kind of mechanism is needed to get h′1c = 0 at early times, in

order to avoid large modifications to GR. In addition, since the value of h2rec in GR is estimated

to be h
(GR)
2rec ∼ 10−10h2c, the initial condition h1c ∼ h2c will not lead to a small modification to

GR. In fact, it will lead to a correction 105 times larger than the GR value, contrary to what

we found on super-horizon scales according to eq. (3.124).

It is clear that, without an appropriate set of initial conditions for cosmological perturba-

tions, we are unable to make definitive statements about the observational viability of these

models. They do, however, give us an indication as to what we might expect and it seems that

there might be problems with both branches of massive bigravity. The full equations presented

in this chapter are what is required to modify existing software packages for precise calculations

of the growth of large scale structure and the evolution of the cosmic microwave background.

With such machinery in hand it should be possible to explore what initial conditions are ob-

servationally viable and can be used to place stringent constraints on any theory of the early

Universe in massive bigravity.

After we published the work presented in this chapter [2], the results on tensor instabilities

were confirmed in [123,124]. Furthermore, two papers were published on the analysis of initial

conditions for tensor perturbations [125,126] where it was found that inflation naturally gener-

ates a set of initial conditions that lead to a viable amplitude of primordial gravitational waves.

However, the presence of the ghost in the helicity-0 mode of the massive graviton makes this

model likely to exhibit instabilities in the scalar sector beyond linear classical perturbations

anyway.

Finally, it is important to remark that there are simple modifications to the model analysed

in this chapter that could be explored. One simple and interesting modification can arise if

asymmetries in the background metrics are introduced. Indeed, such models have been studied

in [127,128] and have been found to be free of instabilities. More general consistent theories of

metrics/spin-2 fields beyond massive (bi-)gravity with a single matter coupling have also been

explored recently. New kinetic interactions were investigated in [129–135], generalisations of

the potential interactions of massive bigravity to N multiple metrics in [86,136–143], and new

couplings to matter in [82–105]. These matter couplings allow matter to couple to both metrics

and we therefore refer to them as ‘double matter couplings’. In general, such couplings re-
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introduce the Boulware-Deser ghost at an unacceptably low scale, however the specific couplings

of [93, 94] stand out in that they are consistent ghost-free double matter couplings. In the

context of this double coupling, some homogeneous and isotropic cosmological solutions were

studied in [95], where viable (background) evolutions were found. However, at the level of

linear perturbations, tachyonic, gradient, and ghost instabilities were found for these solutions

[144,145] for tensor, vector and scalar perturbations, respectively.
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CHAPTER 4

Tools for testing gravity: Noether identities

The possibility that we might be able to constrain general relativity on cosmological scales is

one of the science drivers behind future surveys [18]. In preparation, there have been a number

of proposals on how to characterise deviations from GR (or to be more specific, deviations

from the ΛCDM model) in as general a fashion as possible. To some extent, the idea has

been to find an approach on cosmological scales analogous to that used in the weak field,

non-relativistic regime, where the Parametrised Post-Newtonian (PPN) approach captures the

behaviour of a wide range of theories on the scale of the Solar System or compact binaries [6].

Ultimately, one would like to have a similarly systematic method for describing a general swathe

of the landscape of gravitational theories on cosmological scales (see [1] for a review on this

topic). This description must be written in terms of a finite (and preferably small) number

of “parameters” – really independent functions of time – which are easy to map onto specific

theories.

The quest for a complete and efficient parametrisation is ongoing, and it is useful to briefly

summarise the main approaches that have been considered, their strengths and weaknesses.

The approach most widely used until now involves phenomenological corrections to the linear

perturbation equations [146–150]. The Newton-Poisson equation is modified to include a time-

and scale-dependent Newton’s constant, and a “gravitational slip” allows the two metric scalar

potentials to differ from each other. This two-parameter approach is remarkably effective,

easily implemented in Einstein-Boltzmann solvers and, with a judicious choice of functional

forms, can be shown to closely mimic specific extensions of GR. While it can be shown that

this parametrisation is the limit of any viable theory in the quasi-static regime [151] (the

cosmological equivalent of the Newtonian regime), there is no systematic way of relating it to

any fundamental theory on large scales. In other words, constraints on the two parameters in

this approach do not unambiguously lead to information about any putative underlying theory
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that might be responsible for deviations from GR. The same strengths and weaknesses can be

found in attempts to parametrise deviations from GR in terms of a perturbed cosmological

fluid [152]. In this case, the parameters are the equation of state, the sound speed and terms

that control adiabaticity and shear. While these parameters have a clear meaning in terms of

the physics of relativistic fluids, they tell us little about what the fundamental modifications

to the GR field equations or to the Einstein-Hilbert action are.

There are a number of attempts at the construction of a more fundamental parametrisation.

Two routes have been considered: a generalisation of the field equations, in what we have

called the “Parametrised Post-Friedmann” (PPF) approach [153,154], or a generalisation of the

gravitational action, of which the two main variants are the “Effective Action” (EA) approach

[155, 156] and the “Effective Field Theory” (EFT) approach [157–161]. In the PPF approach

one parametrises the most general gauge-invariant field equations, which include up to second-

order derivatives of the two scalar metric potentials. When only one scalar DoF propagates,

the PPF approach covers a very general class of theories; in [154] it was shown that scalar-

tensor, Einstein-Aether and bigravity theories are all encompassed by this parametrisation.

Unfortunately, as a result of its generality, there are a large number of free parameters that

need to be included. Furthermore, these depend on time and scale due to the lack of knowledge

of the field content of the underlying theory from which the scalar DoF comes. This makes the

PPF approach potentially impractical for constraining GR on large scales.

Restricting oneself to theories that can be derived from a local fundamental action, as one

does in the EFT and EA approaches, simplifies any potential parametrisation. The tools of

EFT have been successfully applied to characterise scalar field perturbations during inflation,

allowing a systematic study of non-Gaussianity arising from higher-order operators on a quasi-

de Sitter background [162,163]. These ideas have been imported to late-time cosmology where,

even though it is not strictly an EFT approach (one is looking at coupled but, effectively, free

fields with no higher-order operators) it is useful in organising all possible terms in the action.

The approach is constructed using Arnowitt-Deser-Misner (ADM) variables and the unitary

gauge to build a general spatially-invariant quadratic action for cosmological perturbations in a

scalar-tensor theory; one then performs a Stueckelberg transformation to make the scalar DoF

explicit and recover time diffeomorphism invariance. This is an elegant approach which has

already been implemented in a couple of Einstein-Boltzmann solvers [164–166], but is restricted

to scalar-tensor theories (and particular forms of Horava-Lifschitz theory). The EA approach

takes a covariant point of view ab-initio, constructing an effective action with all possible

covariant combinations of the metric perturbations. It is more general than the EFT approach,
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is systematic and has also been implemented in existing Einstein-Boltzmann solvers [52].

In this chapter we would like to follow the spirit of the PPF approach and construct a

systematic and general parametrisation procedure, but at the level of the action, instead of

the equations of motion; it will be, in some sense, an integrable version of the PPF approach.

With this procedure we will construct local, general, diffeomorphism-invariant quadratic actions

for linear perturbations, around homogeneous and isotropic backgrounds, encompassing all

possible gravitational theories with a given field content and derivative order. We will argue

that the form of the quadratic action, crucially, depends on the gauge transformation properties

of any extra fields that may arise in a modified gravity theory. An important feature of this

approach is that the free parameters characterising the quadratic action, and thus the evolution

of cosmological perturbations, are defined in terms of functional derivatives of an underlying,

unknown, fundamental Lagrangian. One can then identify where, in the general space of

parameters, a particular theory resides. As a consequence, mimicking the success of PPN,

it should be straightforward to translate constraints on the general set of parameters into

constraints on a particular theory (for example, Jordan-Brans-Dicke theory, Einstein-Aether

gravity, bigravity, etc.).

We will use some of the tools proposed in the EFT approach and its variants; working in

terms of the 3+1 decomposition and ADM variables, connecting free coefficients with properties

of fundamental theories, and assuming linear diffeomorphism invariance. However, we will

not restrict ourselves to scalar-tensor theories; we will not gauge fix and, therefore, will not

Stueckelberg. While in the first steps of the procedure the action that we start with will seem

more complex than those proposed in the EFT approach, we show that imposing the action

to be diffeomorphism-invariant rapidly simplifies it to a manageable form that is equivalent to,

but more general than, other formalisms. A tremendous strength of our approach is that it is

completely systematic and easily generalised to any background, degrees of freedom and gauge

symmetries.

The outline of this chapter is as follows. In Section 4.1 we explain our method, give a simple

introductory example and then show the application to cosmological perturbations of a general

local diffeomorphism-invariant gravitational theory, around a homogeneous and isotropic back-

ground. In Section 4.2 we apply the method to the simplest theory - a theory with a single

metric. Here we will see how linearised GR can arise from a more general construction than one

would have a priori thought, and in the next chapters we will apply this method to describe

other families of gravity theories. Finally, in Section 4.3 we review and discuss our findings.

Finally, we mention that along with the paper published from this work we also released two
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pieces of code: firstly the xIST package, an extension of the xAct tensor algebra system [167],

which implements a framework to investigate general scalar-tensor theories at the level of

linear perturbations. Secondly, based on xIST, a Mathematica notebook we dub COPPER

(COsmological Parametrized PERturbations), which reproduces the calculations carried out

in the chapter of this thesis in detail, and can be straightforwardly adapted to investigate

more complicated setups. The full code and documentation can be found and downloaded at

https://github.com/noller/xIST.

4.1 The method: Noether identities and constraints

In this section we explain the method for obtaining general local quadratic actions for linear

cosmological perturbations of gravitational theories with a given field content and gauge sym-

metries. The objective of this method is to find the maximum set of free functions parametrising

the quadratic action, and thus the cosmological predictions, of different gravitational theories.

One can then automatically translate observational constraints on the free functions into con-

straints on these theories. In this method we will be assuming a known form for the matter

sector which couples to gravity.

Before explaining the method in detail, we first summarise the three main steps. Then we

illustrate the method with a simple (non-cosmological) example of an action with a 4-vector

field, invariant under U(1) gauge transformations. We then proceed to analyse gravitational

theories composed of at least one 2-rank tensor field, or metric, and invariant under linearised

diffeomorphisms.

The main three steps of the method are the following:

1. Choose the fields present in the theory and the gauge symmetries to be satisfied, e.g. in-

variance under linear coordinate transformations.

2. Write down an action with all possible quadratic interactions between the fields, leading

to a given maximum number of derivatives of the fields in the equations of motion.

3. Find the Noether identities associated to the required gauge symmetries, and impose the

resulting constraints on the quadratic action.

Before explaining in detail, and generality, these three steps, we start with a simple example

to illustrate the procedure. In particular, Step 3 above should be made clearer by this.
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4.1.1 Introductory example

Step 1: Consider a covariant theory for a 4-vector Aµ on Minkowski space, invariant under

the following gauge transformation:

Aα → Aα + ∂αε, (4.1)

where ε is an arbitrary function of space and time.

Step 2: The most general quadratic action, leading up to second derivatives of the field in its

equation of motion, can be written as:

SA =

∫
d4x

[
c1∂αA

β∂αAβ + c3∂αA
β∂βA

α +m2AαAα
]
, (4.2)

where c1, c3 and m are free constant parameters. Here we have included all possible covari-

ant quadratic contractions of the field with an unknown coefficient in front. The structure of

this action is that of the Proca-Einstein-Aether theory [168], where we have discarded a term

proportional to (∂αA
α)2 (known as the “c2” term in curved space) as it is equivalent to the c3

term through an integration by parts.

Step 3: If the action SA is gauge-invariant under the transformation in eq. (4.1), then a

variation of the action δεSA, due to an infinitesimal gauge transformation of the field, must

vanish. Specifically, if we make an infinitesimal variation δAµ = ∂µε, at linear order in ε we

obtain:

δεSA =

∫
d4x

[
c1(∂α∂

βε∂αAβ + ∂αA
β∂α∂βε) + c3(∂α∂

βε∂βA
α + ∂αA

β∂β∂
αε)

+m2(∂αεAα + Aα∂αε)
]

= 2

∫
d4x

[
(c1 + c3)∂2∂βAβ −m2∂αAα

]
ε, (4.3)

where the last line comes from an integration by parts. From eq. (4.3) we obtain a condition

that must be satisfied if the action is gauge-invariant. This condition corresponds to the Noether

identity associated to the gauge transformation in eq. (4.1), and is given by:

(c1 + c3)∂2∂βAβ −m2∂αAα = 0, (4.4)
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where we have used the fact that ε is an arbitrary parameter, and therefore the entire bracket

must vanish in order to satisfy δεSA = 0. In addition, since the action must be gauge-invariant

off-shell, i.e. for any field configuration Aµ, this identity must be satisfied off-shell as well.

Thus, the terms with different derivatives acting on Aα must vanish separately, leading to two

independent constraints for the parameters:

c1 + c3 = 0,

m2 = 0. (4.5)

From now on, the individual constraints following from the Noether identities will be called

Noether constraints. In this example, these constraints reduce the action in eq. (4.2) to that of

classical electromagnetism (for an appropriate choice of normalization), which is then the most

general quadratic action invariant under eq. (4.1) for a vector field with second derivatives in

its equation of motion. We have systematically constructed this action by using the Noether

identities to find a set of constraints on the coefficients of the original general quadratic action

in eq. (4.2).

4.1.2 Gravitational action

We will now use this method to construct the most general, linearly diffeomorphism-invariant

and local quadratic action for linear perturbations of gravitational theories on a cosmological

background. As already seen in the previous example, the result depends strongly on the

field content and the number of their derivatives. In other words, we will be parametrising

gravitational theories with the same fields, derivative order and gauge symmetries. In general,

theories that deviate from general relativity have extra degrees of freedom, either explicitly or

emerging from higher-derivative operators, extra dimensions, etc. If our method is to encompass

these theories, we need to account for extra degrees of freedom.

In order to be concrete, we will sometimes refer to scalar-tensor theories to explain our

procedure, but we emphasise that the method is easily generalisable to other gravitational

theories. In fact, in the next chapter we will apply the procedure to vector-tensor theories. We

follow the same three steps as above.

Step 1: Consider a gravitational theory composed of one rank-2 tensor field (or metric) and

possibly some additional fields. We focus on linear perturbations around a homogeneous and

isotropic cosmological background.
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The tensor degrees of freedom arise from the following perturbed metric:

gαβ = ḡαβ + δgαβ, (4.6)

where ḡαβ describes the background metric, assumed to be a spatially-flat FLRW metric with

a line element given by:

ds̄2 = −dt2 + a(t)2δijdx
idxj, (4.7)

where a(t) is the scale factor and t is the physical time, which will be used throughout this

chapter. δgαβ describes small first-order perturbations around the background. For all the

additional fields, we assume the same linearly perturbed form, with a background solution

satisfying the same symmetries as ḡµν (isotropy and homogeneity, in this case). In the case of

scalar-tensor theories, with an extra scalar field χ, we have

χ = χ0 + δχ, (4.8)

where χ0(t) is the background solution of the scalar field χ, and δχ its first-order perturbation.

We will be looking for actions which are quadratic in these perturbations and invariant

under linear general coordinate transformations of the form xµ → xµ + εµ, where εµ is a first-

order arbitrary perturbation to the coordinates xµ. Under linear coordinate transformations

the background stays the same, while the linear perturbations of the metric δgαβ transform as

in eq. (1.24). For the scalar perturbation δχ, the corresponding transformation is

δχ→ δχ− χ̇0π, (4.9)

where π is an arbitrary gauge parameter.

In addition, we couple the gravitational action to matter fields. In this chapter, for simplic-

ity, we consider the matter sector to be comprised of a scalar field ϕ minimally coupled to the

metric, with the same gauge transformation rule as the scalar field χ in eq. (4.9). However, all

the results found in this chapter will also hold for a general perfect fluid. The formalism can

also be extended to non-minimally coupled matter (for an attempt at doing this in the context

of PPF see [169] and in the context of EFT see [170]).

Step 2: In this step we construct the most general local quadratic action for all the gravitational

perturbation fields δgµν , and any other extra field present. This quadratic action will lead to

equations of motion which are linear in the perturbation fields.
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We start by assuming the existence of an underlying non-perturbative, fundamental, grav-

itational action SG, that leads to the quadratic action we are interested in. In this chapter

we work in the 3+1 ADM formalism – see Appendix C.1 for notation. We do this for three

main reasons: i) in a cosmological setting there is a straightforward 3+1 split; ii) for ease of

comparison with EFT approaches in which time diffeomorphism invariance is broken; iii) it is

straightforward to construct terms with different numbers of maximum derivatives for time and

space. We emphasise, though that the procedure presented here could also be used without the

ADM formalism (in a “fully covariant” approach), although we would be forced to consider the

same number of time and space derivatives. For a similar (but not identical) approach with

explicit 4-dimensional covariance see [156].

In the ADM formalism we have that the metric gµν can be decomposed into a lapse function

N , shift functions N i and a 3-dimensional spatial metric hij in the following way:

g00 = −N2 + hijN
iN j, g0i = hijN

j, gij = hij. (4.10)

The underlying fundamental action will be a local functional of N , N i, hij and the extra fields,

as well as their multiple time and spatial derivatives:

SG =

∫
d4x N

√
|h| LG

[
N,N i, hij, K

i
j, R

i
j, χ, · · ·

]
, (4.11)

where LG is a Lagrangian functional, |h| is the determinant of hij, and the ellipses encom-

pass higher derivatives of the metric and any extra field(s). Given that we are seeking a

linearly diffeomorphism-invariant action, we have replaced time derivatives and secondary spa-

tial derivatives of the 3-dimensional metric in LG by the extrinsic curvature tensor Ki
j and

the intrinsic 3-dimensional curvature Ri
j, respectively. In general, we will consider SG to be a

functional of a set of building blocks ~Θ = (N,N i, hij, K
i
j, R

i
j, χ, · · · ). It is important to note

that, since the building blocks include all time and spatial derivatives of the fields, we have to

make an extra assumption on SG, otherwise we could have infinitely many of these terms. We

will choose a maximum number of (combined space and time) derivatives allowed for the fields

in the equations of motion (and thus in the action) and truncate at that order.

Given that we are interested in linear perturbations of the gravitational fields, we need the

quadratic expansion of SG in δN , δN i, δhij, δχ and the rest of the extra fields. To do so,

we take the functional Taylor expansion of LG around the background fields in terms of the
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perturbed set of building blocks δ~Θ = (δN, δN i, δhij, δK
i
j, δR

i
j, δχ, · · · ), so that:

LG ' L̄+ LΘA
δΘA +

1

2
LΘAΘB

δΘAδΘB (4.12)

where L̄ is the zeroth order Lagrangian (LG evaluated at the background), and the subindices

A and B label the different building blocks, and repeated such indices are summed over. The

terms LΘA
and LΘAΘB

are what we call coefficients, and are given by functional derivatives of

LG evaluated at the background; therefore they generally depend on time. Explicitly, LΘA
≡

∂LG/∂ΘA and LΘAΘB
≡ ∂2LG/∂ΘA∂ΘB. Notice that even though the fields (gµν , χ, etc) have

only linear perturbations, the perturbed building blocks could have higher-order perturbations

as result. Thus, we clarify that δ~Θ contains both first and second-order perturbative pieces.

We can now find the Taylor expansion of the gravitational action, which is given by:

SG '
∫
d4x

[
a3L̄+ δ1

(
N
√
|h|
)
L̄+ a3LΘA

δΘA + δ2

(
N
√
|h|
)
L̄

+δ1

(
N
√
|h|
)
LΘA

δΘA +
1

2
a3LΘAΘB

δΘAδΘB

]
, (4.13)

where δn stands for an nth order perturbation. In addition, we include a matter action:

SM =

∫
d4x N

√
|h| LM

[
N,N i, hij, ϕ, · · ·

]
, (4.14)

where LM is once again a Lagrangian functional. Here, we have generically represented “matter

fields” with ϕ, but they can be fields of any spin, perfect or imperfect fluids, etc. This action is

assumed to be known, and therefore its Taylor expansion can be carried out straightforwardly.

The linear terms of the Taylor expansion of the total action SG + SM will be zero, and will

lead to the background equations of motion (see Appendix C.4), while the quadratic terms

will give the total quadratic action S
(2)
G + S

(2)
M determining the evolution of the cosmological

perturbations. Explicitly, the second-order gravitational action will be given by:

S
(2)
G =

∫
d4x

[
a3LΘA

δ2ΘA + δ2

(
N
√
|h|
)
L̄+ δ1

(
N
√
|h|
)
LΘA

δ1ΘA +
1

2
a3LΘAΘB

δ1ΘAδ1ΘB

]
,

(4.15)

where we have used eq. (4.13) and the fact that a given perturbed building block can be

separated into a first and second-order perturbation as: δΘA = δ1ΘA + δ2ΘA. As we will see

in the next section, only some building blocks ΘA will have a second-order perturbation, (for

example, the lapse N or the 3-curvature, R). As we have already mentioned, the coefficients
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LΘA
and LΘAΘB

can be derived from the fundamental non-perturbative action. However, we

will assume that such an action is not known and thus these coefficients will be left as free

functions to be fixed by the Noether constraints, in a way analogous to the coefficients c1, c3

and m2 in the example presented in Section 4.1.1.

Step 3: In this step we impose that the total quadratic action (from gravity and matter) is

invariant under linear coordinate transformations. We do so by finding the relevant Noether

identities, and solving the resulting Noether constraints.

To find the Noether identities, we write down all the perturbed building blocks δΘA in terms

of the perturbation fields δgµν , δχ, etc. and vary the quadratic action with regards to them.

Specifically, in this chapter, we vary the quadratic action in terms of the scalar perturbation

fields, according to the standard SVT decomposition of fields [171]. We focus only on these

types of perturbations, as they are the seeds of large-scale structure in the density field, and

therefore cosmologically relevant. We can ignore the vector and tensor perturbations as they

decouple from the scalar perturbations on a homogeneous and isotropic background. Thus, we

write δgµν as:

δg00 = −2Φ, δg0i = ∂iB, δgij = a2 [−2Ψδij + 2∂i∂jE] , (4.16)

where we have four scalar perturbation fields Φ, B, Ψ and E, which transform as in eq. (1.27)

under linear coordinate transformations. With this decomposition in hand, we can rewrite all

the perturbed building blocks depending on the metric in terms of these four scalar perturba-

tions (see Appendix E.1 for a full list), and obtain a quadratic action S
(2)
G + S

(2)
M in terms of Φ,

B, Ψ, E, δϕ, and the rest of the perturbed extra fields.

We now take an infinitesimal variation of the total quadratic action with regards to each

one of the scalar perturbation fields. For scalar-tensor theories, where the matter sector is

comprised by a scalar field ϕ, the variation of the quadratic action can be written as:

δS
(2)
G + δS

(2)
M =

∫
d4x [EΦδΦ + EBδB + EΨδΨ + EEδE + Eχδχ+ Eϕδϕ] (4.17)

where EX is the equation of motion for the perturbation field X. To find the Noether identities,

we replace the variations of the fields by the corresponding gauge transformations in eq. (1.27)

and (4.9), and integrate by parts to end up with:

δgS
(2)
G + δgS

(2)
M =

∫
d4x

[
EB +HEΨ + ĖΦ − Eχχ̇0 − Eϕϕ̇0

]
π (4.18)

+

∫
d4x

[
−EE +

d

dt

(
a2EB

)]
ε, (4.19)
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where the expression δg stands for a variation of the action due to a gauge transformation. We

have used the fact that the matter perturbation field δϕ transforms in an analogous way to

δχ. Given that the total quadratic action is invariant under these gauge transformations, and

given that both π and ε are arbitrary and independent, each set of brackets must be zero; this

gives us the two Noether identities associated to the two scalar gauge parameters of the model

π and ε. Furthermore, each combination of coefficients, inside each of the brackets, multiplying

the perturbation fields and their derivatives such as Φ, Φ̇, ∂2Φ, Ψ, etc, must be individually

zero for the Noether identities to be satisfied off-shell, giving a set of Noether constraints.

These constraints will be, in general, linear ordinary differential equations of the coefficients

LΘA
and LΘAΘB

. However, for all the cases presented in this chapter and the following, these

Noether constraints can be solved algebraically. Solving all of these constraints and replacing

the solutions in the quadratic action allows us to determine the number of independent free

coefficients and the number of degrees of freedom of the theory. The resulting action will be the

most general linearly diffeomorphism-invariant local quadratic action, given the field content. It

is important to remark that we only impose gauge invariance under the scalar gauge parameters

π and ε, and the resulting action will not necessarily be gauge-invariant under the vector gauge

parameter εT i if the extra gravitational DoFs propagate vector perturbations.

We emphasise that the procedure described above is easily generalisable to different back-

grounds, to include extra gravitational fields, and different gauge symmetries. To illustrate this,

in the next sections we apply the procedure to gravitational actions including a metric and one

extra scalar field or vector field. We will also briefly discuss a case in which we impose an extra

gauge symmetry, in addition to linear diffeomorphism invariance, in the quadratic action.

As a comparison, we mention that in the EFT approach, the quadratic action for scalar-

tensor theories is constructed by working in the unitary gauge, which simplifies calculations, as

the dependence on the scalar field vanishes and thus the action only depends on the metric. In

this situation one constructs a spatially gauge-invariant quadratic action, and in the end gauge

transforms (or “Stueckelberg”) to make the extra scalar field explicit, and recover the time

gauge invariance [158–160]. However, a generalisation of this procedure is not straightforward.

For example, in general, in a vector-tensor theory we would have to fix the spatial and time

gauge invariance in order to eliminate the entire dependence on the vector field, and have a

quadratic action depending only on the metric. It is not clear that the construction of such

metric action is simple as now there would be no gauge symmetry satisfied, relating the different

coefficients of the action. In addition, in general, in bimetric theories there is no way of using
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the gauge freedom to eliminate the entire dependence on the second metric field.

Returning to our procedure, it is possible to easily generalise the matter content to encom-

pass fluids such as baryons, dark matter, etc. In such cases it is convenient to work at the

level of the equations of motion instead of the quadratic action. We can do this by finding the

first-order equations of motion Eµν :

Eµν ≡ δS
(2)
G

δgµν
= −δ1(

√
−g)

2
T̄ µν − a3

2
δ1T

µν , (4.20)

where we have expanded the energy-momentum tensor of the matter content up to first order,

T µν = T̄ µν+δ1T
µν . Note that for finding Eµν we make a variation of the quadratic gravitational

action S
(2)
G only. We then have that the equations of motion for each one of the scalar metric

perturbation fields become:

EΦ =
(
δ1

√
−g
)
T̄ 00 + a3δ1T

00,

EB = ∂i
(
δ1

√
−g
)
T̄ 0i + a3∂i

(
δ1T

0i
)
,

EΨ =
[(
δ1

√
−g
)
T̄ ij + a3δ1T

ij
]
h̄ij,

EE = −a2
[
∂i∂j

(
δ1

√
−g
)
T̄ ij + a3∂i∂j

(
δ1T

ij
)]
. (4.21)

Naturally, we need to supplement the system with the equations of motion of the matter fields

that constitute T µν .

As we have mentioned before, this procedure is useful for translating cosmological con-

straints into constraints on fundamental gravitational actions, and for easily finding where a

given gravity theory lies in the space of free parameters. However, we point out that even

accurate observational constraints on the set of parameters do not lead uniquely to one funda-

mental theory. As we will see in the next sections, there is a considerable degeneracy of the

parameters LΘA
and LΘAΘB

that lead to the same observable combinations. The reason for

this degeneracy is that we are only constraining the linear evolution of perturbations, but a

corresponding higher-order theory could take different forms.

In the following section we apply the procedure presented above to the simplest (and well-

established) case of general relativity, as it will allow us to illustrate the method in a familiar

setting. In the following chapters we will apply our method to a wider range of theories.
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4.2 Recovering general relativity

In this section we parametrise linearly diffeomorphism-invariant gravitational theories contain-

ing only one metric field, coupled minimally to a scalar field that constitutes our matter sector.

However, the results presented in this section also hold for a perfect fluid matter sector. As in

the previous section, we analyse linear perturbations of the fields around a homogeneous and

isotropic background.

We follow Step 2 for constructing the most general quadratic gravitational action for a

metric. We will allow, at most, second-order derivatives in the equations of motion for the

perturbation fields. We start by writing down all the possible perturbed building blocks

δΘA on which the Taylor-expanded Lagrangian LG might depend. In the ADM formalism,

we have δ~Θ = (δN, δṄ , δ∂iN, δ∂iṄ , δ∂i∂jN, δN
i, δṄ i, δ∂jN

i, δ∂jṄ
i, δ∂i∂jN

k, δhij, δK
i
j, δR

i
j),

where the latter two terms replace ḣij and ∂k∂lhij. As expected, here we have included all

possible metric perturbations up to two derivatives1. Note that partial derivatives of the per-

turbation fields are taken with regards to the background metric, and thus we raise and lower

the indices of the perturbed building blocks with h̄ij. Also, δ commutes with partial spatial

derivatives and so, for instance, δ(∂iN) = ∂i(δN). We emphasise that, contrary to GR, we are a

priori assuming that δN and δN i could in principle be dynamical fields (with time derivatives);

we will let the Noether identities dictate whether they really are or not. As we will see later,

the Noether constraints will indeed make δN and δN i be non-dynamical fields.

We now proceed to Taylor expand LG up to second order in the perturbed building blocks,

as in eq. (4.12). A few comments are in order that will help us understand the notation in

the calculations that follow. In the subscripts of the coefficients LΘA
and LΘAΘB

(hereafter

referred to as L∗), we use ‘S’ (for “Shift”) as a proxy for Nk, and ∂n to signal the number

of spatial derivatives acting on the ADM metric variables. We recall that all coefficients L∗

are evaluated at the level of the background and thus can only depend on N̄ = 1 and h̄ij.

Therefore, statistical isotropy allows us to discard coefficients with an odd number of indices

(it is not possible to construct such an object out of h̄ij and N̄ that respects the isotropy) and

imposes symmetries on coefficients with an even number of indices. We then use the following

notation for the coefficients L∗:

1For simplicity, we have not considered here terms with first spatial derivatives of δhij . However, they can be
systematically added, and the quadratic actions given in eq. (4.30)-(4.32) will not change except for the explicit
relations between the coefficients T∗ and L∗.
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LAi
j

= LAδ
j
i, LAiBj

= LABh̄
ij, LABi

j
= LABδ

j
i,

LAi
jB

r
s

= LAB+δ
j
iδ
s
r + LAB×

(
δjrδ

s
i + h̄jsh̄ir

)
, where Aij = Aji (and/or Bij = Bji)

LAi
jB

r
s

= LAB+δ
j
iδ
s
r + LAB×1δ

j
rδ
s
i + LAB×2h̄

jsh̄ir,

LBlAi
jk

= LBA×2h̄lih̄
jk + LBA×1

(
δjlδ

k
i + δklδ

j
i

)
, where Aijk = Aikj, (4.22)

where A, Aij, etc. represent any term of the building blocks with the corresponding index

structure. Two exceptional cases that do not follow the previous definitions are these:

L∂i∂jN∂sNr =
1

3
L∂2N∂S

(
h̄jiδsr + δjrh̄

si + h̄jsδir
)
,

L∂lN∂j∂kN i =
1

3
L∂2S∂N

(
δlih̄

jk + h̄jlδki + h̄klδji
)
. (4.23)

With all these definitions in hand we can Taylor expand LG up to second order. Recall that

the perturbed building blocks can contain first- and second-order perturbations of the metric.

However, we find that only N ,
√
|h|, R and K have second-order terms; thus from now on

we use δ for first-order perturbations and δ2 for second-order perturbations, unless explicitly

stated otherwise.

We then can find the Taylor expansion of the gravitational action SG, as in eq. (4.13). We

require the first and second-order perturbations of the metric density:

δ1

(
N
√
|h|
)

= δ
√
|h|+ a3δN,

δ2

(
N
√
|h|
)

= δ2

√
|h|+ a3δ2N + δ

√
|h|δN, (4.24)

where we have used
√
|h̄| = a3 and N̄ = 1. To simplify notation we introduce δhij ≡ h̄ikδhkj

and δh ≡ h̄ijδhij, and thus δ(trace of hij) 6= (trace of δhij), which will be used later.

Finally, the action for our matter sector scalar field ϕ is given by:

SM = −
∫
d4x
√
−g
(

1

2
∂µϕ∂

µϕ+ V (ϕ)

)
, (4.25)

where V (ϕ) is some potential. This action can be straightforwardly written in terms of the

ADM variables, and Taylor expanded up to second order in the linear perturbations of the

metric and scalar field.

As mentioned in the previous section, from the linear expansion of the total action (gravity
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and matter) we find the background equations. In this case, from the metric perturbations, we

get:

L̄+ LN − 3HLṄ − L̇Ṅ − 3HLK = ρ0,

L̄− 3HLK − L̇K + 2Lh = −P0, (4.26)

where ρ0 and P0 are the energy density and pressure of the fluid, respectively. Explicitly,

ρ0 =
1

2
ϕ̇2

0 + V0, P0 =
1

2
ϕ̇2

0 − V0, (4.27)

where the subscript 0 indicates the background value. Equations (4.26) are a generalisation of

the background equations shown in [161], whose explicit derivation can be found in Appendix

C.4. Note that we will also have an additional background equation from the linear terms in

the matter sector field:

ϕ̈0 + 3Hϕ̇0 + V ′0 = 0, (4.28)

where V ′0 is the derivative of the potential with regards to the scalar field, evaluated at the

background.

On the other hand, from the quadratic terms of the total action, we obtain the action

that governs the evolution of the cosmological perturbations. In this case, the full quadratic

gravitational action in eq. (4.15) can be written as:

S
(2)
G =

∫
d4x

2∑
i=0

LiT . (4.29)

The subscript T here stands for “tensor”, as in the present case we only have a tensor field. The

LiT are quadratic Lagrangians leading to i derivatives of the perturbation fields in the equations

of motion. Explicitly, we have:

L0
T =

a3

2

[
Thh+(δh)2 + 2Thh×δh

i
jδh

j
i

]
+ T̄ δ2

√
|h|+ a3

[
1

2
TSSh̄ijδN

iδN j

+
1

2
TNN(δN)2 + TNhδNδh+ TN

(
δ2N + δN

δ
√
|h|
a3

)]
, (4.30)

L1
T = a3

[
T∂Sh+∂iδN

iδh+ 2L∂Sh×δhij∂
iδN j + 2LhK×δh

j
iδK

i
j + LhK+δKδh

+TNKδNδK + TN∂SδN∂iδN
i
]
, (4.31)

92



L2
T = a3

[
2LhR×δh

j
iδR

i
j + ThR+δRδh+ LRδ2R + T∂Ṡh+∂iδṄ

iδh+ 2L∂Ṡh×δhij∂
iδṄ j

+
1

2
LṠṠh̄ijδṄ

jδṄ i +
1

2
T∂S∂S+(∂iδN

i)(∂jδN
j) +

1

2
T∂S∂S×h̄lj(∂iδN

l)(∂iδN j)

+
1

2
LKK+(δK)2 + LKK×δK

i
jδK

j
i +

1

2
LṄṄ(δṄ)2 +

1

2
T∂N∂N∂

iδN∂iδN

+ Th∂2N+δh∂
2δN + 2Lh∂2N×δhij∂

i∂jδN + TNRδNδR + LṄKδKδṄ

+TN∂Ṡ(∂jδṄ
j)δN + L∂SK+δK∂iδN

i + 2L∂SK×δK
i
j∂iδN

j
]
, (4.32)

where, for simplicity, we have integrated by parts, grouped coefficients together and relabeled

them as T∗ (a dictionary that translates between L∗ and T∗ can be found in Appendix C.3).

To understand the derivative structure above, we remind the reader that δK i
j contains one

spatial derivative, and δR contains two – see the definitions in Appendix C.1. For writing these

actions we have also made use of the relations δ
√
|h| = 1

2

√
h̄h̄ijδhij = 1

2
a3δh and δ2

√
|h| =

1
8
a3(δh)2 − 1

4
a3δhijδh

j
i. In addition, we have rewritten the term LKδK that comes from the

expansion of LG (where now δK includes first- and second-order perturbations). Following [161]

we have made an integration by parts so that:

LKδK → −3HLK − L̇K + L̇KδN + L̇Kδ2N − L̇K(δN)2. (4.33)

From the matter action we find the following quadratic action:

S
(2)
M = −

∫
d4x

{
−P0δ2

√
|h|+ a3ρ0

(
δ2N + δN

δ1

√
|h|

a3

)
− a3

2
(P0 + ρ0)(δN)2

+a3

[
1

2
V
′′

0 δϕ
2 + (V ′0δϕ+ ϕ̇0δϕ̇)δN + ϕ̇0∂iδϕδN

i − 1

2
ϕ̇2 +

1

2
h̄ij∂jδϕ∂iδϕ

]
+δ
√
|h| (V ′0δϕ− δϕ̇ϕ̇0)

}
. (4.34)

Note that S
(2)
M leads to quadratic terms in the perturbations of the metric, as well as linear

and quadratic terms on the perturbations of the matter field. We have isolated δ2

√
|h| and(

δ2N + δN
δ
√
|h|

a3

)
in eq. (4.30), as their corresponding coefficients (T̄ and TN) will exactly can-

cel the corresponding terms in the matter action in eq. (4.34) due to the background equations

(4.26), which can be re-expressed as:

TN = ρ0, T̄ = −P0, (4.35)

where we have used the dictionary in Appendix C.3.
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We can now apply Step 3 of the procedure described previously. First we focus only on

scalar perturbations. We write down the total quadratic action in terms of the four metric

scalars Φ, B, Ψ and E, and the matter perturbation field δϕ. Note that even though we

allow up to two derivatives of the metric perturbations δN , δN i and δhij, this means that we

will have higher-order derivatives of the four scalar metric perturbations. We proceed to find

the Noether identities that arise for both spatial and temporal linear gauge invariance, given in

eq. (1.24) for the metric perturbations and analogous to eq. (4.9) for δϕ. From each of these two

sets of constraints (the Noether identities) we then extract the individual Noether constraints

multiplying each individual perturbation and its derivatives. We solve the Noether constraints

to find the following non-redundant conditions on the parameters of the quadratic action:

LṠṠ = TN∂Ṡ = LKṄ = LṄṄ = TSS = 0, (4.36)

TNN = T∂N∂N = TNK = 0, (4.37)

LKK+ = −2LKK×, (4.38)

2L∂Ṡh× − LK∂S× = 2T∂Ṡh+ − LK∂S+ = 0, (4.39)

TN∂S = 3HLK∂S+ + 2HLK∂S×, (4.40)

2(Lh∂S× − LhK×) = L̇K∂S× + 3HLK∂S×, (4.41)

2(Th∂S+ − LhK+) = L̇K∂S+ + 3HLK∂S+, (4.42)

T∂S∂S× + T∂S∂S+ = 2LK∂S+ + 4LK∂S×, (4.43)

TNh = 3HLhK+ + 2HLhK×, (4.44)

2(Thh+ + Thh×) = L̇hK+ + L̇hK× + 3HLhK+ + 3HLhK×, (4.45)

4ThR+ = LR + LKK× + L̇KK×/H, (4.46)

2Lhh× = L̇hK× + 3HLhK×, (4.47)

H(LR − 4LhR×) = L̇KK× +HLKK×, (4.48)

Th∂2N+ = −2Lh∂2N×, (4.49)

TNR = LKK× − 2Lh∂2N×, (4.50)

4ḢLKK× = −(ρ0 + P0), (4.51)

where we have used the background equations to simplify some of these constraints. We have

written these equations in a form that will look the same for a minimally coupled scalar field

and a general perfect fluid. Notice that all these constraints can be solved algebraically, by

simply working out one coefficient without time derivatives in terms of the rest.
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Via the constraints above, the number of free coefficients in our original action is greatly

reduced. A straight substitution of the Noether constraints into the quadratic action reduces

the original 32 free, time-dependent, functions (30 coefficient functions L∗ and T∗ in S
(2)
G , along

with the two background functions ϕ0 and a) down to 8; after some integrations by parts we

can collapse the number of the remaining free functions down further to only one: LKK×. In

addition, we find that all terms involving time derivatives of δN and δN i vanish, so they play

the role of functional Lagrange multipliers – one of the key characteristics of general relativity.

It is apparent that the time dependence of the coefficients is intimately tied to that of the

background, through H, ρ0 and P0. We can then take the final step of replacing our reduced

set of coefficients into eq. (6.8), to get the following total quadratic action:

S
(2)
G + S

(2)
M =

∫
d4x a3

[
−ϕ̇0δϕ̇ (Φ + 3Ψ)− V ′δϕ (Φ− 3Ψ)− 1

2
V ′′ (δϕ)2 − 1

2
δϕ∂2δϕ

+
1

2
(δϕ̇)2 − ϕ̇0a

2∂2Eδϕ̇− ϕ̇0δϕ∂
2B + V ′δϕa2∂2E +M2

(
1 +

d lnM2

d ln a

)
Ψ∂2Ψ

− 3M2Ψ̇2 − 6HM2Ψ̇Φ− 2M2Ψ∂2Φ−
(
Ḣ + 3H2

)
M2Φ2

− 2M2a2∂2Ė
(

Ψ̇ +HΦ
)

+ 2M2Ψ̇∂2B + 2HM2Φ∂2B
]
, (4.52)

where we have redefined M2 ≡ 2LKK×, so that one of the Noether constraints becomes,

M2 = −ρ0 + P0

2Ḣ
. (4.53)

It is instructive to further transform this quadratic action, by making the replacement

δϕ → δϕϕ̇0, using the background equation for the scalar field (eq. (4.28)), and making a few

integrations by parts. We then find:

S
(2)
G + S

(2)
M =

∫
d4x a3M2

[
−6ḢδϕΨ̇− Ḣ (δϕ̇)2 + 2ḢΦδϕ̇− 2Ḣa2∂2Ėδϕ

− 3Ḣ2 (δϕ)2 − 6HḢδϕΦ + 2Ḣδϕ∂2B + Ḣδϕ∂2δϕ+

(
1 +

d lnM2

d ln a

)
Ψ∂2Ψ

− 3Ψ̇2 − 6HΦΨ̇− 2Ψ∂2Φ−
(
Ḣ + 3H2

)
Φ2

− 2a2∂2Ė
(

Ψ̇ +HΦ
)

+ 2Ψ̇∂2B + 2HΦ∂2B
]
. (4.54)

In other words, the final action in terms of the metric perturbations depends only on one

free function of time, M2; the scale factor does not count as a free function, as it is related

to M through eq. (4.53) and (4.28). If the background equations were simply the Friedman

equations then, from eq. (4.53) we would find M2 = M2
P, and eq. (4.54) would become the
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quadratic action for general relativity. In general, however, M2 is a completely free function

of time. This illustrates a crucial feature of any approach based on finding general linearised

theories at the perturbative level. For a single tensor, at the level of the full diffeomorphism-

invariant theory, we know that there should be no overall free function of time left – GR is

unique in this sense. Said another way, M2 being a free function of time is an artefact of

just taking into consideration the linearised action for perturbations. The consistency of a

full theory requires background, linearised perturbative and higher-order perturbative contri-

butions all to be consistent, i.e. to avoid the propagation of unstable degrees of freedom such

as ghosts. And so, crucially, while all well-behaved theories will map onto the free functions in

our linearised perturbation theory parametrisation, not all possible functional forms for these

seemingly free functions are associated with healthy theories. This happens for the very simple

reason that there is more to a full theory than the action it gives rise to for linear perturbations,

and that there are additional constraints not captured by any formalism based on linearised

perturbations. These extra constraints will reduce the free functions we recover further. A

detailed analysis on the construction of possible fundamental consistent theories leading to the

quadratic actions presented here is beyond the scope of this work, but it is certainly relevant

and requires further work.

We have shown that it is possible to systematically recover the linearised action for the most

general linearly diffeomorphism-invariant theory of gravity built from a metric, by starting from

a completely general action and systematically applying gauge transformations to obtain the

Noether constraints. We have found that M2 is the only parameter that enters the final action

and hence the equations of motion. Looking forward, this means that any attempt to constrain

this action (with cosmological observations) boils down to constraining M2. But, as we have

seen, there are a number of degeneracies that remain between the original coefficients L∗. So,

we can already see that it is impossible to individually constrain all the coefficients that we used

to build the action in equations (4.30)-(4.32). In effect, we will never be able to completely pin

down the landscape of theories to solely GR using only cosmological linear perturbation theory

alone. At best we will be able to constrain these actions to a degenerate family of theories that

includes GR.

Finally, we remark that since Action (4.54) leads to, at most, second-order differential

equations in time, it is free of Ostrogradski instabilities associated to higher time-derivative

terms [1,172]. Furthermore, this action propagates only one physical scalar DoF, which actually

comes from the matter sector. It can be seen that Φ and B are auxiliary variables, i.e. without

dynamics, and can be expressed in terms of the rest of the fields by using their own equations of
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motion. Therefore, they do not represent independent physical DoFs. In addition, the action

has a gauge symmetry with two arbitrary parameters inducing two redundant fields in the

action. Thus, from the original 5 scalars in eq. (4.54), only one field is physical.

4.3 Discussion

In this chapter we have constructed a method for parametrising the most general, local,

quadratic actions for linear cosmological perturbations. This is a crucial step towards iden-

tifying how many free functions fully characterise the landscape of gravitational theories in

the linear cosmological regime. Our systematic method for finding such actions, given a field

content and (set of) gauge symmetries, consists of the following three main steps:

1. Assume a given number and type(s) of fields present in the theory (gravity and matter).

Given an ansatz for the cosmological background, consider linear perturbations around

that background for each field. Finally, choose what gauge symmetries to impose on the

quadratic action determining the evolution of these perturbations.

2. Construct the most general local quadratic gravitational action, given the content field set

in Step 1. Start with an unperturbed fundamental gravitational action SG, a functional

of a set of building blocks ~Θ containing all the fields and their derivatives (up to some

truncating maximum order). Find the perturbed set of building blocks δ~Θ, given the linear

perturbations of the fields, and Taylor expand SG up to second order in δ~Θ. Finally, add

some known matter action SM and Taylor expand in the same way. The first-order total

action S
(1)
G + S

(1)
M leads to the background equations of motion, while the second-order

total action S
(2)
G +S

(2)
M determines the evolution of the linear cosmological perturbations.

The form of S
(2)
G should be that of an action including all possible covariant quadratic

interactions between the linear perturbation fields. Each term in this action has an a

priori free coefficient in front, which is a functional derivative of the fundamental action

SG evaluated at the background.

3. Find the most general linearly gauge-invariant quadratic action for perturbations. Con-

sider S
(2)
G + S

(2)
M from Step 2, and find the Noether identities associated to the desired

gauge symmetry. Each gauge parameter will lead to a Noether identity, which in turn

will lead to a number of Noether constraints which are, in general, linear ordinary dif-

ferential equations of the free coefficients in S
(2)
G . After solving the system of Noether
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constraints and replacing the results in S
(2)
G , we obtain the most general quadratic gravi-

tational action for linear cosmological perturbations for that particular field content and

set of symmetries. From this result it is straightforward to identify the number of free

parameters describing the linear cosmological evolution of the Universe, and the number

of physical DoFs propagating.

In this procedure, the free parameters characterising the quadratic action for perturbations

are related to properties of fundamental gravitational theories. This makes the procedure

useful for translating cosmological constraints into constraints on fundamental actions, as well

as for straightforwardly finding where a given gravity theory lies in the space of these free

parameters. In addition, since our method is very systematic, all the calculations presented

in this chapter are easily generalisable to different backgrounds, to include extra gravitational

fields, and different gauge symmetries.

We have applied the procedure to a purely metric theory, leading to second-order derivatives

in the equations of motion. In this case we found one free coefficient M , a function of time,

describing the cosmological background and linear evolution of the universe. We also found

that these quadratic gravitational actions do not propagate any scalar DoF. When M = MP

we recover GR. We do not uniquely obtain the quadratic action for GR in this case, as GR

is fully diffeomorphism-invariant, but we only required linear diffeomorphism invariance. In

other words, there is more to a full theory than its quadratic action, and there are additional

constraints not captured by any formalism based on linearised perturbations. Therefore, the

fundamental theories described by the parameter M could break the full diffeomorphism invari-

ance, or maybe propagate extra DoFs that are only present at higher perturbative order. This

also means that, in general, not all the possible values of the free parameters will be associated

to healthy fundamental theories. This first case then highlights the fact that even with an

accurate measurement of the free parameters, we will never be able to completely pin down the

landscape of fundamental theories to only one by using linear cosmological perturbation theory

alone.
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CHAPTER 5

A general theory of linear cosmological

perturbations: scalar-tensor and vector-tensor

theories

The simplest, non-trivial example of a theory which includes an extra degree of freedom and

differs from general relativity is a scalar-tensor theory. The original, most elementary, for-

mulation is Jordan-Brans-Dicke gravity, a theory in which the Planck mass is promoted to a

dynamical scalar field [173–175]. Jordan-Brans-Dicke gravity has been one of the workhorses of

modern cosmology and has been deployed in understanding both the early Universe (specifically

inflation) and the late-time accelerated expansion of the Universe [1]. Over the past few years,

renewed interest in scalar-tensor theories has emerged, on the one hand from the rediscovery

of the Horndeski action [176] – the most general, non-degenerate, scalar-tensor action with

second-order equations of motion – and on the other hand from various extensions of the class

of covariant Galileons [177].

Most attempts at constructing a general parametrisation of linearised gravity have focused

on scalar-tensor theories. A nuanced understanding of how scalar-tensor theories emerge has

been developed, most notably in [178], where an economical parametrisation of such theories

was proposed in terms of four free functions. These functions (the ‘α’ functions) can be easily

related to specific physical properties of the fundamental action. Subsequent work has extended

this parametrisation to five free functions [179–181]. In this chapter we use the method we

previously developed to recover the parametrisation found in [178] and also find parametrised

actions that include higher-derivative corrections.

In order to extend the landscape of parametrised modified gravity theories, we also apply

the method to vector-tensor gravity theories. Vector-tensor theories have been studied in

detail in attempts to understand spontaneous Lorentz violation [168,182], to generate massive
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gravitons [183] and as models of dark matter and dark energy [184, 185]. In particular, we

construct the quadratic action for perturbations that leads to general second-order equations of

motion, and then specialise to the case in which the vector field is time-like (à la Einstein-Aether

gravity). As a result, we identify the complete forms of the quadratic actions for perturbations,

and the number of free parameters that need to be defined, to cosmologically characterise these

two broad classes of theories.

This chapter is structured as follows. In Section 5.1 we apply the method to scalar-tensor

theories and show that we recover the results of [161] and [178]. In particular, our approach

includes the “Beyond Horndeski” parameter found in [161], and extra parameters allowing

fourth spatial derivatives of the fields in their equations of motion. In Section 5.2 we apply

our method to vector-tensor theories, with at most two derivatives of the fields. Here there are

two propagating scalar DoFs, neither of which transforms as a scalar perturbation of a scalar-

tensor theory. We show how to construct the most general quadratic action for perturbations

with this field content and, as importantly, how to implement constraints so that we end up

(as advertised) with only one propagating scalar DoF. Finally, in Section 5.3 we review our

findings and discuss how to generalise the calculations presented in this chapter.

5.1 Recovering linearised Beyond Horndeski theory and

beyond

In this section we will parametrise linearly diffeomorphism-invariant gravitational theories con-

taining one metric and one scalar field, coupled minimally to a matter scalar field (although

the results presented here also hold for a general matter perfect fluid). As in the previous

chapter, we will analyse linear perturbations of the fields around a homogeneous and isotropic

background. We will show that with our procedure we can reproduce previous work. In partic-

ular, we will show how the free functions describing such theories will emerge from the Noether

constraints applied to a quadratic action with up to three time and space derivatives. Further-

more, we will then show that, if we include higher-order derivatives, a further set of functions

must be included to completely cover the possible space of theories. To avoid any Ostrogradski

instability, we allow at most two time derivatives of the fields, but higher spatial derivatives are

permitted (this situation can arise in some Lorentz-violating theories, but also in some special

Lorentz-invariant cases such as Beyond Horndeski theories). It would of course be possible

to go beyond this and find theories that are higher-order in temporal derivatives as well, yet
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evade Ostrogradski ghosts via the presence of degeneracies [186, 187] or, equivalently, hidden

constraints [188]. 1

5.1.1 Horndeski and beyond

We now include an extra degree of freedom, a scalar field χ, whose perturbation transforms

under linear coordinate transformations as in eq. (4.9). We proceed with Step 2 for constructing

the most general quadratic action. Allowing at most three derivatives of the perturbation fields

(two temporal but three spatial), we write down all possible perturbed building blocks δ~Θ =

(· · · , δχ, δχ̇, ∂iδχ, ∂iδχ̇, ∂i∂jδχ, ∂i∂jδχ̇, ∂i∂jδkδχ, δ∂i∂jṄ , δ∂i∂j∂kN, δ∂i∂jṄk, δ∂i∂j∂kN
l) where the

initial ellipses indicates all the building blocks used in Section 4.2 2. We will also introduce

more definitions for the coefficients L∗, in addition to those given in eq. (4.22) and (4.23):

LAiBjkl
=

1

3
LAB

(
h̄ijh̄kl + h̄ikh̄jl + h̄ilh̄jl

)
, where Bijk is fully symmetric,

LAi
jkl

=
1

3
LA
(
δjih̄

kl + δkih̄
jl + δlih̄

jl
)
, where Aijkl is symmetric in 3 indices,

LBAi
jkl

=
1

3
LBA

(
δjih̄

kl + δkih̄
jl + δlih̄

jl
)
, where Aijkl is symmetric in 3 indices, (5.1)

where Ai, Bjkl, etc. correspond to any possible building block with the corresponding index

structure. An exceptional case is

Lhij∂k∂l∂mNnδhij∂k∂l∂mδN
n = Lh∂3S+δh∂

2∂iδN
i + 2Lh∂3S×δhij∂

2∂iδN j

+ 2Lh∂3S�δhij∂
i∂j∂lδN

l. (5.2)

As in the previous section, we Taylor expand the gravitational and matter action up to

second order in the perturbation fields. From the linear total action we derive the background

equations. If we do so, we will obtain eq. (4.26) and eq. (4.28) for the metric evolution and

matter field, which we now supplement with:

Lχ − 3HLχ̇ − L̇χ̇ = 0, (5.3)

1In this context also note that we are interested in effective theories, which should be ghost-free within their
regimes of validity. Any given model may “predict” ghost-like instabilities outside the regime of validity of that
theory, i.e. instabilities coming with a mass/energy scale above the theory’s cutoff. However, such instabilities
are not physical and there is no reason to discard a theory.

2As in the previous section, we do not consider a term with three spatial derivatives of δhij . Such terms
could be added but the form of the quadratic Lagrangians LiT and Liχ would not change except in terms of the
explicit relations between the coefficients T∗ and L∗.
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which corresponds to the background equation for the scalar field χ0. These four background

equations should not be all independent, as there are only three undetermined background

functions: a, χ0 and ϕ0. This redundancy imposes a relation between the coefficients T∗ and

L∗, which is not relevant for this work, but would be important for the task of constructing

non-perturbative fundamental actions allowing homogeneous and isotropic backgrounds.

We now extend the gravitational action considered in Section 4.2 such that

S
(2)
G =

∫
d4x

3∑
i=0

(
LiT + Liχ

)
, (5.4)

where Liχ are quadratic Lagrangians involving δχ, leading to i derivatives of the perturbation

fields in the equations of motion. Up to second-order derivatives, we have the tensor Lagrangians

given in the previous section, and we add the following Lagrangians involving the perturbation

of the scalar field, δχ:

L0
χ =

a3

2

[
Tχχ(δχ)2 + 2Tχhδχδh+ TχNδNδχ

]
, (5.5)

L1
χ = a3

[
Tχ̇hδχ̇δh+ LχKδχδK + Tχ∂Sδχ∂iδN

i + Tχ̇Nδχ̇δN
]
, (5.6)

L2
χ = a3

[
LχRδχδR + T∂2χh+δh∂

2δχ+ 2L∂2χh×δhij∂
i∂jδχ+

1

2
Lχ̇χ̇(δχ̇)2 + LKχ̇δKδχ̇

+
1

2
T∂χ∂χ∂iδχ∂

iδχ+ Lχ̇ṄδṄδχ̇+ Tχ̇∂S∂iδN
iδχ̇+ T∂χ∂N∂iδN∂

iδχ

]
, (5.7)

For third-order derivatives we include the following tensor and scalar Lagrangians:

L3
T = a3

[
2Lh∂3S×δhij∂

2∂iδN j + Th∂3S+δh∂
2∂jδN

j

+ 2Lh∂3S�δhij∂
i∂j∂lδN

l + Lh∂2Ṅ+δh∂
2δṄ + 2Lh∂2Ṅ×δhij∂

i∂jδṄ + L∂SR+δR∂jδN
j

+ 2L∂SR×δR
i
j∂iδN

j + LKR+δKδR + 2LKR×δK
i
jδR

j
i + LṄRδRδṄ + TK∂2N+δK∂

2δN

+ 2LK∂2N×δK
i
j∂

j∂iδN + L∂ṠK+δK∂iδṄ
i + 2L∂ṠK×δK

i
j∂iδṄ

j + TṄ∂ṠδṄ∂jδṄ
j

+ T∂2N∂S∂iδN
i∂2δN

]
, (5.8)

and

L3
χ = a3

[
LRχ̇δRδχ̇+ T∂2χ̇h+δh∂

2δχ̇+ 2L∂2χ̇h×δhij∂
i∂jδχ̇+ T∂2χ̇NδN∂

2δχ̇+ Tχ̇∂Ṡ∂iδṄ
iδχ̇

+ L∂2χK+δK∂
2δχ+ 2L∂2χK×δK

i
j∂

j∂iδχ+ T∂2χ∂S∂iδN
i∂2δχ

]
. (5.9)

Note that, as in Section 4.2, we have integrated by parts and redefined some of the coefficients
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to simplify notation; the dictionary to translate between the T∗ and L∗ is in Appendix D.1.

Finally, for the matter scalar field ϕ we add the quadratic action shown in eq. (4.34).

We now follow Step 3 where, in addition to (4.36), (4.38)-(4.47) we get a new set of Noether

constraints. We find that the end result depends on five free coefficients of the time: M2, αB,

αK , αT , αH . In terms of the coefficients L∗ and T∗, arising solely in LiT , these are:

M2 = 2LKK×, (5.10)

αB =
1

2

TNK
M2H

, (5.11)

αK =
TNN + TSS
H2M2

, (5.12)

αT =
2

M2

(
LR +HLKR× + L̇KR× + 4LRh+

)
− 1, (5.13)

αH =
2

M2

[
−L̇K∂2N× +H (LKR× − LK∂2N×) + TNR + 2Lh∂2N×

]
− 1, (5.14)

which are completely equivalent (and more general) than the expressions found in [161]. Note

that the αi can be neatly understood via the physical effects they parametrise [178]. Explicitly,

the final quadratic gravitational action is then:

S
(2)
G =

∫
d4x a3M2

{
1

2
H2 (αK − 12αB − 6) Φ2 − 6H (1 + αB) ΦΨ̇ + 2 (1 + αH) Ψ∂2Φ

− 3Ψ̇2 − (1 + αT ) Ψ∂2Ψ + 2a2H (1 + αB) Φ∂2Ė − 2H (1 + αB) Φ∂2B + 2a2Ψ∂2Ė

− 2Ψ̇∂2B − 3

(
ρ0 + P0

M2
+ 2Ḣ

)
Ψ̇δχ+ 2αHΨ̇∂2δχ+ 6HαBΨ̇δχ̇+H2 (6αB − αK) Φδχ̇

− 2H

[
αT − αH −

d lnM2

d ln a
(αH + 1)− dαH

d ln a

]
Ψ∂2δχ− 2H(αB − αH)Φ∂2δχ

− 3H

[
(ρ0 + P0)

M2
+ 2Ḣ (1 + αB)

]
Φδχ−

[
(ρ0 + P0)

M2
+ 2Ḣ

]
δχ
(
∂2B − a2∂2Ė

)
+ 2HαBδχ̇

(
∂2B − a2∂2Ė

)
−
[
3

(
Ḣ2 +HḦ + 3H2Ḣ +H2Ḣ

d lnM2

d ln a

)
αB + 3HḢα̇B

+
3

2
Ḣ

(ρ0 + P0)

M2
+ 3Ḣ2

]
δχ2 −

[(
Ḣ +H2 +H2d lnM2

d ln a

)
(αB − αH) +H (α̇B − α̇H)

+ H2αT + Ḣ −H2d lnM2

d ln a
+

1

2

(ρ0 + P0)

M2

]
δχ∂2δχ+

1

2
H2αKδχ̇

2 (5.15)

− P0

(
3

2
Ψ2 − a2Ψ∂2E − a4

2
∂2E∂2E

)
− ρ0

(
1

2
Φ2 +

1

2
B∂2B + 3ΦΨ− a2Φ∂2E

)}
,

where we have redefined δχ → δχχ̇0. Note that all the terms in the last line are those arising

from δ2

√
|h| and (δ2N + δ

√
|h|δN), and they will all cancel with an equivalent counterpart

from the matter action S
(2)
M . Given that the background depends on two free functions a and

χ0 (ϕ0 is not free as it will be related to a by means of eq. (4.28)), we have shown that this
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cosmological model is completely characterised by seven free functions of time, parametrising

the evolution of the background and linear perturbations. Note that, in this case we do not have

any extra relation such as eq. (4.53) relating the background functions to M . We emphasise

that, even though we did our calculations with a matter scalar field, our expression for S
(2)
G is

valid when the matter sector is a general perfect fluid instead of a scalar field. The equations

of motion for this gravitational model coupled to a general perfect fluid can be derived from

equations (4.21).

The action we have just determined includes up to third-order derivatives of the perturbation

fields. The coefficients M2, αK , αB and αT multiply terms that have, at most, two derivatives,

and therefore encompass fundamental theories such as Horndeski theory. But we also found a

“Beyond Horndeski” coefficient, αH , which multiplies a term of the form Ψ̇∂2δχ that has three

derivatives; therefore our results encompass the extensions from Beyond Horndeski theory.

We can recover the results of the previous section by setting χ = 0. The free coefficients

then take the following values:

αK = αB = αH = 0, αT =
d lnM2

d ln a
, (5.16)

which corresponds to GR if M is constant (αT = 0). On the other hand, if we want δχ to

describe the perturbations of a quintessence scalar, we set the coefficients to be:

αB = αH = 0, αT =
d lnM2

d ln a
, αK =

χ̇2
0

H2M2
. (5.17)

Note that by constraining the form of the terms for δχ in this way, we are also constraining

the quadratic tensor terms – they are all related. In this case, the tensor action reduces to that

of the generalised GR action shown in the previous section. If we restrict ourselves to GR, we

find αT = 0 as in [178]3.

We finally comment on the fact that action (5.15) propagates only one physical scalar DoF.

It can be seen that B and Φ are auxiliary variables, while the other three fields have time

derivatives; and due to the redundancies induced by the two scalar gauge freedoms, the action

contains only one physical, propagating, scalar DoF.

3Note that there is a typo in Table 1 of [178] - a factor of 3 is missing in the definition of αK for quintessence.
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5.1.2 Fourth-order extensions

It is interesting to go further to see what the structure of higher-order derivative terms might

take and what new free coefficients must be included. Both [158] and [159] include a term of

the form (gµν + nµnν) ∂µg
00∂νg

00 in the unitary gauge which, when Stueckelberg-ed, leads to a

fourth-order derivative term of the scalar field in the quadratic action of the form αP∂
iδχ̇∂iδχ̇

where αP can be expressed as:

αP =
χ̇2

0T∂χ̇∂χ̇
M2H4a2

, (5.18)

and T∂χ̇∂χ̇ is the coefficient in the quadratic action multiplying a term of the form ∂iδχ̇∂iδχ̇.

More recently, in [186–188], the authors explored the possibility of enlarging the family of viable

scalar-tensor theories by allowing fourth-order derivatives of the scalar field in the equations of

motion, but avoiding Ostrogradski instabilities through additional (hidden) constraints.

We now go beyond “Beyond Horndeski”, to see what kinds of terms arise by systemati-

cally including all possible fourth-order derivative terms in the quadratic action (i.e. including

Lagrangians L4
T + L4

χ, with up to four spatial derivatives but only two time derivatives). We

find that the final action now depends on the five coefficients previously found as well as six

new coefficients, one of which is the αP found in [159]. The new coefficients are defined in the

following way:

αQ1 =
H2

2M2
(4LRR+ + 3LRR×) , (5.19)

αQ2 =
2

M2
(LKK+ + 2LKK×) , (5.20)

αQ3 =
H

M2
(LKR+ + LKR×) , (5.21)

αQ4 =
H

M2

(
T∂2N∂2χ −

2

3
LK∂2χ̇×

)
χ̇0, (5.22)

αQ5 =
H

M2
T∂2N∂2χχ̇0, (5.23)

αP =
χ̇2

0

M2H4a2
T∂χ̇∂χ̇, (5.24)

(Note that, as for equations (5.10)-(5.14), we could rewrite all these new coefficients in terms

of L∗ and T∗ solely from the tensor part of the action but the expressions would be more

cumbersome). These terms contribute with the following fourth-order derivative interaction

terms to the final quadratic action (as well as contributing to lower-order derivative terms):
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αQ1 → {∂2Ψ∂2δχ, ∂2δχ∂2δχ, ∂2Ψ∂2Ψ}, (5.25)

αQ2 → {∂2δχ∂2δχ}, (5.26)

αQ3 → {∂2δχ∂2δχ, ∂2δχ∂2Ψ}, (5.27)

αQ4 → {∂iδχ̇∂iΨ̇}, (5.28)

αQ5 → {∂2δχ̇∂2Ė, ∂2δχ∂2δχ, ∂2δχ∂2Φ, ∂2δχ̇∂2B}, (5.29)

αP → {∂iδχ̇∂iδχ̇}. (5.30)

Notice that all these terms have four derivatives of the perturbation fields δhij, δN , δN i and δχ,

but when using the SVT decomposition they have higher derivatives of the scalar perturbations.

For completeness we list L4
T and L4

χ in Appendix D.2.

The final quadratic action is lengthy, but can be found explicitly in the xIST notebook

COPPER. Although this final action becomes more complex, it has the same structure that

we see in the action of equation (5.15): B and Φ are auxiliary variables, while the other

three fields have time derivatives; and after using the gauge freedom, the action contains only

one physical, propagating, scalar DoF. The quadratic actions found here with four derivatives

should encompass some specific cases of the scalar-tensor theories considered in [186–188].

It is important to remark that some scalar-tensor actions could have a different structure and

allow the quadratic term Φ̇2. As shown in [161], such actions could be obtained by performing

a conformal transformation of the metric with a dependence on derivative terms of the scalar

field χ to the action in eq. (5.15). Even though Φ would not be an auxiliary field anymore, these

actions would propagate the same number of DoFs as the actions found in this section, due

to the presence of additional (hidden) constraints. We do not find the term Φ̇2 in our results

because the presence of such term requires the presence of other quadratic terms (in order to

have a gauge-invariant action) of the form χ̈2 that lead to four time derivatives in the equations

of motion, which we ignored. Furthermore, in [188] it was shown explicitly that after conformal

transformations with kinetic dependence on the scalar field, the action of Horndeski is mapped

into a specific action that leads to fourth derivatives in the equations of motion. Thus, we

emphasise that the absence of these terms in our results does not represent a restriction on the

formalism but on the extra assumptions made for the specific cases we worked out instead. In

fact, if we had allowed four time derivatives of the fields, we would have found the term Φ̇2 in

the final quadratic action.
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Finally, the final action depends on a small set of parameters, (the “α” parameters and

M) which define subspaces of the full set of coefficients L∗ we used to build our complete

action. This means that with measurements of linear cosmological perturbations, at best, we

can restrict ourselves to a degenerate subspace that includes (but is not solely restricted to)

GR coupled to a scalar field.

5.2 Vector-tensor theories

In the previous section we have focused on scalar-tensor modified gravity theories; in this section

we show how the method can easily be extended to vector-tensor gravity theories.

5.2.1 General case

We aim to parametrise linearly diffeomorphism-invariant quadratic actions containing one met-

ric and one vector field Aµ. As in the previous sections, we add a scalar field, minimally coupled

to the metric, to represent the matter sector, and consider linear perturbations of all the fields

around a homogeneous and isotropic background. For the vector field we will have:

Aµ =
(
A,~0

)
+ αµ, (5.31)

where A(t) is the background solution of the vector field, and αµ its first-order perturbation.

Since we will be focusing on scalar perturbations, we use the SVT decomposition of the vector

field to write:

αµ = (α0, αi); αi = αT i + h̄ij∂jα, (5.32)

where we have two scalar perturbations α0 and α, and one vector perturbation αT i, such that

∂iα
T i = 0. Therefore there will only be two relevant perturbations (the two scalar modes) from

the vector field in our calculations. As explained in Appendix A.1, these scalar perturbations

transform in the following way under linear coordinate transformations:

δα0 = π̇A− Ȧπ,

δα = a2Aε̇, (5.33)

while the scalar metric perturbations transform as in eq. (1.27) and the matter scalar field δϕ

as the field χ in eq. (4.9).
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We now follow Step 2 to construct the most general gravitational quadratic action. We will

allow, at most, two derivatives of the perturbation fields in the equations of motion. All the pos-

sible perturbed building blocks in this case will be δ~Θ = (. . . , α0, ∂iα
0, α̇0, ∂i∂jα

0, ∂iα̇
0, αi, ∂jαi,

α̇i, ∂j∂kαi, ∂jα̇i), where the initial ellipses indicate all the building blocks used in Section 4.2.

For simplicity we have defined αi = h̄ijα
i which, in terms of scalar perturbations, becomes

αi = ∂iα.

Next we proceed to Taylor expand the gravitational Lagrangian LG up to second order in

the perturbation fields. We use the same definitions introduced in eq. (4.22) for the coefficients

L∗. In addition, we use α as a proxy for αi in the subscripts of the coefficients L∗. We also

Taylor expand the matter action.

We recall that we obtain the background equations of motion from the linear Taylor expan-

sion of the total action (gravity and matter). In this case, we find eq. (4.26) from varying the

metric field, eq. (4.28) from the matter scalar field, and the following expression from varying

the vector field:

Lα0 − L̇α̇0 − 3HLα̇0 = 0. (5.34)

Similar to the case of scalar-tensor theories, we expect one of these four background equations

to be redundant as there are only three undetermined background functions a, A and ϕ0. Again,

this redundancy leads to a relation between the parameters L∗ and T∗, which is not relevant

for the analysis of this chapter, but would be important in constructing non-perturbative,

fundamental actions allowing homogeneous and isotropic backgrounds.

We now proceed to express the general quadratic gravitational action as:

S
(2)
G =

∫
d4x

2∑
i=0

(
LiT + Liα0 + Liα + Liα0α

)
, (5.35)

where Liα0 and Liα are the quadratic Lagrangians involving α0 and αi respectively, along with

the metric perturbations, leading to i derivatives of the perturbation fields in the equations of

motion. We also include the Lagrangian Liα0α involving interactions between α0 and αi.

The Lagrangians LiT are given in Section 4.2, while Liα0 are the same as Liχ, for i = (0, 1, 2),

given in Section 5.1, but with χ→ α0. For Liα, we have that:

L0
α = a3

[
TαSαiδN

i +
1

2
Tαααiα

i

]
, (5.36)
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L1
α = a3

[
T∂αh+δh∂

iαi + 2L∂αh×δhij∂
iαj + Tα̇SδN

iα̇i + Tα∂N∂
iδNαi

]
, (5.37)

L2
α = a3

[
T∂α̇h+δh∂

iα̇i + 2L∂α̇h×δhijh̄
jk∂iα̇k + T∂α̇NδN∂

iα̇i +
1

2
Lα̇α̇α̇iα̇jh̄

ij

+ Lα̇ṠδṄ
iα̇i + L∂αK+δK∂

iαi + 2L∂αK×δK
i
j∂

jαi + T∂α∂S∂iδN
i∂jαj

+T∂α∂α+∂
iαi∂

jαj + L∂α∂α×∂
iαj∂iαj

]
. (5.38)

We finally add the following interaction terms to the total gravitational action:

L1
α0α = a3Tα∂α0αi∂iα

0, (5.39)

L2
α0α = a3Tα∂α̇0αi∂iα̇

0, (5.40)

and L0
α0α = 0. As in the previous sections, we have integrated by parts and grouped coefficients

to simplify notation. In Appendix D.3 we give the dictionary for the coefficients T∗ in terms of

the L∗ for the Lagrangians Liα and Liα0α. Since we will also be coupling a matter scalar field ϕ,

we must include the quadratic matter action given in eq. (4.34) in the total quadratic action.

Moving on to Step 3, we write the total quadratic action S
(2)
G + S

(2)
M in terms of the scalar

perturbation fields (Φ, B, Ψ, E, α0, α and δϕ), find the corresponding Noether identities and

solve the associated Noether constraints. After solving the Noether constraints we find that

the total quadratic action depends on the following 10 free coefficients:

M2 = 2LKK×, (5.41)

αD1 =
LṄṄ
M2

=
A2

M2
Lα̇0α̇0 , (5.42)

αD2 = −2
LKṄ
M2

, (5.43)

αD3 = −αD2 + 2
TN∂Ṡ
M2

, (5.44)

αT =
2

M2
(LR + 4LRh×)− 1, (5.45)

αH =
2

M2
(TNR + 2Lh∂2N×)− 1, (5.46)

αV 0 =
1

2HM2
(TNK − 3HLKK+)− 3

2
, (5.47)

αV 1 =
1

M2

(
T∂S∂S× + T∂S∂S+ − 4LK∂S+ − 4T∂Ṡh+ − LKK×

)
+ 1, (5.48)

αV 2 =
TSS

2H2M2
, (5.49)
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αV 3 =
1

M2
LṠṠ =

A2

M2
Tα̇α̇. (5.50)

Note that we also have three unknown background functions a, A and ϕ0, but one relation

between a and ϕ0 given by eq. (4.28). Thus, the linear cosmological evolution of the most

general linearly diffeomorphism-invariant vector-tensor theory is parametrised by a total of

twelve free functions of time. Note that in solving the Noether constraints we assumed Ȧ 6= 0,

and therefore for cases with constant A the free functions might change.

Since the final quadratic gravitational action is somewhat unwieldy, we do not show it

explicitly here. Instead, we highlight some interesting aspects of its form. The first three

coefficients αDi appear in the action multiplying time derivatives of Φ. From eq. (5.42) we can

see that the presence of the dynamical terms for Φ (δN) are tightly related to the presence

of those for α0, as LṄṄ (the coefficient of Φ̇2 as seen in eq. (4.32)) is proportional to Lα̇0α̇0

(the coefficient of (α̇0)2 as seen in eq. (5.7)). The same happens for B and α, as can be seen

in eq. (5.50). All the terms we have mentioned are not present in scalar-tensor theories, as B

and Φ are auxiliary variables in such cases. Furthermore, even if we eliminate all the terms

leading to time derivatives of B and Φ, i.e. set αD1 = αD2 = αD3 = αV 3 = 0, the remaining

gravitational action still has different quadratic metric interaction terms, compared to the ones

in eq. (5.15), namely (∂B)2, (∂Φ)2, and (∂2Ė)2. Note also that two of the ten coefficients in

the final action are the same as those present for a scalar-tensor theory: αT and αH . However,

they do not enter the action in exactly the same way; for instance, both αT and αH multiply

a term of the form (∂Φ)2.

A detailed analysis of the physical propagating DoFs and the stability of this class of theories

is beyond the scope of this thesis. However, we comment on the fact that if all the free

coefficients are nonzero, we might naively think that this gravitational action propagates four

physical scalar DoFs, as E, Ψ, Φ, B, α and α0 are dynamical fields (and as there are two scalar

gauge parameters). This would suggest the propagation of unstable modes, given that a well

behaved vector-tensor (Lorentz-invariant) theory is expected to propagate at most two scalar

DoFs: the helicity-0 modes from the massive spin-1 and spin-2 particles. For this reason it is

instructive to make the following redefinition of the vector perturbation fields:

α̃ = α + AB, α̃0 = α0 + AΦ. (5.51)

With this redefinition the fields B and Φ become auxiliary variables in the action (i.e. do not

have any time derivatives), while α̃ and α̃0 are dynamical. In this way, it is clear that the action
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will propagate at most two scalar DoFs. Furthermore, well-known linearly diffeomorphism-

invariant vector-tensor theories propagate only one healthy scalar DoF. In this context, we

notice that extra conditions on the coefficients might reduce the number of physical DoFs to

one. For instance, if we set αV 3 = 0, α̃ becomes an auxiliary variable, or, alternatively, if we

set αD1 = αD2 = 0 then α̃0 becomes an auxiliary variable. Such cases should encompass the

generalisations of the Proca action studied in [189–191]. As we will see in the next subsection,

there are alternative ways of constructing vector-tensor theories propagating only one physical

scalar DoF, by incorporating extra constraints.

It is interesting to see what happens if we also impose a U(1) gauge symmetry on the vector

field. In this case the quadratic action is invariant under

αµ → αµ + ∂µε, (5.52)

where ε is an arbitrary infinitesimal parameter, independent of the other two scalar gauge

parameters in the linear coordinate transformation. After solving the Noether constraints

associated to the U(1) gauge symmetry we find that

αD1 = αD2 = αH = αV 0 = αV 2 = 0, αV 1 = 1, αT =
d lnM2

d ln a
, αD3 = −4αV 3, (5.53)

along with eq. (4.53) and the final quadratic action depends on two free coefficients M and αV 3.

In addition, we have only one free function describing the background A, as a is related to M

through eq. (4.53). In general, this action does not propagate any physical scalar DoF, because

it has three dynamical fields E, Ψ and α̃ and three gauge parameters inducing redundancies

rendering these fields unphysical. The Einstein-Maxwell theory is one example of this case.

5.2.2 Einstein-Aether theory

As mentioned above, there are different ways of constructing a gravitational action with a vector

and tensor field that propagates only one scalar DoF. Here we show one special case in which

we introduce an additional constraint. Specifically, we will add the Einstein-Aether constraint:

Sc =

∫
d4x
√
−gλ (AµAµ + 1) , (5.54)

to the gravitational action SG, where λ is a Lagrange multiplier, and gives the constraint

AµAµ = −1. In particular, λ is an extra scalar field whose perturbation transforms under
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linear coordinate transformations in the same way as δχ in eq. (4.9). The presence of the new

field λ imposes an extra background equation of motion: A = 1, while all the other background

equations are the same as those in the general vector-tensor case presented previously, where

now all the coefficients L∗ are functional derivatives of the total gravitational action (which

now includes Sc).

The Einstein-Aether constraint will contribute the following second-order terms to the total

action:

S(2)
c =

∫
d4x a3

{
−2δλ

(
α0 + δN

)}
, (5.55)

where we have expanded the Lagrange multiplier as λ = λ0 + δλ. Notice that the second-order

Taylor expansion of eq. (5.54) will also lead to quadratic terms in the metric perturbations,

but we do not show them in eq. (5.55) as they are taken into account in LiT (i.e. any quadratic

metric term from Sc contributes to the action via changing the explicit from of the coefficients

L∗ and T∗ in the metric Lagrangians). In addition, from eq. (5.55) we note that the equation

of motion for δλ gives the Lagrange constraint δN + α0 = 0. As expected, this constraint

corresponds to the linear expansion of the full constraint AµAµ = −1.

As in the general vector-tensor case, we follow Step 3 to express the total quadratic action

S
(2)
G + S

(2)
M + S

(2)
c in terms of the scalar perturbations, and impose that it is invariant under

linear infinitesimal gauge transformations. After solving the Noether constraints we find an

action depending on ten free coefficients (of which three are different to those present in the

general vector-tensor case). However, after solving the Lagrange constraint α0 = −δN the

dependence on some coefficients vanishes, while the rest combine in such a way that the final

quadratic gravitational action depends on four coefficients only. The final action is:

S
(2)
G =

∫
d4x a3

{
M2

[
αV 3

1

2
∂i ˙̂α∂i ˙̂α− αV 3Φ̂∂2 ˙̂α +

1

2
αV 3∂iΦ̂∂

iΦ̂− 2

3
∂2B̂∂2α̂

+
1

3
∂2B̂∂2B̂ +

1

3
∂2α̂∂2α̂ +H2αV 5∂iα̂∂

iα̂ +HαV 4∂iα̂∂
iΦ̂

]
+

(ρ0 + P0)

ḢH

[
3

2
H3Φ̂2

+H2Φ̂∂2B̂ +
1

6
H∂2α̂∂2α̂− 1

3
H∂2α̂∂2B̂ +

1

6
H∂2B̂∂2B̂ + Ḣ∂iΨ∂

iB̂ − 3ḢHΨΦ̂

+
Ḣ

2H
∂iΨ∂

iΨ− 3Ḣ2

2H
Ψ2

]
− P0

(
3

2
Ψ2 − a2Ψ∂2E − a4

2
∂2E∂2E

)
−ρ0

(
1

2
Φ2 +

1

2
B∂2B + 3ΦΨ− a2Φ∂2E

)}
, (5.56)
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where, to simplify our expression, we have defined:

α̂ = α̃− Ψ

H
, (5.57)

B̂ = B − Ψ

H
− a2Ė, (5.58)

Φ̂ = Φ +
Ψ̇

H
−Ψ

Ḣ

H2
, (5.59)

and where α̃ = α+B. Note that in eq. (5.56) the last two sets of parentheses will cancel with

their corresponding counterparts from the matter action given in eq. (4.34). Also, note that

S
(2)
c = 0, as we have solved the Lagrange constraint. In the final quadratic action given by

eq. (5.56) M2 and αV 3 are given by eq. (5.41) and (5.50) respectively, while the other two free

coefficients are given by:

αV 4 =
1

M2H

[
−2L̇K∂S× + 3 (LKK+ − 2LK∂S×)H − 4LhK× + 4Lh∂S×

]
+
d lnM2

d ln a

− αT + 3,

αV 5 =
3

2M2H

(
L̇KK+ +HLKK+

)
− 1

2
(αV 4 − 1)

d lnM2

d ln a
− α̇V 4

2H
− αV 4Ḣ

2H2
+ αT

− αV 4

2
+

3

2
, (5.60)

where αT is given by eq. (5.45). This final quadratic action encompass all vector-tensor theories

that include the Einstein-Aether constraint in eq. (5.54).

From eq. (5.56) we can see that when solving the Lagrange constraint, Φ becomes an

auxiliary variable. Thus the final action has two auxiliary fields, B and Φ, and three dynamical

fields E, Ψ and α̃, with no dependence on δλ and α0. This action is still gauge invariant

under linear infinitesimal coordinate transformations; the Lagrange constraint does not fix any

preferred gauge because Φ+α0 is a gauge-invariant quantity. Therefore, this action propagates

only one physical scalar DoF, as the two scalar gauge parameters render two dynamical fields

unphysical.

The final action in eq. (5.56) depends explicitly on four coefficients, while the background

has only one free function a. Therefore this cosmological model is parametrised by five free

functions in total. Notice that we expect λ0 to appear in the background equations of motion,

but we do not count it as an extra free function, since it can be eliminated by appropriately

combining the background equations. Thus λ0 is not directly observable. In addition, A and

ϕ0 do not count as free parameters either because A is fixed to be A = 1, and ϕ0 will be related

to a by the matter background eq. (4.28).
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5.3 Discussion

In this chapter we have constructed quadratic actions for cosmological perturbations for scalar-

tensor and vector-tensor theories, by applying the procedure of Chapter 4. We summarise our

findings in Table 5.1.

Fields Der. Free Functions ST DoFs Theories

gµν , χ 2 M , α{K,T,B} + 2 1 Horndeski
gµν , χ 3 M , α{K,T,B,H} + 2 1 Beyond Horndeski
gµν , χ 4 M , α{K,T,B,H,P}, αQ{1,2,3,4,5} + 2 1 4th Scalar-Tensor

gµν , A
µ 2 M , α{T,H}, αD{1,2,3} , αV{0,1,2,3} + 2 2 2nd Vector-Tensor

gµν , A
µ, λ 2 M , αV{3,4,5} + 1 1 Einstein-Aether

Table 5.1: In this table we summarize the results found throughout this chapter for cases
in which invariance under linear coordinate transformations was assumed. The first column
indicates the field content of the gravitational action. In all cases we also added a matter
scalar field ϕ whose presence is omitted in this table. The second column indicates the maxi-
mum number of derivatives of the perturbation fields allowed in the equations of motion. Note
that in the cases where this number is higher than 2, we assumed a maximum of two time
derivatives, but allowed higher spatial derivatives. The third column shows the free coefficients
parametrizing the quadratic action, while the +1 or +2 counts the number of extra free back-
ground functions. The fourth column shows the maximum number of scalar DoFs propagated
by the quadratic gravitational action. In all cases the complete quadratic theory would propa-
gate one more matter scalar DoF. The fifth column shows theories that are encompassed by the
corresponding parametrisation. The three grey rows show new parametrisations of fourth-order
derivative scalar-tensor theories and second-order derivative vector-tensor theories, including
Einstein-Aether.

We applied our procedure to scalar-tensor gravity theories, leading to second, third and

fourth-order derivatives in the equations of motion. The first two cases are well known, and the

quadratic actions found encompass the theories of Horndeski and Beyond Horndeski. We also

analysed the fourth-derivative case and identify a total of 13 free functions of time, describing

the background (2) and linear (11) cosmological evolution of the Universe, of which 6 are new

compared to the third-derivative case. In all these cases the quadratic gravitational action

propagates only one scalar DoF. The procedure could also be applied systematically to allow

higher-order derivatives, and we would most likely generate more free parameters encompassing

even more theories.

Finally, we applied the procedure to vector-tensor theories, leading to second-order deriva-

tives in the equations of motion. We found a total of 12 free functions of time describing

the background (2) and linear (10) cosmological evolution of the Universe. In general, these

quadratic gravitational actions propagate two scalar DoFs, although there could be only one
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when some specific parameters are zero. As an alternative case of a vector-tensor theory prop-

agating only one scalar DoF, we applied the procedure to theories of gravity with an Einstein-

Aether constraint. We found a total of only 5 free parameters of time describing the background

(1) and linear perturbations (4).

In all the cases presented in this chapter we minimally coupled the metric field to a matter

scalar field; however, the same results hold for a general perfect fluid. In addition, we only

analysed scalar perturbations, but the same free parameters will also describe vector and tensor

linear perturbations, around homogeneous and isotropic backgrounds. The specific form of the

quadratic action of vector and tensor perturbations is left for future work.

We remark that the field content, and more specifically how all fields transform under a

given gauge symmetry, is crucial in determining the final form of the quadratic action. For

instance, we could apply the same procedure to a gravitational theory with a tensor coupled

to a generalised scalar field χ, whose linear perturbation δχ transforms under linear coordinate

transformations as:

δχ→ δχ+G0π +G1π̇ +G2ε+G3ε̇, (5.61)

where G∗ are unknown functions of the background and π, ε are arbitrary functions defined

in Appendix A.1. After applying the three steps above, focusing on scalar perturbations, and

allowing up to two derivatives of the fields, we could get very different results to those of scalar-

tensor theories. If Gi 6= 0 for i = (0, 1, 2, 3) the final quadratic gravitational action reduces to

that of generalised GR found in Section 4.2, and thus no scalar DoFs are propagated by the

resulting action. On the contrary, if G2 = G3 = 0, and G0 = Ġ1, i.e. when δχ is the linear

time-like scalar component of a perturbed vector field Aµ, the final gravitational quadratic

action propagates a maximum of two scalar DoFs. δχ, Φ, E and Ψ are dynamical fields in the

quadratic action, but there are two scalar gauge parameters inducing two non-physical fields.

As in scalar-tensor theories, in this case we introduced only one extra field χ to the gravitational

theory, but the resulting number of propagating DoFs is different. We see then the importance

of our Step 1 in determining the space of gravitational theories under consideration, by defining

the gauge transformation properties of the extra degrees of freedom.
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CHAPTER 6

A general theory of linear cosmological

perturbations: bimetric theories

In order to extend our previous results, and construct a parametrised model that spans as large

a swathe of the landscape of gravitational theories as possible, in this chapter we apply the

method to diffeomorphism-invariant bimetric theories. We show that, around homogeneous and

isotropic backgrounds, the most general quadratic action is determined by 29 free parameters,

and propagates at most four scalar degrees of freedom. However, if we do not allow derivative

interactions between both metrics, the number of free parameters simplifies greatly, reducing

to three. Furthermore, if we focus on actions that propagate only one DoF, the action has only

two free parameters. Lately, bimetric theories have been studied extensively in a cosmological

context [2,11,37,84–86,88,89,91,93,95,97,100,104,107–111,115–120,123–127,144,192–220], and

in this chapter we show that we can recover the specific cases of massive bigravity [66,70,72] and

Eddington-inspired Born Infeld (EiBI) theory [11, 221], as bimetric theories encompassed by

the parametrisation found. Due to the no-go theorem for ghost-free Lorentz-invariant bimetric

theories with derivative interactions in [132], we devote most of the work in this chapter to study

non-derivative interactions, although we briefly discuss derivative interactions in the appendix.

This chapter is structured as follows. In Section 6.1 we explain in detail how to implement

the method developed in Chapter 4 to bigravity theories, focusing on scalar perturbations. In

Section 6.2 we present the results of the method in the specific case when the two metrics do not

have any derivative interaction. We analyse the number of physical scalar DoFs propagating

and the number of free parameters determining the general structure of this action. We also

compare with massive bigravity and corroborate results found in previous works. Finally, in

Section 6.3 we summarise and discuss the findings of this chapter.
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6.1 Parametrising bimetric theories

In this section we first summarise the method developed in Chapter 4 and then show how to

apply it to bimetric theories. As previously explained, the objective of the method is to obtain a

general, local, quadratic action for linear cosmological perturbations for a class of gravitational

theories, with a given field content and gauge symmetries. This action will be expressed in

terms of parameters –functions of the background– in such a way that specific forms for the

parameters lead to the action of a specific gravity theory. For simplicity, in what follows, we

will be assuming a known form for the matter sector which couples to gravity, although it is

straightforward to relax this assumption. We perform the following three steps to find the

aforementioned parametrised action:

1. Set up: Assume a given number and type of fields present in the theory (gravity and

matter). Define an ansatz for the cosmological background, and consider linear pertur-

bations for each field around that background. Finally, choose a set of gauge symmetries

that will leave the quadratic action invariant.

2. General action: Construct the most general local quadratic gravitational action, given

the field content established in Step 1. Consider a set of perturbed building blocks

δ~Θ, containing all the derivatives of the gravitational perturbation fields, up to a given

maximum order. Use the building blocks to write down all possible quadratic terms,

and construct the most general quadratic gravitational action S
(2)
G by adding each one

of these terms multiplied by an, a priori, free parameter (i.e. unknown function of the

background). The resulting gravitational action will contain all possible interactions

between the perturbation fields. Finally, form the known matter content, calculate the

quadratic matter action S
(2)
m to get the total quadratic action S

(2)
G + S

(2)
m determining the

evolution of linear cosmological perturbations.

3. Gauge invariance: Find the most general linearly gauge-invariant quadratic action for

perturbations. Consider the total action S
(2)
G + S

(2)
m from Step 2, and impose invariance

under the desired gauge symmetries set in Step 1. In order to do this, find the Noether

identities associated to the gauge symmetries: there will be one for each gauge parameter.

Then, from each Noether identity, find the Noether constraints associated, which will, in

general, be linear ordinary differential equations of the free parameters in S
(2)
G . Finally,

solve the system of Noether constraints and replace the results in S
(2)
G . The resulting
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gravitational action will satisfy the Noether identities and, as consequence, be gauge-

invariant under the desired symmetries.

After performing these three steps, we will obtain the most general gravitational action for

a class of theories, determined by a given field content and set of gauge symmetries, up to a

maximum number of derivatives. From this result it is straightforward to identify the number of

free parameters describing the linear cosmological evolution of the Universe for these theories,

and the number of physical, propagating, DoFs. In addition, from this action, we are able

to constrain the free parameters with observational data and automatically translate these

constraints into constraints on the gravitational theories.

Before applying the steps to bimetric theories, we clarify that, for simplicity, we have slightly

modified Step 2 compared to the one presented in the previous chapter. We have seen that in

Step 2 the free parameters can be expressed as functional derivatives of the unknown underlying

(non-linear) gravity theory. This is an interesting feature of the method as the parameters are

related to characteristics of the fundamental theory, which is useful when building viable non-

linear gravitational theories out of observational constraints on the parameters. However, in

this chapter we have skipped that part of Step 2, and thus we will not give such relations

between the free parameters and the underlying gravity theory.

We now implement the previous method for bigravity theories. We show each one of the

three steps in detail.

Step 1: Consider a gravitational theory composed of two rank-2 tensor fields (or metrics) gAµν

(with A = {1, 2}), coupled to some additional matter fields. We focus on linear perturbations

around a homogeneous and isotropic cosmological background. The tensor degrees of freedom

arise from the following metrics:

gAµν = ḡAµν + δgAµν , (6.1)

where ḡAµν describes the background of both metrics A = 1 and A = 2, assumed to be spatially-

flat FLRW metrics with line elements given by:

ds2
1 = −dt2 + a(t)2d~x2, ds2

2 = −N̄(t)2dt2 + b(t)2d~x2. (6.2)

Here a and b are the scale factors of the metrics, and we have also introduced a non-trivial lapse

term N̄ for metric 2, as in general both metrics cannot be brought into the standard form with

118



trivial shifts at the same time. Since we do not know what the underlying gravity theory is,

the background functions a, b and N̄ are considered to be free functions of time. In addition,

δgAµν are small first-order perturbations around the given background, which generally depend

on space and time.

For simplicity and concreteness, we will assume that metric 1 is minimally coupled to a

scalar field ϕ, which will represent our matter content. This means that metric 1 will be

the physical metric describing the space-time, and therefore a will be the scale factor of the

expansion of the Universe. The matter field can be expanded as follows:

ϕ = ϕ̄(t) + δϕ, (6.3)

where ϕ̄ is the background value of the field, which has the same symmetries as the metrics,

and thus depends on time only, whereas δϕ is the first-order perturbation of the field and,

in general, depends on space and time. We remark that even though we use a minimally-

coupled scalar field as matter content, we expect the same results for a general perfect fluid.

Further generalisations could be made straightforwardly, such as coupling both metrics to

matter through the composite metric proposed in [93, 94], but such cases are left for future

work.

We will be looking for actions which are quadratic in these perturbations and invariant under

linear general coordinate transformations of the form xµ → xµ + εµ, where εµ is an arbitrary

first-order perturbation of the coordinates xµ. Under these transformations the background

stays the same, while the linear perturbations of the metrics δgAµν transform as in eq. (1.24):

δgAµν → δgAµν − ḡAµβ∂νεβ − ḡAβν∂µεβ + εαḡAµβ ḡAνγ
(
∂αḡ

Aβγ
)
, (6.4)

whereas the scalar perturbation δϕ transforms as

δϕ→ δϕ− ˙̄ϕπ. (6.5)

Notice that, since we expect both metrics to be coupled, there will be only one copy of the

diffeomorphism invariance, and thus both metrics transform with the same gauge parameter.

Step 2: In this step we construct the most general local quadratic action for all the gravitational

perturbation fields δgAµν . This quadratic action will lead to linear equations of motion, assumed

to have second-order derivatives at most.
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We use the Arnowitt-Deser-Misner (ADM) formalism, in which we separate space and time,

and both metrics are decomposed into lapse functions NA, shift functions N i
A and 3-dimensional

spatial metrics hAij in the following way:

gA00 = −N2
A + hAijN

i
AN

j
A, gA0i = hAijN

j
A, gAij = hAij. (6.6)

Next, we write the set of perturbed building blocks δ~Θ, which includes all the perturbations the

gravitational action can depend on. Specifically, this set will include all possible gravitational

perturbations up to second-order derivatives for both metrics1:

δ~Θ =
(
δNA, δṄA, δ∂iNA, δ∂iṄA, δ∂i∂jNA, δN

i
A, δṄ

i
A, δ∂jN

i
A, δ∂jṄ

i
A, δ∂i∂jN

k
A,

δhAij, δ∂ihAjk, δ∂i∂jhAkl, δK
i
A j

)
, (6.7)

where the previous list includes all the terms for both subindices A = {1, 2}. Here, we have

replaced the time derivative terms δḣAij of the spatial metrics by the extrinsic curvature tensors

δKi
A j – this can always be done as there is a one-to-one relation between these two quanti-

ties. It is important to note that in the previous chapter we also replaced second-order spatial

derivatives of the spatial metrics by the 3-dimensional intrinsic curvature tensors δRi
A j, given

that we were seeking linearly diffeomorphism-invariant actions, and thus spatial derivatives

were expected to appear in that form. However, in this chapter we do not use δRi
A j because,

in the case of bimetric theories, the interactions between the two metrics may cause the action

to depend on a different combination of spatial derivatives, while still maintaining its diffeo-

morphism invariance. This is a new feature of the bimetric theories as in scalar-tensor and

vector-tensor theories the spatial derivatives always appeared in the combination of δRi
A j.

Note that in eq. (6.7) partial derivatives of the perturbation fields are taken with respect

to the background metric of the corresponding perturbation field, and thus we raise and lower

the indices of the perturbed building blocks with h̄Aij. Also, δ commutes with partial spatial

derivatives and so, for instance, δ(∂iNA) = ∂i(δNA). Finally, notice that even though the fields

gAµν and ϕ have only linear perturbations, the perturbed building blocks could have higher-

order perturbations as result. Thus, we clarify that δ~Θ contains both first and second-order

perturbative terms; throughout this chapter, however, δ refers only to first-order perturbations,

unless stated otherwise.

1We have ignored second-order time derivatives as they will be related – via integration by parts – to terms
with first-order time derivatives.
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We now proceed to construct the most general quadratic bimetric action with second-order

derivative equations of motion. In order to do that we write down all possible quadratic terms

formed by the perturbed building blocks, and place an arbitrary parameter in front of each

term. The resulting gravitational action can be written as follows:

S
(2)
G =

∫
d4x

2∑
n=0

LnT1 + LnT2 + LnT1T2 . (6.8)

Here, for a given n, LnT1 is the quadratic Lagrangian for the self-interactions of tensor 1, leading

to n-order derivatives in the equations of motion. LnT2 is defined analogously for tensor 2, and

finally LnT1T2 is defined analogously for the interactions between both tensors. We have the

following Lagrangians for the self-interactions:

L0
TA

=
√
−ḡA

[
1

2
LASSh̄AijδN

i
AδN

j
A +

1

2
LANN (δNA)2 + LAN

(
δ2NA + δNA

δ
√
hA√
−ḡA

)
+LANhδNAδhA +

1

2
LAhh+ (δhA)2 + LAhh×δh

i
Ajδh

j
Ai

]
+ N̄AL̄Aδ2

√
hA, (6.9)

L1
TA

=
√
−ḡA

[
LA∂Sh+∂iδN

i
AδhA + 2LA∂Sh×δhAij∂

iδN j
A + 2LAhK×δh

j
AiδK

i
Aj

+LAhK+δKAδhA + LANKδNAδKA + LAN∂SδNA∂iδN
i
A

]
, (6.10)

L2
TA

=
√
−ḡA

[
LAh∂2h×δhA∂

i∂jδhAij + LAh∂2h+δhA∂
2δhA + LAh∂2h�δhAkl∂

k∂jδhAijh̄
li
A

+ 2LA∂Ṡh×δhAij∂
iδṄ j

A + LA∂Ṡh+∂iδṄ
i
AδhA +

1

2
LA∂S∂S+

(
∂iδN

i
A

) (
∂jδN

j
A

)
+

1

2
LAṠṠh̄ijδṄ

j
AδṄ

i
A +

1

2
LA∂S∂S×h̄lj

(
∂iδN

l
A

) (
∂iδN j

A

)
+

1

2
LAKK+ (δKA)2

+ LAKK×δK
i
AjδK

j
Ai +

1

2
LAṄṄ

(
δṄA

)2

+
1

2
LA∂N∂N∂

iδNA∂iδNA

+ LAh∂2N+δhA∂
2δNA + 2LAh∂2N×δhAij∂

i∂jδNA + LAKṄδKAδṄA

+LAN∂Ṡ

(
∂jδṄ

j
A

)
δNA + LA∂SK+δKA∂iδN

i
A + 2LA∂SK×δK

i
Aj∂iδN

j
A

]
. (6.11)

Here, the L parameters are free functions of time with a subscript indicating the type of self-

interaction they determine. Also,
√
−ḡA correspond to the square root of the determinant

of the 4-dimensional background metrics ḡAµν . We remind the reader that spatial indices

are raised and lowered with the 3-dimensional background metrics, so in the previous actions

we have simplified notation by introducing the perturbation fields δhA, which are given by
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δhA = h̄ijδhAij. Also, notice that we are using δ2 to describe quadratic perturbations 2. In

eq. (6.9) we have introduced the perturbations δ
√
hA and δ2

√
hA, which are the linear and

quadratic perturbations of the square root of the determinant of the 3-dimensional metrics.

We also show explicitly the interaction terms between both metrics:

L0
T1T2

= PN2h1δN2δh1 + PN2N1δN1δN2 + PS2S1δN
j
2δN

i
1h̄1ij + Ph1h2+δh1δh2

+ Ph1h2×h̄
ik
1 h̄

jl
1 δh1ijδh2kl + Ph2N1δh2δN1, (6.12)

L1
T1T2

= PṄ2h1
δṄ2δh1 + PN2∂S1δN2∂iδN

i
1 + PṄ2N1

δṄ2δN1 + PS2∂h1+∂iδh1δN
i
2

+ 2PS2∂h1×∂
iδh1ijδN

j
2 + PṠ2S1

δN i
1Ṅ

j
2 h̄1ij + PN1∂S1δN1∂iδN

i
2 + Ph2K1+δK1δh2

+ Ph2K1×h̄
ik
1 δK

j
i1δh2jk + PK2N1δK2δN1 + Ph2∂S1+δh2∂iδN

i
1

+ Ph2∂S1×δh2ij∂
iδN j

1 , (6.13)

L2
T1T2

= Ph1∂2N2+δh1∂
2δN2 + Ph1∂2N2×δh1ij∂

i∂jδN2 + PK1Ṅ2
δK1δṄ2

+ PṄ1Ṅ2
δṄ1δṄ2 + PṄ2∂S1

∂iδN
i
1δṄ2 + PN2∂2N1

δN2∂
2δN1 + P∂S2Ṅ1

δṄ1∂iδN
i
2

+ PṠ1Ṡ2
h̄1ijδṄ

i
1δṄ

j
2 + P∂S2K1+δK1∂iδN

i
2 + 2P∂S2K1×δK

i
j1∂iδN

j
2

+ P∂S1∂S2+∂iδN
i
1∂jδN

j
2 + P∂S1∂S2×h̄1kj∂

iδNk
1 ∂iδN

j
2 + PK2Ṅ1

δK2δṄ1

+ PK1K2+δK1δK2 + PK1K2×δK
i
j1δK

j
i2 + Ph2∂2N1+δh2∂

2δN1

+ Ph2∂2N1×δh2ij∂
i∂jδN1 + PK2∂S1+δK2∂iδN

i
1 + PK2∂S1×δK

i
j2∂iδN

j
1

+ Ph2∂2h1+δh2∂
2δh1 + Ph2∂2h1×1δh2∂

i∂jδh1ij + Ph2∂2h1×2δh2ij∂
i∂jδh1

+ Ph2∂2h1�δh2il∂
i∂jδh1jkh̄

lk, (6.14)

where the P parameters are free functions of time with a subscript indicating the type of

interaction they determine. We clarify that ∂2 = ∂i∂i where, in general, the derivatives acting

on a given field have a index that is raised or lowered with the background metric of that given

field. For instance, the term δN2∂
2δN1 can be equivalently expressed as:

δN2∂
2δN1 = δN2

(
∂i∂jh̄

ij
1 δN1

)
=
δij

a2
δN2∂i∂jδN1. (6.15)

2We have ignored the term δ2K
i
j as it is related to other terms in the previous action.
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Finally, we note that in all these Lagrangians (self-interactions and interactions between both

metrics) we have integrated by parts, and written only the independent terms, so we express

the action in terms of a minimal set of parameters.

Now that we have written the most general quadratic action for two metrics, leading to

second-order derivative equations of motion, we calculate the total quadratic action by adding

the matter contribution. As previously mentioned, we will assume that metric 1 is minimally

coupled to a scalar field ϕ, and thus the matter action has the following form:

Sm = −
∫
d4x
√
−g1

(
1

2
∂µϕ∂

µϕ+ V (ϕ)

)
, (6.16)

where V (ϕ) is some potential, and the indices of the partial derivatives are raised and lowered

using g1µν . This action can be straightforwardly written in terms of the ADM variables, and

Taylor expanded up to second order in the linear perturbations of the metric and scalar field

to get eq. (4.34) for metric 1. We note that S
(2)
m does not only contain linear and quadratic

terms on the perturbations of the matter field, but also quadratic terms in the perturbations

of metric 1. In fact, the first two terms of the quadratic matter action in eq. (4.34) will cancel

out exactly the similar two terms for metric 1 in eq. (6.9). This is because the coefficients LAN

and L̄A are not arbitrary, and they are defined in such a way that:

L1N = ρ0, L̄1 = −P0, L2N = 0, L̄2 = 0. (6.17)

These relations are background equations and come from the linear expansion of the underlying

gravity theory. The derivation of these relations was done in the Appendix C.4 for metric 1

only, but the relations for metric 2 follow from those results straightforwardly.

Finally, we can see that the total quadratic action S(2) = S
(2)
m + S

(2)
G contains 99 free pa-

rameters Ls and P s3, and it is the most general quadratic action that can be written for linear

perturbations of two metrics around a spatially-flat FLRW background, with a minimal cou-

pling to a scalar field, and leading to second-order derivative equations of motion. In addition,

we have four background functions a, b, N̄ and ϕ̄ determining the background evolution, and

thus affecting the linear perturbations, from which only three are independent due to the equa-

tion for background matter in eq. (4.28). We remark that, contrary to most known bigravity

theories, we have assumed that the perturbations δNA and δN i
A are dynamical fields (have

time-derivatives) and we will let the Noether identities dictate the consistent kinetic structure

3Here we are not counting the coefficients LAN and L̄, as their values are given in eq. (6.17).
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of these terms in a gauge-invariant action.

Step 3: We now proceed to impose diffeomorphism invariance on the total quadratic action S(2)

obtained in Step 2. First, we follow the standard SVT decomposition [171] of perturbations.

Since scalar, vector and tensor perturbations evolve independently at the linear level in a

homogeneous and isotropic background, we can study each one separately. In this chapter, we

only analyse scalar perturbations, as they are the seeds of large-scale structure in the energy

density field, and therefore cosmologically relevant. In this case, the line element of both metrics

(including the background and linear perturbations) will be expressed as:

ds2
1 = − (1 + Φ1) dt2 + 2∂iB1dtdx

i + a2 [(1− 2Ψ1) δij + 2∂i∂jE1] dxidxj, (6.18)

ds2
2 = −N̄2 (1 + Φ2) dt2 + 2N̄∂iB2dtdx

i + b2 [(1− 2Ψ2) δij + 2∂i∂jE2] dxidxj, (6.19)

where the fields ΦA, BA, ΨA and EA for A = {1, 2} are the first-order scalar perturbations for

both metrics gAµν . From eq. (6.18)-(6.19) we can find the perturbed ADM variables at linear

order:

δN1 = Φ1, δN
i
1 = h̄ij1 ∂jB1, δh1ij = a2 [−2Ψ1δij + 2∂i∂jE1] , (6.20)

δN2 = N̄Φ2, δN
i
2 = N̄ h̄ij2 ∂jB2, δh2ij = b2 [−2Ψ2δij + 2∂i∂jE2] , (6.21)

as well as the rest of the perturbed building blocks. See Appendix E.1 for a list of relevant

quantities, that appear in the gravitational quadratic action S
(2)
G , in terms of the scalar pertur-

bations. In these equations, h̄ijA are the inverse tensors of the 3-dimensional spatial background

metrics.

We can now express the total quadratic action in terms of the 8 scalar perturbations, and the

matter perturbation field δϕ. Note that even though we only allow up to two derivatives of the

metric perturbations δN , δN i and δhij, this means that we will have higher-order derivatives

of the scalar perturbations. Next, we impose that the action is invariant under the linear

diffeomorphism transformations given in eq. (6.4)-(6.5). In terms of the scalar perturbations,

the transformation of the metric perturbations is the following:

Φ̃1 = Φ1 − π̇, B̃1 = B1 + π − a2ε̇, Ψ̃1 = Ψ1 +Hπ, Ẽ1 = E1 − ε, (6.22)

Φ̃2 = Φ2 − π̇ −HNπ, B̃2 = B2 + N̄π − b2

N̄
ε̇, Ψ̃2 = Ψ2 +Hbπ, Ẽ2 = E2 − ε, (6.23)
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where we have defined H = ȧ/a, Hb = ḃ/b and HN = ˙̄N/N̄ . Note that we have also used the

SVT decomposition for the gauge parameter εµ, and written its two scalar components π and

ε such that εµ = (π, δij∂jε).

In order that the action is diffeomorphism invariant, we need to determine the Noether

identities that arise for both spatial and temporal linear gauge transformations. These identities

are the constraints which, when enforced, make the action gauge invariant. We calculate the

Noether identities by first taking an infinitesimal variation of the total quadratic action with

regards to each one of the scalar perturbations. This variation can be written as:

δ̂S(2) = δ̂S
(2)
G + δ̂S(2)

m =

∫
d4x

[
EΦA

δ̂ΦA + EBA
δ̂BA + EΨA

δ̂ΨA + EEA
δ̂EA + Eδϕδ̂ (δϕ)

]
(6.24)

where EX is the equation of motion of the perturbation field X, and δ̂ stands for functional

variation. Here, there is an implicit sum over the subindex A. We then replace the variations

of the fields by the corresponding gauge transformations in eq. (6.5) and eq. (6.22)-(6.23), and

integrate by parts to end up with:

δ̂gS(2) =

∫
d4x

[
EB1 + N̄EB2 +HEΨ1 +HbEΨ2 + ĖΦ1 + ĖΦ2 −HNEΦ2 − Eδϕ ˙̄ϕ

]
π

+

∫
d4x

[
−EE1 − EE2 +

d

dt

(
a2EB1

)
+
d

dt

(
b2

N̄
EB2

)]
ε, (6.25)

where the expression δ̂g stands for the functional variation of the action due to the gauge

transformation. Given that the total quadratic action should be invariant under these gauge

transformations, and given that both π and ε are arbitrary and independent, each set of brack-

ets should be zero; this gives us two Noether identities, one associated to each scalar gauge

parameter. Furthermore, each combination of free coefficients, inside each of the brackets, mul-

tiplying the perturbation fields and their derivatives such as ΦA, Φ̇A, ∂2ΦA, ΨA, etc, must be

individually zero for the Noether identities to be satisfied off-shell. This gives a set of Noether

constraints. As previously mentioned, these constraints will be, in general, linear ordinary dif-

ferential equations for the coefficients Ls and P s. However, for the bimetric case presented in

this chapter, these Noether constraints can be solved algebraically. We solve all of these con-

straints and replace the solutions in the quadratic action, resulting in an action satisfying the

Noether identities and, as consequence, gauge invariant. Therefore, the resulting action will

be the most general linearly diffeomorphism-invariant local quadratic action, given the field

content.
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The resulting gauge-invariant bimetric action is lengthy so we do not show it explicitly

here but we mention some general characteristics. We find that the final action depends only

on 29 free parameters, in addition to the four background functions a, b, N̄ and ϕ̄, which

add three independent free functions due to the constraint in eq. (4.28). Therefore, there are

29 + 3 free parameters determining the background and linear cosmological evolution of these

bimetric theories. In Appendix E.2 we give expressions for all these parameters in terms of the

coefficients Ls and P s, and we connect them with the well-known parameters present in the

scalar-tensor parametrisation EFT of dark energy [161].

In addition, we find that in the final action the eight metric scalar fields ΦA, BA, ΨA and

EA, have dynamical terms, i.e. time derivatives. However, the fields ΦA and BA appear in

specific combinations such that if we introduce two new fields Φ3 and B3:

Φ1 = Φ3 + Φ2, B1 = B3 +
a2N̄

b2
B2, (6.26)

then Φ3 and B3 appear as dynamical fields whereas Φ2 and B2 become auxiliary fields (without

time derivatives). This means that the final gravitational action propagates at most four

physical scalar DoFs. The counting goes as follows: there are two auxiliary variables that can

be worked out from their own equations of motion, and therefore expressed entirely in terms

of the 6 remaining dynamical fields. In addition, we have two scalar gauge parameters that we

can use to fix the gauge and eliminate two dynamical fields. Therefore, the final action has at

most four physical scalar DoFs, although for specific values of the parameters (and background

evolutions) there could be less.

From our results it is not possible to know where the four scalar DoFs are coming from

(e.g. massive gravitons or ghosts), but we do know that all well-known healthy bimetric theories

propagate at most one scalar DoF, signalling the possible presence of unstable modes in the

action found in this chapter. This shows a crucial feature of any approach based on linearized

theories solely. The consistency of a full theory requires background, linearized perturbative

and higher-order perturbative contributions all to be consistent, i.e. to avoid the propagation

of unstable degrees of freedom such as ghosts. And so, crucially, while all well-behaved theories

will map onto the free functions in our linearized perturbation theory parametrisation, not all

possible functional forms for these seemingly free functions are associated with healthy theories.

This happens for the very simple reason that there is more to a full theory than the action it

gives rise to for linear perturbations, and that there are additional constraints not captured

by any formalism based on linearized perturbations. These extra constraints would reduce the
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free functions and the number of propagating fields we have found further. A detailed analysis

on the construction of possible fundamental consistent theories leading to the parametrised

bimetric action found here is beyond the scope of this work, but it is certainly relevant and

requires further work.

In the next section, we focus on the specific case when there are no derivative interactions

between both metrics. This case is interesting as it encompasses most well-known bimetric theo-

ries such as massive bigravity and EiBI. Furthermore, there is a no-go theorem for the existence

of ghost-free Lorentz-invariant derivative interactions [132] for massive gravity, rendering the

general case of derivative interactions likely to propagate unstable modes. Notwithstanding,

we do briefly discuss derivative interactions in Appendix E.4, as they might still be relevant in

the context of Lorentz-breaking theories.

6.2 A reduced case: excluding derivative interactions

In this section we study the general structure of the parametrised bimetric action in the absence

of derivative interactions between both metrics. The starting point is the general action we

found in the previous section, which had 29 free parameters. In this action we impose that all

derivative interactions vanish, i.e. L1
T1T2

= L2
T1T2

= 0, which enforces the relations on the free

parameters that we present in Appendix E.3. Specifically, we find 26 relations, reducing greatly

the number of free parameters to only three. These three parameters are:

M2
1 = 2L1KK×, (6.27)

αL = − 1

2M2
1H

2

(
L̄1 − 4L1hh+ − 8L1hh×

)
, (6.28)

αE = − 2

M2
2

[
N̄2T2Nh −Hb (2L2hK× + 3L2hK+)

]
. (6.29)

Therefore, if we take into account the background functions, there are, in total, 3 + 3 free

functions of time determining the evolution of the background and linear perturbations in this

subclass of theories: bimetric theories without derivative interactions. In Appendix E.3 we

show the quadratic action without derivative interactions.

In this case we find that the four fields BA and ΦA appear as auxiliary variables, i.e. do

not have any time derivatives. This means that the resulting gravitational action propagates

at most two scalar DoFs. This result is consistent with previous analyses of massive gravity,

where it has been shown that most potential interactions between two metrics lead to the
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propagation of a helicity-0 mode for a massive graviton and an extra unstable scalar mode, the

Boulware-Deser ghost [65,77,78].

In order to get a healthy action we construct actions that propagate only one scalar DoF

(although there are some trivial healthy cases that propagate no scalar, as we will see later on).

We do this by imposing that one of the dynamical fields is an auxiliary variable, i.e. by setting

to zero the coefficients of the kinetic terms of one field, after integrating out the four auxiliary

fields BA and ΦA. As we will see later on, the resulting action is a generalisation of massive

bigravity and thus the only propagating physical field should correspond to the helicity-0 mode

of a massive graviton. We find that the only non-trivial situation we can have is when Ψ2

becomes an auxiliary variable 4, which imposes one extra constraint on the parameters:

αE =
Hb

(
ρ0 + P0 + 2ḢM2

1

)
r3(H −Hb)M2

2

, (6.30)

where we have introduced the scale factor ratio r = b/a, and the mass scale M2
2 = 2L2KK×.

Therefore, the most general bimetric quadratic action without derivative interactions and prop-

agating only one scalar DoF, depends on 2 + 3 free functions of time. From now on, we focus

on such a subclass of actions. The resulting parametrised action is much simpler in this case,

and can be written in the following form:

S(2) = S
(2)
T1

+ S
(2)
T2

+ S
(2)
T1T2

+ S(2)
ϕ , (6.31)

where S
(2)
TA

is the action for the self-interaction terms of the metric gAµν , whereas S
(2)
T1T2

is the

action for the interaction terms between both metrics, and S
(2)
ϕ includes all the terms involving

the matter perturbation δϕ in eq. (4.34). Notice that S
(2)
T1

does include the quadratic terms of

the metric perturbations coming from the matter action S
(2)
m . These actions are given by:

S
(2)
T1

=

∫
d4x a3M2

1

[
−3Ψ̇2

1 − 6HΨ̇1Φ1 + 2a2∂2Ė1(Ψ̇1 +HΦ1)− 2Ψ̇1∂
2B1

−
(

1 +
d lnM2

1

d ln a

)
Ψ1∂

2Ψ1 + 2Φ1∂
2Ψ1 − 2HΦ1∂

2B1 −
(

3H2 −
˙̄ϕ2

2M2
1

)
Φ2

1

+
r2Z

2(N̄ + r)

(
∂iB1

)
(∂iB1) + r

(
Z
d lnM2

1

d ln a
+ 2Z̃

)
Ψ1

(
3

2
Ψ1 − a2∂2E1

)
+

(N̄ − r)
H −Hb

HZΦ1

(
3Ψ1 − a2∂2E1

)
+ a4αLH

2
(
∂2E1

)2
]
, (6.32)

4In any other possible case the resulting action will lead to a copy of the linear Einstein-Hilbert action, and
thus the gravitational action does not propagate any scalar DoF.
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S
(2)
T2

=

∫
d4x N̄b3M2

2

[
−3

Ψ̇2
2

N̄2
− 6

Hb

N̄2
Ψ̇2Φ2 + 2

b2

N̄2
∂2Ė2(Ψ̇2 +HbΦ2)− 2

Ψ̇2

N̄
∂2B2

−
(

1 +
d lnM2

2

d ln b

)
Ψ2∂

2Ψ2 + 2Φ2∂
2Ψ2 − 2

Hb

N̄
Φ2∂

2B2 − 3
H2
b

N̄2
Φ2

2

+
ν2N̄Z

2r3(N̄ + r)

(
∂iB2

)
(∂iB2) +

ν2

N̄r2

(
Z
d lnM2

1

d ln a
+ 2Z̃

)
Ψ2

(
3

2
Ψ2 − b2∂2E2

)
+Hbν

2Z
(N̄ − r)

N̄r3(H −Hb)
Φ2

(
3Ψ2 − b2∂2E2

)
+

r

N̄
αLa

4H2ν2
(
∂2E2

)2
]
, (6.33)

S
(2)
T1T2

=

∫
d4x M2

1a
3

[
−r
(

2Z̃ + Z
d lnM2

1

d ln a

)(
3Ψ2Ψ1 − a2Ψ2∂

2E1 − b2Ψ1∂
2E2

)
−Z N̄

(N̄ + r)
∂iB2∂

iB1 − Z
(N̄ − r)

(H −Hb)

(
HΦ1

(
3Ψ2 − b2∂2E2

)
+HbΦ2

(
3Ψ1 − a2∂2E1

))
− 2a2b2H2αL∂

2E1∂
2E2

]
. (6.34)

Here, we have two mass scales for each metric M2
1 and M2

2 , and we have introduced the mass

ratio ν2 = M2
1/M

2
2 . In addition, for ease of comparison with massive bigravity, we have

introduced two functions Z and Z̃ such that:

M2
1

(
N̄ − r

)
Z = L̂1KK×, (6.35)

rM2
1

(
Z

1

2

d lnM2
1

d ln a
+ 2Z̃

)
=

1

(Hb −H)

(
3H +

HNHb

(H −Hb)

)
L̂1KK× +

˙̂
L1KK×

(Hb −H)
, (6.36)

where

L̂1KK× = ρ0 + P0 + 2ḢM2
1 . (6.37)

We omit the expression for S
(2)
ϕ as it can be straightforwardly obtained from eq. (4.34). We

emphasise, even though it may not be obvious, that these actions do depend on 2 + 3 free

independent functions. There is an explicit dependence on five parameters MA, Z, Z̃ and αL,

in addition to the four background functions a, b, N̄ and ϕ̄. However, Z and Z̃ are depen-

dent functions according to eq. (6.35)-(6.36), one background function is dependent through

eq. (4.28), and M2 is also dependent through one of the relations shown in Appendix E.3, which

is necessary to avoid derivative interactions. This relation is the following:

M2
2 = − N̄

2r3

(
ρ0 + P0 + 2ḢM2

1

)
(
Ḣb −HNHb

) . (6.38)

From the parametrised action shown here we can see that the fields ΦA and BA appear as
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auxiliary variables, whereas the fields ΨA and EA have dynamical terms. A naive counting of

DoFs might lead to a total of two physical propagating fields, but as we have mentioned before,

this action propagates only one. This is because this action is such that after integrating out

the four auxiliary fields ΦA and BA, the kinetic terms for Ψ2 vanish and thus Ψ2 becomes an

auxiliary field. If we also integrated Ψ2 out, the resulting action would have three dynamical

fields EA and Ψ1, from which two are gauge freedoms and one is a physical propagating DoF.

In addition, from eq. (6.32)-(6.33) we can see that all the kinetic terms have exactly the same

structure as linearised Einstein-Hilbert. In fact, the two first lines in both equations correspond

to the terms coming from two copies of linearised GR with generalised (time-dependent) Planck

masses MA, in addition to the self-interaction metric terms for g1µν from the matter action of

eq. (4.34). The rest of the two lines in both equations represent then modifications to GR,

which depend on the coupling parameters Z, Z̃ and αL. This last point is clear from the fact

that all the interactions terms in eq. (6.34) depend on these three parameters. For this reason,

an equivalent yet more intuitive parametrisation would be if we considered the five parameters

MA, Z, Z̃ and αL to be independent, and all the background functions to be dependent.

This final action is a generalisation of massive bigravity [66,70,72], a bimetric theory prop-

agating one massless graviton and one massive graviton. This theory propagates only one

scalar field: the helicity-0 mode of the massive graviton. We recover the quadratic action and

background of massive bigravity when the three interaction parameters take the following form:

αL = 0, (6.39)

Z = m2
(
β1 + 2β2r + β3r

2
)
, (6.40)

Z̃ = m2
(
β1 + β2

(
r + N̄

)
+ β3rN̄

)
, (6.41)

and when M1 and M2 are non-zero constants. Here, β1,2,3 are dimensionless constants deter-

mining the coupling between the two metrics in the dRGT potential [66], and m is a constant

mass scale degenerate with the parameters βs. Notice that we have given five constraints to

recover massive bigravity, which fix completely the five free functions of time of the general

bimetric action. We can also recover massive gravity (with only one dynamical metric) by

setting M2 = 0. We note, however, that such model has been ruled out due to the presence of

an instability in which the helicity-0 mode of the massive graviton behaves as a ghost (i.e. has

a negative kinetic term) [121,211] when the non-dynamical metric is either FLRW or de-Sitter.

Furthermore, if the reference metric is Minkowski, massive gravity does not even allow a spa-

tially flat FLRW solutions [206] (although a generalisation of massive gravity has been found
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to lead to viable cosmological solutions [212].)

We remark that the dRGT potential of massive gravity depends on two other constants,

namely β0 and β4, which act as cosmological constants for both metrics. In our results we do

not find the presence of such terms explicitly, but instead they appear as integration constants

of equations (6.35) and (6.38), that give the time derivatives of the Friedmann equations of

both metrics.

We notice that the parameter αL is not present in massive bigravity, which means that

it represents the linear term of a theory that either might propagate a Boulware-Deser ghost

at the non-linear level, or that it is not fully diffeomorphism invariant, or that it propagates

different DoFs. An example of the last case is the bimetric theory Eddington-inspired Born

Infeld (EiBI) [11,221], whose action is given by:

S =
M2

P

2

∫
d4x

[√
−g2

(
R(g2) +

2

κ

)
− 1

κ

(√
−g2g

µν
2 g1µν − 2

√
−g1

)]
, (6.42)

where g1µν is the physical metric to be coupled to matter, g2µν is an additional metric with a

Ricci scalar R(g2), and κ is an arbitrary coupling constant with dimensions of L2. EiBI is a

bimetric theory for a massless graviton, and thus it does not propagate any scalar DoF, but it

does introduce relevant modifications to GR – specifically, in the strong-field regime. We can

recover the EiBI quadratic action and background [37] by setting:

M2
1αL =

rN̄

2H2κ
, (6.43)

αE =
1

κr2M2
2

, (6.44)

M2
1Z = −1

κ

r

N̄

(
r + N̄

)
, (6.45)

M2
1 Z̃ = − 1

2rκ

(
rN̄ +

H2
N

2N̄(Hb −H)2

)
, (6.46)

and when M1 = 0 and M2 is the constant Planck mass. From these equations we can see that

in this theory there are no kinetic terms for the metric g1µν , but there are non-derivative inter-

actions terms. We clarify that the action for EiBI theory does not satisfy the extra constraint

in eq. (6.30), but instead αE takes the value shown in eq. (6.44). In fact, in the EiBI action,

the fields Ψ2 and E2 are the only dynamical variables, but they can both be fixed by the gauge

freedom, leading then to an action with no scalar field propagating. Notice that since EiBI

does not satisfy eq. (6.30), it does not fall within the action presented in this section. Instead,

EiBI is a specific case of the action in Appendix E.3 with M1 = 0. Such an action depends on
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five free independent parameters, namely M2, Z, Z̃, αL and αE, or equivalently, αL, αE plus

three free independent background functions.

So far we have focused only on scalar perturbations, however, the constraints we have found

on the parameters are also valid for vector and tensor perturbations (although there could be

additional Noether constraints for those two type of perturbations). Thus, from our results it

is possible to see that some of the three parameters modifying GR will also affect the vector

and tensor perturbations. In particular, from the resulting action we can identify some relevant

parameters of eq. (6.12) and see that vector perturbations are coupled through PS2S1 whereas

tensor perturbations have a coupling through Ph1h2×. Specifically, for the subclass of theories

addressed in this section, these two parameters take the following form:

PS2S1 = −a3M2
1

ZN̄r2

(N̄ + r)
, (6.47)

Ph1h2× =
M2

1a
3

8r

(
2Z̃ + Z

d lnM2
1

d ln a

)
− 3

4r2
M2

1a
3H2αL. (6.48)

From this we conclude that Z generates interactions between vector perturbations, while the

three parameters Z, Z̃ and αL generate interactions between tensor perturbations. This result

is consistent with previous studies in massive bigravity, and its two branches of solutions. In

the so-called branch I, where Z = 0, it has been found that scalar and vector perturbations

behave in the same way as in GR, while tensor perturbations are coupled and evolve in a

different way [115,203]. This is in fact what we find from our results: vector perturbations are

not coupled if Z = 0 because of eq. (6.47). While scalar perturbations would have a coupling

with Z̃, in this case that coupling happens to be irrelevant after integrating out the auxiliary

fields, and thus scalars behave as in GR when Z = 0. Finally, tensor perturbations do have

a non-trivial coupling with Z̃, which indeed affects their evolution. In the so-called branch II,

where Z 6= 0, the three types of perturbations are coupled and differ from GR [2,123].

Finally, we emphasise that even though a detailed analysis in vector and tensor perturbations

is necessary, scalar perturbations carry crucial information. From eq. (6.47)-(6.48) we can see

that by observing vector perturbations, we can analyse the behaviour of the parameter Z, while

from tensor perturbations we cannot discriminate between Z̃ and αL, as they appear in the

same interaction term. This suggests that an observational test to discriminate if αL is present

or not can be done by analysing scalar perturbations alone.
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6.3 Discussion

In this chapter we applied the method developed in Chapter 4 to bimetric theories. We cal-

culated the most general diffeomorphism-invariant quadratic action with two metrics, around

a homogeneous and isotropic background, and leading to, up to, second-order equations of

motion. For simplicity, we assumed that only one of the metrics was coupled to matter, a

minimally coupled scalar field, although generalisations to perfect fluids or double couplings

should be straightforward. Following the standard SVT decomposition for cosmological pertur-

bations, we focused on scalar perturbations, and found that the final action depends on 29 free

parameters (functions of time), in addition to three parameters determining the background

evolution, and propagates at most four scalar physical DoFs. Due to the no-go theorem for

healthy Lorentz-invariant bimetric theories with derivative interactions, in this chapter we fo-

cused on the subclass of bimetric theories without derivative interactions. In this case, we find

that the number of free parameters in the quadratic action greatly reduces from 29 to 3, namely

M1, αL and αE, in addition to three extra free parameters that determine the evolution of the

background. The resulting action propagates at most two scalar DoFs, which suggests the

presence of an unstable mode due to the fact that all well-known bigravity theories propagate

at most one scalar DoF. For this reason, we focused on subclasses of theories that propagate

one or no scalar field.

In order to construct actions with only one propagating DoF, we imposed an extra constraint

on the free parameters, which fixed the value of αE. In this case, the most general action has

only two free parameters, and we found that it is a generalisation of the quadratic action of

massive bigravity. We recovered massive bigravity when αL = 0 and M1 is a constant mass

scale. We found that the presence of the parameter αL affects the evolution of scalar and

tensor perturbations, and even though it is not present in massive bigravity, it is present in

other bimetric models such as EiBI theory. We also looked at cases in which the bimetric action

propagates no scalar field. We found that when M1 = 0, all the kinetic terms of one of the

metrics vanished and, as result, the gravitational action does not propagate any physical scalar

DoF. Such an action depends on two free parameters, and represents a generalisation of the

EiBI theory. In Table 6.1 we summarise the results of this chapter.

Combining the results from this chapter with those of the previous one we have been able to

extend the widely-used parametrisation of [161] originally proposed for Horndeski theories. It is

now possible to construct a complete action for linear perturbations for general gravity with one

propagating degree of freedom arising from either a scalar, vector or tensor field. It has been

133



Fields Free Functions Theory

g1µν , g2µν M1, αL + 3 Massive bigravity
g1µν , g2µν αE, αL + 3 EiBI

Table 6.1: In this table we compile parametrised models for bimetric theories of gravity, that
are invariant under linear coordinate transformations, lead to second-order derivative equations.
The first column indicates the field content of the gravitational theory. The second column
shows the free functions parametrising the quadratic action for cosmological perturbations,
while +1, +2 or +3 counts the number of extra free functions determining the background
(and in turn affecting the perturbations). The parameter M1 has dimensions of mass, and
the extra parameters α are dimensionless. The third column shows examples of non-linear
completions that are encompassed by the corresponding parametrisation.

shown that adding more interacting tensor fields will necessarily lead to more propagating scalar

DoFs [140]. We expect the same to be true when adding vector fields, unless further gauge

symmetries arise, such as invariance under U(1) transformations. Similarly, the addition of

more scalar fields should lead to the propagation of extra DoFs, unless they appear as auxiliary

variables. Therefore, even though there may not exist a theorem that would prevent adding

more fields to the actions we have studied, while maintaining only one propagating DoF and its

diffeomorphism invariance, we have been unable to find non-trivial such examples. Hence there

is a possibility that our combined parametrisation for theories with one propagating degree of

freedom is complete.

Our action should allow us to identify the subspace of effective parameters in the Parametrised

Post-Friedman (PPF) approach [153, 154] which is, at the moment, still the most general

parametrisation of gravitational theories currently available. Ultimately it should be possi-

ble develop a numerical tool, along the lines of EFTCAMB [222] or HiCLASS [223], which can

be used for analysing data from future large-scale structure surveys such as Euclid, SKA, LSST

and WFIRST, allowing us to test and compare the performance of these theories.
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CHAPTER 7

Conclusions

General relativity is widely accepted as the correct description of gravity. While at Solar

System scales GR certainly agrees with observational data to high precision, its viability at

cosmological scales has been put in question lately. In this regime GR can fit data only under

the assumption of the presence of exotic matter components in the Universe: dark matter,

dark energy, and inflationary field. In particular, dark energy is introduced as a constant in

the Einstein field equations in order to explain the presently observed accelerated expansion of

the Universe. This cosmological constant receives quantum corrections that are many orders

of magnitude larger than its observed value, which shows the presence of a fine-tuning problem

that poses major tensions between ΛCDM and expectations from robust theories of modern

particle physics. This suggests that GR might not be the appropriate theoretical model to

describe gravity at large scales, and hence motivates the exploration of alternative gravity

theories, which hopefully can offer a dynamical explanation to the accelerated expansion of the

Universe, either due to interactions with new fields or modified gravitational self-interactions.

This thesis in concerned with testing gravity at cosmological scales by analysing the con-

sistency and viability of gravity models, and constructing theoretical tools to constrain them

in a unified and efficient way with future observational data. In particular, we focus on the

analysis of linear cosmological perturbations, which play a crucial role as many gravity theories

can predict very similar (or even exactly the same) background evolution as the ΛCDM model,

but perturbations help break this degeneracy. Furthermore, with the next generation galaxy

surveys such as EUCLID, DES, SKA, WFIRST and LSST, we will be able to reach unprece-

dented precision on cosmological observables for perturbations, and thus find tight constraints

for GR and alternative gravity theories.

In the first part of this thesis we study a specific modified gravity theory called massive

bigravity, which can predict a late-time accelerated Universe without a cosmological constant,
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in a technically natural way (stable under radiative corrections). In particular, we analyse the

evolution of linear cosmological perturbations and we show the presence of certain instabilities

that could jeopardise the viability of this model. We show that tensor perturbations grow

as a power-law in time, and hence depending on their initial conditions they could generate

a large amplitude of primordial gravitational waves, and in principle be incompatible with

present bounds from CMB data. However, later papers showed that inflation could naturally

lead to the appropriate initial conditions for tensor modes to fit data [125, 126]. Nevertheless,

we also show that while scalar perturbations behave well (have a viable growth rate), they in

fact propagate a Higuchi ghost, as the helicity-0 mode of the massive graviton has negative

energy and then the model is likely to show instabilities beyond the classical linear regime of

perturbations.

In the second part of this thesis we take a broader approach, in which we analyse entire

classes of gravity theories. Specifically, we develop a method for constructing the most general

parametrised action for linear cosmological perturbations for a given class of gravity theories,

invariant under particular gauge symmetries. Our method allows us to describe a broad range

of theories on cosmological scales in a unified manner, and enables us to ultimately test and

compare gravity models by constraining the parametrised actions with relevant observational

data such as the CMB or measures of large-scale structures such as weak lensing and galaxy

redshift surveys. Our proposal contributes to develop the work done by a number of groups

who have focused on linear perturbation theory in scalar-tensor theories and other variants of

modified gravity [154–161,169,224,225].

The method we develop is general and systematic and thus can be applied to a wide range

of cases. The main ingredient of the method are the Noether identities, which allow us to

systematically impose any gauge symmetry. Since most gravity theories are diffeomorphism

invariant, we decide to focus on constructing linearly diffeomorphism invariant actions for

perturbations around a homogeneous and isotropic background. In Chapter 5, we apply it to

scalar-tensor and vector-tensor gravity theories. We show that the form of the quadratic action,

crucially, depends on the gauge transformation properties of any extra fields that may arise in

a modified gravity theory, and for this reason the parametrised action can be very different

depending on the field content of gravity. For instance, for scalar-tensor theories there are

only four free parameters determining the general form of the quadratic action for cosmological

perturbations, whereas for vector-tensor theories there are ten. Then, in Chapter 6 we extend

our results and apply the method to bimetric theories of gravity. We show that, in this case,

the most general quadratic action is determined by 29 free parameters, and propagates at most
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four scalar degrees of freedom. However, if we do not allow derivative interactions between

both metrics, the number of free parameters reduces to three. Furthermore, if we focus on

actions that propagate only one DoF, the action has only two free parameters. We summarise

our results in Table 7.1, omitting the bimetric case with derivative interactions.

Fields Der. Free Functions Theories

gµν 2 M GR
gµν , χ 2 M , α{K,T,B} + 2 Horndeski
gµν , χ 3 M , α{K,T,B,H} + 2 Beyond Horndeski
gµν , χ 4 M , α{K,T,B,H,P}, αQ{1,2,3,4,5} + 2 4th Scalar-Tensor

gµν , A
µ 2 M , α{T,H}, αD{1,2,3} , αV{0,1,2,3} + 2 Generalised Proca

gµν , A
µ, λ 2 M , αV{3,4,5} + 1 Einstein-Aether

g1µν , g2µν 2 M1, αL + 3 Massive bigravity
g1µν , g2µν 2 αE, αL + 3 EiBI

Table 7.1: In this table we summarise the results shown in this thesis on parametrised cos-
mological models, which are all linearly diffeomorphism invariant. In all cases the gravitational
quadratic action propagates one scalar DoF, except in the generalised vector-tensor theories, in
which we can have two, and EiBI in which we have none. The first column indicates the field
content of the gravitational action. In all cases we also added a matter scalar field ϕ whose pres-
ence is omitted in this table. The second column indicates the maximum number of derivatives
of the perturbation fields allowed in the equations of motion. Note that in the cases where this
number is higher than 2, we assumed a maximum of two time derivatives, but allowed higher
spatial derivatives. The third column shows the free coefficients parametrising the quadratic
action, while the +1 or +2 counts the number of extra free background functions. In most
cases there is one free mass parameter M or M1, and extra dimensionless parameters that we
term α. Note that, as explained in Chapter 4, even in theories with one single metric we find a
free mass scale, and hence a model more general than GR. The fourth column shows examples
of non-linear completions that are encompassed by the corresponding parametrisation.

The ultimate goal is to construct an action that spans as large a swathe of the landscape

of gravitational theories as possible. To do so, in the future we hope to bring all the results

in Table 7.1 together, and propose a completely general parametrisation for theories of gravity

with one propagating scalar degree of freedom. This extends the widely-used parametrisation

of [178] that arises in Horndeski theories, and is a substantial step towards achieving a general

parametrisation which transcends scalar-tensor theories. It will also allow us to identify the

subspace of effective parameters in the PPF approach [154] which is, at the moment, still the

most general parametrisation of gravitational theories currently available. In addition, we will

analyse the quasi-static limit of our new formalism, map out the region of stability of these

theories, and ultimately develop a numerical tool which can be used for analysing data from

forthcoming large-scale structure surveys such as Euclid, SKA, LSST and WFIRST.

Special care must be taken when constraining modified gravity theories with cosmological
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data in the context of linear perturbation theory as non-linear effects will become relevant on

small to intermediate scales. In fact, in modified gravity theories non linearities can become rel-

evant at much larger scales than those in the standard ΛCDM model; the linear approximation

of a modified gravity theory can give an inaccurate prediction of the Universe even at scales

as large as k ∼ 0.05h/Mpc at present (see [226, 227]). This happens because many modified

gravity theories propagate more DoFs than GR and these extra DoFs undergo a non-linear

process known as screening (such as the Chameleon mechanism in scalar-tensor theories or

the Vainshtein mechanism in bimetric theories), which, depending on the specific theory, can

have a substantial effect in regimes which seem, a priori, linear. While we emphasise that the

tools presented in this thesis can be used to predict the evolution of perturbations and thus

constrain modified gravity theories at sufficiently large scales, a more detailed and accurate

understanding of the effects of screening (such as in [228–232]) must also be used in order to

improve and extend these results (see [55] for an attempt at including these effects yet using

linear perturbations for scalar-tensor theories).

The work presented in this thesis contributes to the ongoing effort of developing appropriate

theoretical models to describe gravity at cosmological scales. In general, we would like the new

candidate theory to explain the accelerated expansion of the Universe in a dynamical and

technically natural way, agree with observations, and be simple, to some degree. Most gravity

models proposed fail to achieve these characteristics in one way or another. For instance,

as we have seen, massive bigravity can certainly fit the expansion history of the Universe,

is equipped with a screening mechanism to fit Solar System constraints, but it is plagued

by instabilities at the linear level of cosmological perturbations. Different extensions to this

model have been considered to circumvent this problem (such as double matter couplings) but

they have been shown to be also unstable [144, 145]. For this reason, we have seen a number

of new proposals taking a different approach in which generic modifications of gravity are

parametrised, staying agnostic regarding the specific underlying model, which are then used

to test and falsify GR. Such approaches are being considered not only for linear cosmology

but also to constrain possible modifications of gravity in other regimes [233]. In the case of

cosmology, preliminary estimates have been done to determine how future experimental data

can constrain parametrised modified gravity models [54–58]. They have shown that while

current data precision and systematic errors cannot place strong constraints on gravity models,

future data could improve the precision in a factor of order 10. If future observations were

to find deviations from GR, the work presented here could help substantially towards finding

viable gravity models, and understanding the possible physics that governs the dynamics of the
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Universe and its constituents.
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APPENDIX A

Introduction

A.1 Gauge transformations

In this section we present the linear gauge transformation rules for a metric, vector and scalar

field under linear coordinate transformations.

In general, the linear transformations of any field can easily be derived from the general

transformation laws. For a 2-rank tensor field gµν , the general transformation law from a set

of coordinates xµ to another coordinates x̃µ is given by:

g̃µν(x̃) =
∂x̃µ

∂xα
∂x̃ν

∂xβ
gαβ(x), (A.1)

where g̃µν represents the tensor in the x̃µ coordinates. If we now consider linear transformations

where x̃µ = xµ+ εµ, with εµ being an arbitrary small 4-vector, the transformation law becomes:

g̃µν(x) ≈ gαβ(x) (δµα + ∂αε
µ) (δνβ + ∂βε

ν)− εα∂αg̃µν(x), (A.2)

where we have Taylor expanded the coordinates of g̃µν(x̃) up to first order in εµ. Here all partial

derivatives are with respect to the xµ coordinates. Then, up to linear order in εµ, we get

g̃µν(x) = gµν(x) + gµβ∂βε
ν + gβν∂βε

µ − εα∂αgµν(x), (A.3)

which can be seen as a gauge transformation where the fields change but the coordinates are

kept fixed. Notice that in our last step we have used eq. (A.2) recursively to write εα∂αg̃
µν(x) =

εα∂αg
µν(x) +O(ε2).

Now we consider linear perturbations of the metric δgµν around some background metric

ḡµν , and find the gauge transformation rule for δgµν under linear coordinate transformation.
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From eq. (A.3), at zeroth order the metric does not change, while at linear order we find:

δg̃µν = δgµν + ḡµβ∂βε
ν + ḡβν∂βε

µ − εα∂αḡµν , (A.4)

where δgµν are the linear perturbations of the inverse metric gµν . Here it is understood that all

the fields depend on the coordinates xµ. Finally, from eq. (A.4) we can find the transformation

rule for δgµν by using that gµαgαν = δµν . We find that:

δg̃µν = δgµν − ḡµβ∂νεβ − ḡβν∂µεβ + εαḡµβ ḡνγ∂αḡ
βγ. (A.5)

If we focus on the scalar-type perturbations, defined in eq. (E.1), around a spatially-flat

homogeneous and isotropic background metric, from eq. (A.5) we find that:

Φ̃ = Φ− π̇,

B̃ = B + π − a2ε̇,

Ψ̃ = Ψ +
ȧ

a
π,

Ẽ = E − ε, (A.6)

where a(t) is the scale factor. Here the dots denote derivatives with regards to the physical time

t. Notice we have also rewritten the gauge parameter εµ in terms of its scalar-type components

as εµ = (π, δij∂jε).

Finally, we emphasise that the same kind of analysis can be done for any type of field. For

a linear perturbation of a scalar field χ, expanded as χ = χ0 + δχ, the transformation under

linear coordinate transformations is given by:

δχ̃ = δχ− εµ (∂µχ0) , (A.7)

where χ0 is the background solution of the scalar field and δχ its first-order perturbation. In

the case of a homogeneous and isotropic background, the transformation becomes:

δχ̃ = δχ− χ̇0π, (A.8)

where we have assumed that χ0 = χ0(t). For linear perturbations of a vector field, expanded
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as Aµ = Aµ0 + αµ, the transformation under linear coordinate transformations is given by:

α̃µ = αµ + Aν0 (∂νε
µ)− εν (∂νA

µ
0) , (A.9)

where Aµ0 is the background solution of the vector field, and αµ its first-order perturbation.

If we focus on scalar-type perturbations around a homogeneous and isotropic background, the

transformation becomes:

α̃0 = α0 + π̇A− Ȧπ,

α̃ = α + a2Aε̇, (A.10)

where (A(t),~0) is the homogeneous and isotropic background solution, and the scalar-type

perturbations are such that αµ = (α0, αi) = (α0, h̄ij∂jα), where h̄ij is the 3-spatial metric from

a spatially-flat FLRW background metric.

161



APPENDIX B

Cosmological perturbations in massive bigravity

B.1 Scalar perturbation equations

In this section we present the relevant analysis and equations related to scalar perturbations.

B.1.1 Auxiliary variables

As explained in Section 3.1, the fields B1, B2, Φ1 and Φ2 appear as auxiliary variables in the

equations of motion, and therefore they can be worked out in terms of the remaining fields E1,

E2 and Ψ2, by using their own equations of motion-namely eq. (3.21), (3.22), (3.25) and (3.26).

The explicit expressions for the four auxiliary variables are:

B2 =
1

Da

[
k2

(
3

2
Za2m2X + k2N(1 +X)

)
HE ′2 +

3

2
Hk2N2a2E ′1m

2Z

+
3

4
ρ∗m

2XZ(1 + w)(3Ψ2 + k2E2)a4 +
1

2

(
m2Z(1 +X)(k2E2 − k2E1 + 3Ψ2)N2

+ρ∗(1 +X)(1 + w)
(
3Ψ2 + k2E2

)
N + 3m2XZΨ2

)
k2a2 + Ψ2k

4N(1 +X)
]
, (B.1)

B1 =
1

4XDa

[
4Nk2HE ′1

(
3

2
a2
(
ρ∗X(1 + w) +Nm2Z + ρ∗(1 + w)

)
+ k2(1 +X)

)
− 2Za2Xm2

(
−3k2HE ′2 +

3

2

(
(k2E2 − k2E1 + 3Ψ2)X − k2E1

)
(1 + w)ρ∗a

2

+k2
(
(k2E2 − k2E1 + 3Ψ2)X + k2(E2 − E1)

))]
, (B.2)
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Φ2 =
−1

8HDa

[
8HΨ′2

(
9

4
ρ∗m

2XZ(1 + w)a4 +
3

2
k2a2

(
ρ∗(1 +X)(1 + w)N +m2Z(X +N2)

)
+k4N(1 +X)

)
+ 2a2

(
2k2H

(
3

2
ρ∗m

2XZ(1 + w)a2 +N(ρ∗(1 +X)(1 + w))k2

+Nm2Z
)
E ′2 − 2m2N2ZHk4E ′1 +

3

2
ZX(1 + w)ρ∗m

2a4
(
ρ∗(1 + w)(3Ψ2 + k2E2)

+m2Z(k2E2 − k2E1 + 3Ψ2)N
)

+ k2a2
(
N(1 + w)2(1 +X)(3Ψ2 + k2E2)ρ2

∗+

Z(1 + w)m2ρ∗
(
3XΨ2 +N2(X(k2E2 − k2E1 + 3Ψ2) + 2k2E2 − k2E1 + 6Ψ2)

)
+Nm4Z2(X +N2)(k2E2 − k2E1 + 3Ψ2)

)
+ 2N

(
Nm2Z + ρ∗(1 +X)(1 + w)

)
Ψ2k

4
)]
,

(B.3)

Φ1 =
Za2m2

4HNDa

[
−Nk2HE ′1(3ρ∗(1 + w)a2 + 2k2) +

3

2
ρ∗m

2XZ(1 + w)(k2E2 − k2E1 + 3Ψ2)a4

+ k2a2
(
m2Z(k2E2 − k2E1 + 3Ψ2)N2 + ρ∗(1 + w)(3Ψ2 + k2E2)N

+m2XZ(k2E2 − k2E1 + 3Ψ2)
)

+ 2Hk4E ′2N + 2Ψ2k
4N
]
, (B.4)

where Da is given by:

Da = H
[

3

2
k2a2

(
m2N2Z + ρ∗(1 +X)(1 + w)N +m2XZ

)
+ k4N(1 +X) +

9

4
ρ∗m

2XZ(1 + w)a4

]
(B.5)

At a first glance, one might expect that the original system of equations (3.21)-(3.27), with

seven scalar fields, has three dynamical degrees of freedom, as the equations of motion for E1,

E2 and Ψ2 are independent and contain second derivatives. However, when eliminating the

four auxiliary variables, and replacing them in the three remaining equations, we get that, in

eq. (3.23) all first and second derivatives of Ψ2 cancel out, so that Ψ2 becomes an explicit

auxiliary variable. Therefore, it can be written in terms of E1 and E2. Next, we show the

expression for Ψ2 when worked out from eq. (3.23):

Ψ2 =
k2

2Dp

[
−2Hk2N2E ′1

(
3

2
m2Za2(X − 1)N2 + (−3H2X + 3H2 + k2)N +

3

2
a2m2Z(X − 1)

)
+ 2k4HN3E ′2 +

3

2
k2X2Z2a4m4(E1 − E2X)N5 + (E1 − E2X)m2a2

(
9

4
m4Xa4(X − 1)Z2

+k2(k2X − 6X2H2 + 3H2)
)
ZN4 +

(
3

2
m4a4

(
−2X3E2(k2 − 3H2)

+
(
k2E1 − 6H2(E2 + E1)

)
X2 + 2E1(3H2 + k2)X − k2E1

)
Z2 − 2H2k2

(
3X3E2H2

163



−(k2E2 + 3H2E1)X2 + (k2E1 − 3E2H2)X + 3H2E1 + k2(−E2 + E1)
) )

N3

+

(
9

2
m4Xa4(X − 1)(E1 − E2X)Z2 + (−9E2H4 + 6k2H2E2)X3

− (k2 − 3H2)
(
3H2(E1 + E2) + k2E2

)
X2 +

(
−9H4E1 − 6k2H2

(
E1 +

1

2
E2

)
+ k4E2

)
X

+
(
6H2E1 + k2(−E2 + E1)

)
k2
)
m2a2ZN2 + 3m4a4

(
−1

2
E2(k2 − 6H2)X3 − 1

2
k2E1

−3H2(E1 + E2)X2 + E1

(
3H2 + k2

)
X
)
Z2N +

9

4
m6XZ3a6(X − 1)(E1 − E2X)

]
, (B.6)

where Dp is given by

Dp = X

[
3m2a2

(
9

8
m4Xa4(X − 1)Z2 +

(
k2X +

3

2
H2 − 3X2H2

)
k2

)
ZN4

+
9

4
X2m4Z2a4k2N5 +

(
9

2
m4a4

(
(k2 − 3H2)X2 +

(
1

2
k2 + 3H2

)
X − 1

2
k2

)
Z2

−6k4XH2 − 9k2H4 + 9X2k2H4 + k6
)
N3 + 3m2a2ZN2

(
9

4
m4Xa4(X − 1)Z2

+

(
9

2
H4 − 3H2k2

)
X2 +

(
k4 − 9

2
H4 − 3

2
H2k2

)
X + 3H2k2

)
+

9

4
m4a4

((
k2 − 6H2

)
X2 +

(
k2 + 6H2

)
X − k2

)
Z2N +

27

8
m6XZ3a6(X − 1)

]
. (B.7)

Therefore, as expected, only two degrees of freedoms are remain: E1 and E2.

B.1.2 Complete equations of motion

In this subsection we present the full equations of motion for the two propagating, physical

scalar degrees of freedom: E1 and E2. The equation for E2 takes the following form:

E
′′

2 −
27

4D2

(
w +

1

3

)
k2N2a4ρ∗m

2HZ(1 + w)E ′1 −
3H
D2

[
−3

2
(1 + w)2a4

(
3

2
a2Xm2Z

+k2N(1 +X)
)
ρ2
∗ +

1

2
(1 + w)

(
3

2
m2a2Z

(
(3w − 1)X − 2N2

)
+ k2N (3(w − 1)X + 3w

+1)
)
a2k2ρ∗ + (X − 1)k6N

(
w − 1

3

)]
E ′2 +

k2

D2

[
k6Nw(X − 1)

− 3

4
(1 + w)2a4

(
3

2
a2Xm2Z + k2N(1 +X)

)
ρ2
∗ +

1

2
a2(1 + w)k2ρ∗

{
3

2
Zm2a2 (3Xw

+N2 ((3w + 1)X − 1)
)

+Nk2 ((3w − 1)X + 3w + 1)
}]
E2

+
m2

D2

a2N

[
9

4
k2Z̃ρ∗m

2a4Z(1 + w)N2 + k2

{
3(1 + w)

(
Z̃ − (1 + 3w)

Z

4

)
k2Xρ∗a

2
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+
9

4
Z̃ρ2
∗(1 + w)2(1 +X)a4 +

(
Z̃ − 3

2

(
w +

1

3

)
Z

)
k4(X − 1)

}
N

+
9

4
(1 + w)Z̃ZXρ∗m

2a4

(
3

2
ρ∗(1 + w)a2 + k2

)]
(E2 − E1) = 0, (B.8)

and the equation for E1 takes the following form:

E
′′

1 +
2H
D1

[
9

4
a4

{
3

4
a2m2

(
4X2 + (3w − 1)X − (1 + 3w)

)
Z2 +

1

2

(
3X2 + (3w + 1)X

−3w) k2NZ +NZ̃k2(1 +X)
}

(1 + w)3Nρ3
∗ + 3a2

{
− 9

16
a4m4(1 +X)(X − 1)2(N2 + 1)Z3

− 9

8
a2m2Z2

(
1

3
k2N

(
N2X(X2 −X − 1) +X3 + 2 + 3w(1−X +N2)− 5X2

)
−m2Z̃(X − 1)2(N2 + 1)a2

)
+

3

4
k2
(
m2Z̃(X − 1)2(N2 + 1)a2

+

(
2X2 +

(
w − 1

3

)
X −

(
w +

1

3

))
k2N

)
NZ + Z̃k4N2X

}
(1 + w)2ρ2

∗

+ k2(X − 1)

{
−9

8
a4m4(X − 1)(1 +X)(N2 + 1)Z3 − 3

2
a2(N2 + 1)(X − 1)m2

(
Nk2(1 +X)

−3

2
m2a2Z̃

)
Z2 +

1

2

(
6m2Z̃(N2 + 1)(X − 1)a2 + (1 + 3X) k2N

)
k2NZ + k4Z̃N2

}
(1 + w)ρ∗

+(N2 + 1)k6(X − 1)2Zm2N

(
Z̃ − 1

2
(X + 1)Z

)]
E ′1

− 2
Hk2

D1

[
−9

8
a4ρ∗m

4(1 +X)(X − 1)2(N2 + 1)(1 + w)Z3 − 1

2
m2Z2

{
k4N(X − 1)2(1

+X)(N2 + 1)− 27

2

(
2

3
X2 +

(
w − 1

3

)
X − 1

2
w − 1

6

)
a4(1 + w)2Nρ2

∗ +
3

2

(
Nk2(1 +X)

−3m2a2Z̃
)
a2(1 + w)(N2 + 1)(X − 1)2ρ∗

}
+ k2NZ

(
9

2
a2(1 + w)2

(
Xw +

1

2
X2 − 1

6

)
Nρ2
∗

+
3

2
(1 + w)(X − 1)

(
m2a2Z̃(X − 1)N2 + k2(X + w)N +m2a2Z̃(X − 1)

)
ρ∗

+k2Z̃m2(X − 1)2(N2 + 1)
)

+

(
3

2
a2(1 +X)(1 + w)ρ∗ + k2(X − 1)

)
ρ∗Z̃(1 + w)k2N2

]
E ′2

+
ρ∗k

2(1 + w)

D1

[
−3

4
m4Z2

(
(1 +X)Z − 2Z̃

)
a4k2(X − 1)2N4 − 1

2

{
−3ρ∗

((
−1

2
X3 + 2X2

+

(
3w − 1

2

)
X − 3

2
w − 1

)
Z +Z̃(X − 1)2

)
(1 + w)a2 + k2(X − 1)2((1 +X)Z

−2Z̃)
}
m2Za2k2N3 +

{(
−3

2
m4(1 +X)(X − 1)2Z3 + 3m4Z̃(X − 1)2Z2 +

3

4

(
X2 − 3w

+ (3w − 2)X − 1) ρ2
∗(1 + w)2Z − 3

2
ρ2
∗XZ̃(1 + w)2(1 +X)

)
a4 +

1

2
ρ∗a

2k2(1 + w)
(

(−1

+ (2 + 3w)X2 + (3w − 1)X
)
Z − 4Z̃

(
1

2
+X

)
(X − 1)

)
+

1

3
((−1 + (1 + 3w)X)Z
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−2Z̃(X − 1)
)
k4(X − 1)

}
k2N2 − 1

2
m2Za2

{
9

4
ZX3ρ2

∗(1 + w)2a4 − 3k2(1 + w)
(
Z̃(X − 1)2

+Z

(
−X3 +

5

2
X2 +

(
−1

2
+ 3w

)
X − 3

2
w − 1

))
ρ∗a

2 + ((1 +X)Z − 2Z̃)k4(X − 1)2

}
N

−3

4
m4Z2

(
(1 +X)Z − 2Z̃

)
a4k2(X − 1)2

]
E1 +

1

D1

[
−a2(X − 1)2m4Z2k6N4

(
Z̃

−(X + 1)
Z

2

)
− 2

3
m2Zk4

{
−1

2
(X − 1)k2Z

(
−3

2
ρ∗
(
1 + 3X −X2 + 3w

)
(1 + w)a2 + (X2

−1)k2
)

+

(
9

4
ρ2
∗(1 + w)2(1 +X)a4 +

3

2
ρ∗k

2X(X − 1)(1 + w)a2 + k4(X − 1)2

)
Z̃

}
N3

− 2

3
k2

{
−3

2
k4m4a2(1 +X)(X − 1)2Z3 + 3a2m4

(
9

8
ρ2
∗X(1 + w)2a4 + k4(X − 1)2

)
Z̃Z2

− 3

2
ρ∗

(
3

2
ρ∗

(
X2w +

2

3
X + w

)
(1 + w)a2 + (X − 1)k2

(
Xw − 1

3

))
k4(1 + w)Z

+ρ∗

(
3

2
a2(1 +X)(1 + w)ρ∗ + k2(X − 1)

)
Z̃k2

(
3

2
a2(1 +X)(1 + w)ρ∗ + k2X

)
(1 + w)

}
N2

− 2

3
m2Zk2

{
−1

2

(
9

4
ρ2
∗X
(
X2 − 1 + (1 + 3w)X

)
(1 + w)2a4 +

9

2
ρ∗(X − 1)

(
2

3
X2 − 2

3
− w

+

(
w − 2

3

)
X

)
k2(1 + w)a2 +k4(1 +X)(X − 1)2

)
k2Z + Z̃

(
3

2
ρ∗(1 + w)a2 + k2

)
·
(

9

2
ρ2
∗X(1 + w)2(1 +X)a4 + 3ρ∗k

2X(X − 1)(1 + w)a2 + k4(X − 1)2

)}
N

− a2

(
Z̃

(
27

8
X2ρ3

∗(1 + w)3a6 +
9

4
k2ρ2

∗X
2(1 + w)2a4 + k6(X − 1)2

)
−k

6

2
(1 +X)(X − 1)2Z

)
m4Z2

]
(E2 − E1) = 0, (B.9)

where D1 and D2 are given by:

D1 =Zρ∗(1 + w)N

[
9

4
ρ∗m

2

(
N2k2 +

(
3

2
ρ∗(1 + w)a2 + k2

)
X

)
a4(1 + w)Z

+

(
3

2
ρ∗(1 +X)(1 + w)a2 + k2(X − 1)

)(
3

2
ρ∗(1 + w)a2 + k2

)
Nk2

]
(B.10)

D2 =
27

8
m2ZXρ2

∗(1 + w)2a6 +
9

4
k2ρ∗

(
m2(X +N2)Z + ρ∗(1 +X)(1 + w)N

)
(1 + w)a4

+ 3k4ρ∗NX(1 + w)a2 + k6N(X − 1). (B.11)

B.1.3 Exponential instabilities

As mentioned previously, in the expanding branch scalar perturbations have an exponential

instability at early times for sub-horizon scales; the instability is independent of the particular

values of the parameters βs. However, during the bouncing branch, different solutions can be

found for different parameters. For this reason, we distinguish the following cases: (a) β3 6= 0;
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(b) β3 = 0 and (β4 − 3β2) 6= 0; (c)β3 = 0 and (β4 − 3β2) = 0; (d) β3 = β2 = 0.

In what follows we will see that in cases (a), (b) and (c), E1 develop an exponential instability

at early times. For simplicity, let us study the equations of motion during the radiation-

dominated era for sub-horizon scales. Generically, the equations of motion can be written

as

E
′′

a + fab(x,N)E ′b + gab(x,N)Eb = 0; x = kH−1, (B.12)

but when approximated at early times in the bouncing branch (N � 1) and for sub-horizon

scales (x� 1), these coefficients become:

Case (a):

f11 =
16

3

β4

β3

H
N
x2, f12 =

8

9

β2
4

β2
3

H
N2

x2, f22 = 2H, f21 = −18H, (B.13)

g11 = −1

9
x2H2, g12 =

4

27
x2H2, g22 = −β3

β4

NH2, g21 =
β3

β4

NH2, (B.14)

Case (b):

f11 = −2H, f12 = 2H, f22 =
12

x2

(β4 − 3β2)

β4

H, f21 =
54

x4

(β4 − 3β2)β2

β2
4

H, (B.15)

g11 = −1

3
x2H2, g12 = −2

3
x2H2, g22 =

1

3
x2H2, g21 = 6

β2

β4

H2, (B.16)

Case (c):

f11 = −6H, f12 = 6H, f22 = − 36

Nx2

β1

β4

H, f21 = − 27

Nx4

β1

β4

H, (B.17)

g11 = −1

3
x2H2, g12 = −14

3
x2H2, g22 =

1

3
x2H2, g21 = 4H2. (B.18)

As we can see in all cases, the coefficient g11 has a negative sign, which will induce an exponential

instability in the solutions for E1.

B.1.4 Density contrast

The explicit form of the density contrast δGIk as a function of Ei is:
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δGIk =
2(1 + w)

Dd

[
−27k2a4ρ∗m

2HN2Z(1 + w)E ′1 + 9ρ∗k
4m2ZX(1 + w)(N2E1 + E2)a4

+
9

2
ρ∗H(1 + w)a2E ′2

(
9ρ∗m

2XZ(1 + w)a4 + 6k2Na2
(
(1 +X)(1 + w)ρ∗ + Zm2N

)
+4k4N(X − 1)

)
+ 6k6N

(
E2(1 +X)(1 + w)ρ∗ −m2NZ(X − 1)(E2 − E1)

)
a2

+4k8E2N(X − 1)
]
, (B.19)

where Dd is given by:

Dd = 27m2ZXρ2
∗(1 + w)2a6 + 18k2ρ∗(1 + w)a4

(
ρ∗(1 +X)(1 + w)N +m2Z(X +N2)

)
+ 24k4ρ∗NX(1 + w)a2 + 8k6N(X − 1). (B.20)

B.2 Ghost-like instabilities

As it was shown in [68], bimetric massive gravity given by eq. (2.20) is said to be ghost-free in

the sense that it propagates the right number of degrees of freedom: five for a massive graviton

and two for a massless graviton, and avoids an extra ghost-like scalar field (with negative sign

in its kinetic term). However, as realised for the first time by Higuchi in [121], the helicity-0

mode of the massive graviton might behave as a ghost for some values of the parameters of

the theory in de-Sitter spacetime, leading to instabilities on the solutions beyond the classical

linear regime. The condition to have positive kinetic terms only in the action is known as the

Higuchi bound. In addition, the helicity-1 vector field could also propagate as a ghost for some

parameters, while the tensor fields are always safe from becoming ghosts (see [234]).

In the case of FLRW backgrounds, described by eq. (3.1)-(3.2), a Higuchi bound for scalar

and vector fields was found in [194] for the bimetric massive gravity model addressed in this

chapter, by analysing the quadratic action for linear perturbations. In this section, we analyse

the satisfiability of these Higuchi bounds for the relevant cases considered in this chapter.
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B.2.1 Scalar fields

According to [194], the Higuchi bound for the helicity-0 mode in the second branch of back-

ground solutions, satisfying XH = h, is:

m̃2

(
1 +

1

N2

)
− 2H2 ≥ 0, (B.21)

where H is the Hubble parameter and m̃ is given by:

m̃2 = m2NZ, (B.22)

where Z was defined previously as Z = β1 + 2β2N + β3N
2.

In what follows, we consider the expanding and bouncing branches, and analyse the Higuchi

bound in two relevant limit cases: early and late times.

Expanding branch: In this branch we have β1 > 0. Using the Friedmann equation given by

eq. (3.4), the bound (B.21) becomes:

m2N(β1 + 2β2N + β3N
2)

(
1 +

1

N2

)
− 2

3

[
ρ0 +m2

(
β0 + 3Nβ1 + 3β2N

2 + β3N
3
)]
≥ 0,

(B.23)

or equivalently, using the constraint (3.12),

N(β1 + 2β2N + β3N
2)

(
1 +

1

N2

)
− 2

3

(
β1

N
+ 3β2 + 3β3N + β4N

2

)
≥ 0. (B.24)

1. Early times: At early times, N � 1. Considering only the leading terms in 1/N ,

the bound (B.24) becomes:
β1

3N
≥ 0, (B.25)

which is satisfied for the cases considered in this chapter, as it was assumed that

β1 > 0 and N > 0.

2. Late times: At late times we approach a de-Sitter spacetime where ρ0 → 0 and

N → N̄ , where N̄ satisfies eq. (3.12) with ρ0 = 0. In this regime the bound (B.23)

becomes:

N̄(β1 + 2β2N̄ + β3N̄
2)

(
1 +

1

N̄2

)
− 2

3

(
β0 + 3N̄β1 + 3β2N̄

2 + β3N̄
3
)
≥ 0. (B.26)

This bound can be satisfied for different values of the parameters. One interesting
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case is when β1 is the only non-zero parameter. In this case the bound becomes:

(
1

N̄2
− 1

)
≥ 0 ⇒ N̄ < 1, (B.27)

which is actually satisfied, as in this β1-only model, N̄ = 1/
√

3.

Finally, we have found that the Higuchi bound can be satisfied in the expanding branch for

appropriate values of the parameters at early times and late times1. However, this does

not guarantee instability-free solutions, as we could have tachyonic instabilities, which

is what happens in this branch as described in Section 3.2, where growing exponential

solutions were found.

Bouncing branch: In this branch we have β3 = β2 = 0 and β4 6= 0 with β1 6= 0. Here,

Z = β1. Using the Friedmann equation given by eq. (3.4), the bound (B.21) becomes:

m2Nβ1

(
1 +

1

N2

)
− 2

3

[
ρ0 +m2 (β0 + 3Nβ1)

]
≥ 0, (B.28)

or equivalently, using the constraint (3.12),

Nβ1

(
1 +

1

N2

)
− 2

3

(
β1

N
+ β4N

2

)
≥ 0. (B.29)

1. Early times: At early times, N � 1. Using eq. (B.29) and considering leading terms

in N , the bound becomes:

m2Nβ1 −
2

3
m2β4N

2 ≥ 0 (B.30)

⇒ ≈ −2

3
m2β4N

2 ≥ 0, (B.31)

which can only be satisfied if β4 < 0, which is not viable as we would have negative

energy density (see eq. (3.64)).

1. Late times: At late times we approach a de-Sitter spacetime where ρ0 → 0 and

N → N̄ , where N̄ satisfies eq. (3.12) with ρ0 = 0. Using eq. (B.28), the bound

1A more careful analysis is needed to check that the Higuchi bound is satisfied at all times, which will be
left as future work.
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becomes:

m2N̄β1

(
1 +

1

N̄2

)
− 2

3
m2(β0 + 3β1N̄) ≥ 0 (B.32)

⇒ β1

N̄

(
1− N̄2

)
− 2

3
β0 ≥ 0. (B.33)

For the interesting case of self-acceleration, where β0 = 0, this bound is generically

not satisfied as N̄ ≥ 1 (see [111]). It can only be satisfied if β4 = 2β1, where N̄ = 1.

Finally, we have found that the Higuchi bound is not satisfied in the bouncing branch.

This means that in the quadratic action for perturbations, the helicity-0 mode has a

negative kinetic term, becoming a ghost-like degree of freedom. In this case, this does

not translate into instabilities in the solutions as we found well-behaved solutions in

Section 3.2. However, instabilities might appear when studying higher order classical

perturbations or in semi-classical analyses.

B.2.2 Vector fields

According to [194], the Higuchi bound for the vector modes in the second branch of background

solutions, satisfying XH = h, is:

m̃2 > 0. (B.34)

For the relevant cases considered in this chapter m2 > 0 and N > 0, so this condition becomes:

Z = β1 + 2β2N + β3N
2 > 0. (B.35)

Analogously to the scalar modes, we now consider the expanding and bouncing branches,

and analyse the Higuchi bound in two relevant limit cases: early and late times.

Expanding branch: In this branch β1 > 0.

Early times: Early times are characterised by N � 1. Then, in this regime eq. (B.35)

becomes simply Z ≈ β1, which is satisfied.

Late times: At late times we approach a de-Sitter spacetime where ρ0 → 0 and N → N̄ ,

where N̄ satisfies eq. (3.12) with ρ0 = 0. Condition (B.35) becomes:

β1 + 2β2N̄ + β3N̄
2 > 0, (B.36)
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which can be satisfied for appropriate values for βs. In particular, for the β1-only

model, this condition will be satisfied.

Bouncing branch: This branch is characterised for β2 = β3 = 0, and therefore Z = β1. This

means that at all times, the condition (B.34) is satisfied if β1 > 0, which corresponds to

the case considered in Subsection 3.3.2, as there it was shown that β1 < 0 introduced

exponential instabilities in scalar, vector and tensor modes, and therefore that case was

ruled out.

Finally, we have found that the Higuchi bound for vector modes can be satisfied at early

and late times for appropriate values of parameters in the expanding branch, while it is always

satisfied in the bouncing branch.
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APPENDIX C

Tools for testing gravity: Noether identities

C.1 3+1 decomposition

In this section we present the 3+1 decomposition of the metric used throughout Chapter 4.

The spacetime metric gµν can be decomposed as follows:

gµν = −nµnν + hµν , (C.1)

where nµ is a time-like unit vector satisfying nµnνgµν = −1. Note that this means that hµνn
ν =

0, and then hµν describes 3-dimensional space-like hypersurfaces normal to nµ.

If we define the lapse and shift functions through:

n0 =
1

N
, (C.2)

ni = −N
i

N
, (C.3)

then the metric components become:

g00 = −N2 + hijN
iN j, (C.4)

g0i = hijN
j, (C.5)

gij = hij. (C.6)

In this setting, we can construct the Ricci curvature for the 3-dimensional space, Rµν in

terms of hij and the corresponding three dimensional covariant derivatives, as well as the
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extrinsic curvature Kµ
ν :

Kµ
ν ≡ h ρ

ν ∇ρn
µ, (C.7)

which satisfies

Kµ
νn

ν = Kµ
νnµ = 0. (C.8)

Specifically, in terms of the lapse and shift functions, the extrinsic curvature can be rewritten

as:

Kij =
1

2N

(
ḣij −DiNj −DjNi

)
, (C.9)

where ḣ ≡ dh/dt and Di denotes the covariant derivatives in the 3-dimensional space described

by hij.

For completeness, we also show the Gauss-Codazzi relation, which relates the standard

4-dimensional curvature (4)Rµν to the 3-dimensional curvature Rµν :

(4)R = KµνK
µν −K2 +R + 2∇µ (Knµ − nρ∇ρn

µ) , (C.10)

or, alternatively, through

Rµν = hρµh
σ
ν

[
(4)Rσρ + nαnβ(4)Rρασβ

]
−KKµν +KµρK

ρ
ν . (C.11)

C.2 Scalar perturbations

In this section we show relevant quantities in terms of the four linear scalar perturbations of

the metric.

Following the standard SVT decomposition, we consider linear perturbations around a FRW

background, and write the metric components in terms of four scalar perturbation fields B, Φ,

Ψ and E in the following way:

g00 = − (1 + 2Φ) ,

g0i = ∂iB,

gij = a2 [(1− 2Ψ) δij + 2∂i∂jE] , (C.12)
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where a is the scale factor and depends only on the time t, while the four perturbations depend

on time and space in general.

Using the expressions given in Appendix C.1 in the 3+1 decomposition, we can express all

the relevant quantities used throughout Chapter 4 in terms of the four scalar metric fluctuations:

δN = Φ, (C.13)

δN i = h̄ij∂jB, (C.14)

δhij = a2 [−2Ψδij + 2∂i∂jE] , (C.15)

δ2N = −1

2
Φ2 +

1

2
h̄ij∂iB∂jB, (C.16)

δ
√
|h| = a3

[
−3Ψ− a2∂2E

]
, (C.17)

δ2

√
|h| = a3

[
3

2
Ψ2 − 1

2
a4(∂2E)(∂2E)− a2Ψ∂2E

]
, (C.18)

δKi
j = −(Ψ̇ +HΦ)δij + a2h̄il∂l∂jĖ − h̄il∂l∂jB, (C.19)

δK = −3(Ψ̇ +HΦ) + a2∂2Ė − ∂2B, (C.20)

δRi
j = δij∂

2Ψ + h̄il∂l∂jΨ, (C.21)

δR = 4∂2Ψ, (C.22)

δ2R = 2
[
4Ψ∂2Ψ− h̄ij(∂iΨ)(∂jΨ)

]
− 4a2∂2Ψ∂2E, (C.23)

where h̄ij = δij

a2
represents the background spatial metric, and also ∂2 = h̄ij∂i∂j. Here, a single

δ stands for linear perturbations, while δ2 stands for quadratic perturbations, which will be

needed to calculate the second-order action.

C.3 New coefficients

The coefficients T∗ in the quadratic action for the metric are related to the original coefficients

(i.e. the functional derivatives of the gravitational Lagrangian, L∗) via:

Thh+ = Lhh+ +
1

2
Lh (C.24)

Thh× = Lhh× +
1

2
Lh (C.25)

T̄ = L̄− 3HLK − L̇K + 2Lh (C.26)

TSS = LSS − 5HLSṠ − L̇SṠ (C.27)
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TNN = 2LN + LNN − L̇Ṅ − 9HLṄ − 12HLṄh − 3HLNṄ − L̇NṄ (C.28)

TNh =
1

2
Lh + LNh − L̇Ṅh − 3HLṄh (C.29)

TN = L̄+ LN − 3HLṄ − L̇Ṅ − 3HLK (C.30)

T∂Sh+ = L∂Sh+ +
1

2
L∂S (C.31)

ThR+ = LhR+ +
1

2
LR (C.32)

TNK = LNK − LṄ − 2LṄh (C.33)

TN∂S = L∂S − LṄ − 2LṄh + LN∂S − L∂NS − 3HLṄ∂S − L̇Ṅ∂S + 3HL∂ṄS + L̇∂ṄS (C.34)

T∂Ṡh+ =
1

2
L∂Ṡ + L∂Ṡh+ (C.35)

T∂S∂S+ = L∂S∂S+ + L∂S∂S×1 − 6H
(
L∂S∂Ṡ+ + L∂S∂Ṡ×1

)
− 2

(
L̇∂S∂Ṡ+ + L̇∂S∂Ṡ×1

)
− 4LS∂2S×1 + 12H

(
LS∂2Ṡ×1 + LṠ∂2S×1

)
+ 4

(
L̇S∂2Ṡ×1 + L̇Ṡ∂2S×1

)
(C.36)

T∂S∂S× = L∂S∂S×2 + 6H(LS∂2Ṡ×2 + LṠ∂2S×2 − L∂S∂Ṡ×2)− 2L̇∂S∂Ṡ×2 − 2LS∂2S×2

+ 2L̇S∂2Ṡ×2 + 2L̇Ṡ∂2S×2 (C.37)

T∂N∂N = −2LN∂2N +H(LN∂2Ṅ + LṄ∂2N − L∂N∂Ṅ) + L̇N∂2Ṅ + L̇Ṅ∂2N + L∂N∂N

− L̇∂N∂Ṅ − 2L∂2N + 7HL∂2Ṅ + L̇∂2Ṅ (C.38)

2Th∂2N+ = L∂2N −HL∂2Ṅ − L̇∂2Ṅ + 2Lh∂2N+ (C.39)

TNR = LR + LNR (C.40)

TN∂Ṡ = L∂Ṡ + LN∂Ṡ − LṄ∂S − L∂NṠ + L∂ṄS (C.41)

Th∂3S+ = Lh∂3S+ +
1

2
L∂3S (C.42)

TK∂2N+ = LK∂2N+ − L∂2Ṅ (C.43)

TṄ∂Ṡ = LṄ∂Ṡ − L∂ṄṠ (C.44)

T∂2N∂S = L∂3SN + L∂3S − L∂2Ṅ − L∂N∂2S + L∂2N∂S − L∂3NS (C.45)

C.4 Background equations

In this section we show the derivation of the metric background equations of motion, for a

spatially-flat FRW metric. We do this by calculating the Taylor expansion of the fundamental

total action (gravity and matter) up to first order on the metric perturbation fields. Let us start

by finding the linear terms in the expansion of the fundamental non-perturbed gravitational
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Lagrangian LG. From eq. (4.12) we find:

L
(1)
G = Lhδh+ LNδN + LKδK + LRδR+ LṄδṄ + L∂2N∂

2δN + L∂S∂iδN
i + L∂Ṡ∂iδṄ

i, (C.46)

where δ stands for first-order perturbations only. Thus, the linear terms of the gravitational

action SG will be:

S
(1)
G =

∫
d4x L̄

(
a3δN + δ

√
|h|
)

+ a3
(
Lhδh+ LNδN + LṄδṄ + LKδK

)
, (C.47)

where L̄ = L
(0)
G , and we have eliminated many terms that formed a total derivative. Now we

make use of the following relations:

δ
√
|h| = 1

2
a3δh; δK = −3HδN +

1

2
δḣ− ∂iδN i, (C.48)

to rewrite the linear action as:

S
(1)
G =

∫
d4x a3

[
δN
(
L̄+ LN − 3HLṄ − L̇Ṅ − 3HLK

)
+

1

2
δh
(
L̄+ 2Lh − 3HLK − L̇K

)]
. (C.49)

Now we proceed to find the linear terms from some matter action SM. If we consider as

matter a general perfect fluid with a stress-energy tensor T µν , the linear expansion leads to:

S
(1)
M =

1

2

∫
d4x a3T̄ µνδgµν =

∫
d4x a3

(
−ρ0δN +

P0

2
δh

)
, (C.50)

where T̄ µν is the diagonal background stress-energy tensor for the fluid with rest-energy density

ρ0 and pressure P0. Notice that here we have also ignored terms that formed total derivatives.

Finally, the total first-order action will be:

S
(1)
G + S

(1)
M =

∫
d4x a3

[
δN
(
L̄+ LN − 3HLṄ − L̇Ṅ − 3HLK − ρ0

)
+

1

2
δh
(
L̄+ 2Lh − 3HLK − L̇K + P0

)]
. (C.51)

Now we notice that the equations of motion of the perturbation fields will have zeroth-order

terms coming from the total linear action, and first-order terms coming from the total quadratic

action. Since the resulting equations of motion must be satisfied order-by-order, we will have,

in particular, that the total contribution from zeroth-order terms will vanish. Therefore, both
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brackets in eq. (C.51) must be zero, leading to the following two metric background equations:

L̄+ LN − 3HLṄ − L̇Ṅ − 3HLK = ρ0

L̄+ 2Lh − 3HLK − L̇K = −P0. (C.52)

Notice that the total linear action will always be zero then, given the background equations.
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APPENDIX D

A general theory of linear cosmological

perturbations: scalar-tensor and vector-tensor

theories

D.1 New coefficients for scalar-tensor action

The coefficients in the quadratic action of the scalar field χ are related to the original coefficients

(i.e. the derivatives of the Lagrangian, L∗) via

Tχχ = Lχχ − 3HLχχ̇ − L̇χχ̇ (D.1)

Tχh = (2Lχh + Lχ)/2 (D.2)

TχN = Lχ + LχN − 3HLχṄ − L̇χṄ (D.3)

Tχ̇h =
1

2
Lχ̇ + Lχ̇h (D.4)

Tχ∂S = Lχ∂S − 3HLχ∂Ṡ − L̇χ∂Ṡ − LS∂χ + 3HL∂χṠ + L̇∂χṠ (D.5)

Tχ̇N = Lχ̇ + Lχ̇N − LχṄ (D.6)

T∂2χh+ =
1

2
L∂2χ + L∂2χh+ (D.7)

T∂χ∂χ = L∂χ∂χ − 2Lχ∂2χ +HLχ∂2χ̇ + L̇χ∂2χ̇ +HL∂2χχ̇ + L̇∂2χχ̇ −HL∂χ∂χ̇ − L̇∂χ∂χ̇ (D.8)

Tχ̇∂S = Lχ̇∂S − Lχ∂Ṡ + L∂χṠ − L∂χ̇S (D.9)

T∂χ∂N = −L∂2χ − Lχ∂2N +HLχ∂2Ṅ + L̇χ∂2Ṅ + L∂χ∂N −HL∂χ∂Ṅ − L̇∂χ∂Ṅ

− L∂2χN +HL∂2χṄ + L̇∂2χṄ (D.10)

T∂2χ̇h+ = L∂2χ̇h+ +
1

2
L∂2χ̇ (D.11)

T∂2χ̇N = L∂2χ̇ − Lχ∂2Ṅ + Lχ̇∂2N + L∂χ∂Ṅ − L∂χ̇∂N − L∂2χṄ + L∂2χ̇N (D.12)

Tχ̇∂Ṡ = Lχ̇∂Ṡ − L∂χ̇Ṡ (D.13)

T∂2χ∂S = Lχ∂3S − L∂χ∂2S + L∂2χ∂S − L∂3χS (D.14)180



D.2 Fourth order action for scalar-tensor theories

In this section we show the most general quadratic Lagrangians of a scalar-tensor theory in-

volving four derivatives of the perturbation fields (at most two time derivatives, though).

L4
T = a3

[
1

2
LRR+(δR)2 + LRR×δR

i
jδR

j
i + LR∂Ṡ+δR∂iδṄ

i + LR∂Ṡ×δR
i
j∂iδṄ

j

+ T∂Ṡ∂Ṡ+∂iδṄ
i∂jδṄ

j + T∂Ṡ∂Ṡ×h̄ik∂
jδṄk∂jδṄ

i + T∂2N∂Ṡ∂
2δN∂jδṄ

j

+ Th∂3Ṡ+δh∂
2∂iδṄ

i + Lh∂3Ṡ×δhij∂
2∂jṄ i + Lh∂3Ṡ�δhij∂

i∂j∂kδṄ
k

+
1

2
T∂2N∂2N∂

2δN∂2δN + T∂2S∂2S×h̄ij∂
2δN i∂2δN j + T∂2S∂2S+∂i∂kδN

i∂k∂jδN
j

+ Th∂4N+δh∂
4δN + Lh∂4N×δhij∂

i∂j∂2δN + LK∂3S+δK∂
2∂jδN

j

+ LK∂3S�δK
i
j∂

j∂i∂kδN
k + LK∂3S×δK

i
j∂

2∂iδN
j + LK∂2Ṅ+δK∂

2δṄ

+LK∂2Ṅ×δK
i
j∂

j∂iδṄ +
1

2
L∂Ṅ∂Ṅ∂iδṄ∂

iδṄ

]
, (D.15)

L4
χ = a3

[
L∂2χR+δR∂

2δχ+ 2L∂2χR×δR
i
j∂

j∂iδχ+ T∂4χh+δh∂
4δχ+

1

2
T∂2χ∂2χ(∂2δχ)2

+ 4L∂4χh×δhij∂
i∂j∂2δχ+

1

2
T∂χ̇∂χ̇∂iδχ̇∂

iδχ̇+ T∂2N∂2χ∂
2δN∂2δχ

+T∂2χ∂Ṡ∂
2δχ∂iδṄ

i + T∂χ̇∂Ṅ∂iδχ̇∂
iδṄ + LK∂2χ̇+δK∂

2δχ̇+ LK∂2χ̇×δK
i
j∂

j∂iδχ̇
]
, (D.16)

where we have made integrations by parts and grouped some coefficients L∗ together into new

coefficients T∗, for simplicity.

D.3 New coefficients for vector-tensor action

The coefficients in the quadratic action for the vector field are related to the original coefficients

(i.e. the derivatives of the Lagrangian, L∗) via:

TαS = LαS − 3HLαṠ − L̇αṠ, (D.17)

T∂αh+ = L∂αh+ +
1

2
L∂α, (D.18)

Tαα = Lαα −HLαα̇ − L̇αα̇, (D.19)

Tα̇S = Lα̇S − LαṠ, (D.20)
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Tα∂N = Lα∂N − L∂α −HLα∂Ṅ − L̇α∂Ṅ − L∂αN +HL∂αṄ + L̇∂αṄ , (D.21)

T∂α̇h+ = L∂α̇h+ +
1

2
L∂α̇, (D.22)

T∂α̇N = L∂α̇ + Lα∂Ṅ − Lα̇∂N − L∂αṄ + L∂α̇N , (D.23)

T∂α∂S = L∂α∂S − Lα∂2S − L∂2αS, (D.24)

Tα∂α0 = Lα∂α0 − L∂αα0 , (D.25)

Tα∂α̇0 = Lα∂α̇0 − L∂αα̇0 −H (Lα̇∂α0 − L∂α̇α0)− L̇α̇∂α0 + L̇∂α̇α0 , (D.26)

T∂α∂α+ = L∂α∂α+ + L∂α∂α× (D.27)
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APPENDIX E

A general theory of linear cosmological

perturbations: bimetric theories

E.1 Scalar perturbations

In this section we show relevant quantities in terms of the four linear scalar perturbations

of each metric. Following the standard SVT decomposition, we consider linear perturbations

around a homogeneous and isotropic background, and write the metrics in the following way:

ds2
1 = − (1 + Φ1) dt2 + 2∂iB1dtdx

i + a2 [(1− 2Ψ1) δij + 2∂i∂jE1] dxidxj, (E.1)

ds2
2 = −N̄2 (1 + Φ2) dt2 + 2N̄∂iB2dtdx

i + b2 [(1− 2Ψ2) δij + 2∂i∂jE2] dxidxj, (E.2)

where a, b and N̄ are background quantities and depend only on the time t, whereas the 8

perturbations ΦA, BA, ΨA and EA (for A = {1, 2}) depend on time and space. From the ADM

decomposition of eq. (6.6), we can find the results of eq. (6.20)-(6.21), and also express all the

relevant quantities used throughout Chapter 6 in terms of the scalar metric perturbations. Here

we give a list of quantities, that appear in the quadratic gravitational action S
(2)
G , in terms of

the scalar perturbations:

δ2N1 = −1

2

(
Φ2

1 + h̄ij1 ∂iB1∂jB1

)
,

δ
√
h1 = a3

[
−3Ψ1 − a2∂2E1

]
,

δ2

√
h1 = a3

[
3

2
Ψ2

1 −
1

2
a4(∂2E1)(∂2E1)− a2Ψ1∂

2E1

]
,

δKi
1j = −(Ψ̇1 +HΦ1)δij + a2h̄il1∂l∂jĖ1 − h̄il1∂l∂jB1,

δK1 = −3(Ψ̇1 +HΦ1) + a2∂2Ė1 − ∂2B1, (E.3)
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δ2N2 = −N̄
2

(
Φ2

2 + h̄ij2 ∂iB2∂jB2

)
,

δ
√
h2 = b3

[
−3Ψ2 − b2∂2E2

]
,

δ2

√
h2 = b3

[
3

2
Ψ2

2 −
1

2
b4(∂2E2)(∂2E2)− b2Ψ2∂

2E2

]
,

δK i
2 j = − 1

N̄

(
Ψ̇2 +HbΦ2

)
δij +

b2

N̄
h̄il2∂l∂jĖ2 − h̄il2∂l∂jB2,

δK2 = − 3

N̄
(Ψ̇2 +HbΦ2) +

b2

N̄
∂2Ė2 − ∂2B2, (E.4)

where h̄ij1 = δij

a2
and h̄ij2 = δij

b2
represent the background spatial metrics, and ∂2 = ∂i∂i, where

the indices are lowered and raised using the background metric of the corresponding field the

derivative is acting on. Also, a single δ stands for linear perturbations, while δ2 stands for

quadratic perturbations.

E.2 Dictionary of parameters

In this section we give expressions for the 29 parameters the final bimetric action depends on.

The names we have given to those parameters are the following:

M2
A, αHA

, αTA , αBA
, αKA

, αL, αE, αi,A, αj, (E.5)

where A = {1, 2}, i = {1..4} and j = {5..13}. In terms of the original coefficients Ls and P s

these parameters can be expressed as:

M2
A = 2LAKK×, (E.6)

αHA
= − 1

M2
A

(2LAh∂2N× + 3LAh∂2N+)− 1, (E.7)

αTA = − 4

M2
A

(LAh∂2h� + 3LAh∂2h× + 9LAh∂2h+)− 1, (E.8)

αBA
=

1

2HAM2
A

[
HANLAKṄ + TANK −

HA

N̄2
A

(2LAKK× + 3LAKK+)

]
− 1, (E.9)

αKA
=

1

M2
AH

2
AN̄

2
A

[
N̄4
ALANN − 9H2

A (LAKK+ + 2LAKK×)

−12H2
A

(
N̄2
A − 1

)
LAKK× + N̄3

AHANLAṄṄ
]
, (E.10)

αL = − 1

2M2
1H

2

(
L̄1 − 4L1hh+ − 8L1hh×

)
, (E.11)

αE = − 2

M2
2

[
N̄2T2Nh −Hb (2L2hK× + 3L2hK+)

]
, (E.12)
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α1,A = − 1

M2
A

LAKṄ , (E.13)

α2,A = − 1

M2
A

(LAh∂2h� + 2LAh∂2h× + 3LAh∂2h+) , (E.14)

α3,A =
N̄A

M2
A

(2LAh∂2N× + LAh∂2N+) , (E.15)

α4,A =
1

M2
A

LA∂N∂N , (E.16)

α5 =
1

M2
1

L1ṠṠ =
N̄r5

M2
1

L2ṠṠ = − 1

M2
1a

3
PṠ1Ṡ2

, (E.17)

α6 =
1

M2
1

L1ṄṄ =
N̄3r3

M2
1

L2ṄṄ = − N̄

M2
1a

3
PṄ1Ṅ2

, (E.18)

α7 = − 2

M2
1

(
L1∂Ṡh+ + 2L1∂Ṡh×

)
+

1

M2
1H

(L1∂Sh+ + 2L1∂Sh× − L1hK+ − 2L1hK×) , (E.19)

α8 =
1

M2
1a

3
(r2Ph2∂2N1× + 3Ph2∂2N1+), (E.20)

α9 =
1

M2
1a

3
Ph1∂2N2+, (E.21)

α10 =
1

M2
1

L1h∂2h×, (E.22)

α11 =
1

M2
1a

3
PK1K2+, (E.23)

α12 =
1

M2
1a

3
(3PK1K2+ + PK1K2×) , (E.24)

α13 =
1

M2
1a

3

[
r6 (Ph2∂2h1� + 3Ph2∂2h1×2) + 9r4Ph2∂2h1+ + 3Ph2∂2h1×1

]
, (E.25)

where we have defined N̄A such that N̄1 = 1 and N̄2 = N̄ , thus H1N = 0, H1N = HN ,

and also H1 = H and H2 = Hb. Here, we have also introduced the ratio of the scale factors

r = b/a. The parameters MA have mass dimensions and appear multiplying the whole quadratic

action, whereas all the parameters αs are dimensionless and are the couplings coefficients of

the different interactions terms for the fields. For instance, the parameters αHA
, αTA , αBA

, and

αKA
determine the interactions terms given by ΨA∂

2ΦA, ΨA∂
2ΨA, ΦAΨ̇A and Φ2

A, respectively.

These parameters are generalisations of those present in the parametrisation of dark energy

models of [161].

Finally, we comment on the fact that these 29 parameters can have different expressions

in terms of the functions Ls and P s, if we use relations between them given by the Noether

constraints. This is why parameters α5 and α6 have three equivalent expressions in equations

(E.17) and (E.18). For these specific parameters, these three expressions show that the dynam-

ical terms of the fields B1 with B2 and Φ1 with Φ2 are related to each other, signalling the fact

that the dynamical terms of these fields appear in a specific combination in the action, and
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thus there is a field redefinition such as eq. (6.26), that can make two fields appear as auxiliary

fields (without time derivatives) instead of dynamical fields.

E.3 Complete action without derivative interactions

If we avoid derivative interactions between both metrics, then 26 of the 29 previous parameters

are fixed. Specifically, we find that the following 26 constraints:

M2
2 = − N̄

2r3

(
2ḢM2

1 + ρ0 + P0

)
(
Ḣb −HNHb

) , (E.26)

αH1 = 0, αH2 = −(N̄ − 1)

N̄
, (E.27)

αTA =
d lnM2

A

d ln aA
, (E.28)

αB1 = 0, αB2 = −
(
N̄ − 1

) (
N̄ + 1

)
N̄2

, (E.29)

αK1 =
6HbḢ

HNH2
+

1

2H2
(2ρ0 + P0) +

3

2
(ρ0 + P0)

Hb

HNH2
− 3αE

(H −Hb)

ν2N̄HNH2
, (E.30)

αK2 = − 6

N̄2HNHb

[
HbHN

(
N̄2 − 2

)
+ Ḣb

]
− 3αE

(H −Hb)

N̄HNH2
b

, (E.31)

α1,A = α2,A = α3,A = α4,A = 0, (E.32)

α5 = α6 = α7 = α8 = α9 = 0, (E.33)

α10 =
1

8

(
d lnM2

1

d ln a
+ 1

)
, (E.34)

α11 = α12 = α13 = 0, (E.35)

where we have defined the scale factor aA such that a1 = a and a2 = b, and we have introduced

the ratio of the mass scales ν2 = M2
1/M

2
2 . We can see that the quadratic bimetric action

without derivative interactions depends only on three independent free parameters: αE, αL and

M1, in addition to the four background functions a, b, N̄ and ϕ̄, which give three additional

independent free functions, due to the background equation (4.28).

The resulting quadratic action can be written as:

S(2) = S
(2)
T1

+ S
(2)
T2

+ S
(2)
T1T2

+ S(2)
ϕ , (E.36)

where S
(2)
TA

is the action for the self-interaction terms of the metric gAµν , whereas S
(2)
T1T2

is the

action for the interaction terms between both metrics, and S
(2)
ϕ includes all the terms involving
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the matter perturbation δϕ in eq. (4.34). Notice that S
(2)
T1

does include the quadratic terms of

the metric perturbations coming from the matter action S
(2)
m . These actions are given by:

S
(2)
T1

=

∫
d4x a3M2

1

[
−3Ψ̇2

1 − 6HΨ̇1Φ1 + 2a2∂2Ė1(Ψ̇1 +HΦ1)− 2Ψ̇1∂
2B1

−
(

1 +
d lnM2

1

d ln a

)
Ψ1∂

2Ψ1 + 2Φ1∂
2Ψ1 − 2HΦ1∂

2B1 −
(

3H2 −
˙̄ϕ2

2M2
1

)
Φ2

1

+
r2Z

2(N̄ + r)

(
∂iB1

)
(∂iB1) + r

(
Z
d lnM2

1

d ln a
+ 2Z̃

)
Ψ1

(
3

2
Ψ1 − a2∂2E1

)
+

(N̄ − r)
H −Hb

HZΦ1

(
3Ψ1 − a2∂2E1

)
+ a4αLH

2
(
∂2E1

)2

+

(
Hb

(
N̄ − r

)
Z − (H −Hb)

ν2
r3αE

)(
3

2

1

HN

Φ2
1 +

HN

(H −Hb)2
Ψ1

(
3

2
Ψ1 − a2∂2E1

)
− 1

(H −Hb)
Φ1

(
3Ψ1 − a2∂2E1

))]
, (E.37)

S
(2)
T2

=

∫
d4x N̄b3M2

2

[
−3

Ψ̇2
2

N̄2
− 6

Hb

N̄2
Ψ̇2Φ2 + 2

b2

N̄2
∂2Ė2(Ψ̇2 +HbΦ2)− 2

Ψ̇2

N̄
∂2B2

−
(

1 +
d lnM2

2

d ln b

)
Ψ2∂

2Ψ2 + 2Φ2∂
2Ψ2 − 2

Hb

N̄
Φ2∂

2B2 − 3
H2
b

N̄2
Φ2

2

+
ν2N̄Z

2r3(N̄ + r)

(
∂iB2

)
(∂iB2) +

ν2

N̄r2

(
Z
d lnM2

1

d ln a
+ 2Z̃

)
Ψ2

(
3

2
Ψ2 − b2∂2E2

)
+Hbν

2Z
(N̄ − r)

N̄r3(H −Hb)
Φ2

(
3Ψ2 − b2∂2E2

)
+

r

N̄
αLa

4H2ν2
(
∂2E2

)2

+

(
Hb

(
N̄ − r

)
Z − (H −Hb)

ν2
r3αE

)(
3

2

1

HN

Φ2
2 +

HN

(H −Hb)2
Ψ2

(
3

2
Ψ2 − b2∂2E2

)
− 1

(H −Hb)
Φ2

(
3Ψ2 − b2∂2E2

)) 1

r3ν2N̄

]
, (E.38)

S
(2)
T1T2

=

∫
d4x M2

1a
3

[
−r
(

2Z̃ + Z
d lnM2

1

d ln a

)(
3Ψ2Ψ1 − a2Ψ2∂

2E1 − b2Ψ1∂
2E2

)
− Z N̄

(N̄ + r)
∂iB2∂

iB1 − Z
(N̄ − r)

(H −Hb)

(
HΦ1

(
3Ψ2 − b2∂2E2

)
+HbΦ2

(
3Ψ1 − a2∂2E1

))
− 2a2b2H2αL∂

2E1∂
2E2

+

(
Hb

(
N̄ − r

)
Z − (H −Hb)

ν2
r3αE

)(
3

HN

Φ1Φ2 + (Hb −H)
(
Φ1

(
3Ψ2 − b2∂2E2

)
+Φ2

(
3Ψ1 − a2∂2E1

))
+HN

(
3Ψ2Ψ1 − a2Ψ2∂

2E1 − b2Ψ1∂
2E2

)) 1

(Hb −H)2

]
. (E.39)

Here, we have two mass scales for each metric M2
1 and M2

2 , and we have introduced the mass

ratio ν2 = M2
1/M

2
2 , and the scale factor ratio r = b/a. In addition, for ease of comparison with
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massive bigravity, we have introduced two functions Z and Z̃ such that:

M2
1

(
N̄ − r

)
Z = L̂1KK×, (E.40)

rM2
1

(
Z

1

2

d lnM2
1

d ln a
+ 2Z̃

)
=

1

(Hb −H)

(
3H +

HNHb

(H −Hb)

)
L̂1KK× +

˙̂
L1KK×

(Hb −H)
, (E.41)

where

L̂1KK× = ρ0 + P0 + 2ḢM2
1 . (E.42)

We omit the expression for S
(2)
ϕ as it can be straightforwardly obtained from eq. (4.34). We

emphasise that the total parametrised action depends on 3 + 3 free independent functions of

time. There is a dependence on six parameters MA, Z, Z̃, αL and αE, in addition to the four

background functions a, b, N̄ and ϕ̄. However, Z and Z̃ are dependent functions according

to eq. (E.40)-(E.41), one background function is dependent through eq. (4.28), and M2 is also

dependent through eq. (E.26). Equivalently, we can consider the six independent parameters

to be MA, Z, Z̃, αL and αE, while the background functions would be dependent.

From the parametrised action shown here we can see that the fields ΦA and BA appear as

auxiliary variables, whereas the fields ΨA and EA have dynamical terms. This means that, in

general, this action propagates two physical scalar fields. Nevertheless, there are some trivial

cases in which no scalar is propagated. This happens if either M1 or M2 vanishes, and thus

all the dynamical terms of one of the metrics vanish (although these metrics can still have

non-derivative terms as long as the quantities ZM2
A, Z̃M2

A, αLM
2
A or αEM

2
A are finite). As it is

shown in Section 6.2, Eddington-inspired Born Infeld theory is an example of a gravity model

with M1 = 0 that does not propagate any scalar DoF. On the other hand, there are also cases

that propagate only one scalar DoF, such as massive bigravity, which is presented in Section

6.2.

E.4 The effect of derivative interactions

As it is shown in Section 6.2, when there are no derivative interactions between the metrics,

the kinetic terms of each metric correspond to linearized Einstein-Hilbert with a generalised

Planck mass. In the context of massive gravity, work towards theories that go beyond the

ordinary Einstein-Hilbert terms include [129–131], although later on in [132] it was shown

that it is not possible to non-linearly complete the specific terms studied in previous analyses

without reintroducing the Boulware-Deser ghost below the cutoff-scale of the effective field
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theory, concluding that there can be no new healthy Lorentz-invariant derivative interactions

in the metric formulation.

For completeness, in this section we briefly discuss the case in which we do allow derivative

interactions, which might be relevant in the context of Lorentz-breaking theories (although keep-

ing linearised diffeomorphism invariance) due to the no-go theorem of [132]. Lorentz-breaking

massive gravity in flat space has been studied before as it avoids the VDVz discontinuity and

improves the strong coupling scale of the effective field theory [235–237], giving an interesting

alternative to the standard Fierz-Pauli theory of massive gravity. Possible generalisations to

curved space have also been studied [238], but they break linear diffeomorphism invariance,

and thus they would not be included in the class of theories studied in Chapter 6.

In what follows, we will study theories with derivative interactions that propagate only one

scalar DoF. Such actions can be constructed in different ways, but as an example we mention

a case that has a similar structure to massive bigravity, that is, where the fields ΦA and BA

are auxiliary variables. For this to happen the 29 parameters presented on Appendix E.2 must

satisfy the following constraints:

α5 = α6 = 0, α1,A = 0, α4,1ν
2 = rN̄3α4,2. (E.43)

Thus, the most general action satisfying these constraints will depend on 24 free parameters,

in addition the background free functions, and will propagate at most two scalar DoFs. In

such actions the fields EA and ΨA will appear as dynamical fields. In order to construct ghost-

free actions propagating only one scalar DoF we impose that one of the dynamical fields is an

auxiliary variable after integrating out the four auxiliary fields BA and ΦA. Again, following

the structure of massive bigravity, we impose that Ψ2 is an auxiliary variable. We find that this

can happen when different sets of constraints for the parameters are satisfied. For instance,

this happens if:

α4,1 = α12 = 0,

αK2HNH
2
b = 3

[
2H2

bHN(2αB2 + 1)− 2HbḢb(αB2 + 1)− αE(H −Hb)
]
,

α3,2r
3H = HbN̄

(6αB2 − αK2)(αH2 + 1)

6(αB2 + 1)
+Hbr

2ν2α8
(αK2 − 12αB2 − 6)

6N̄(αB2 + 1)
+ 2Hν2α9,

αK1H
2M2

1 = (2ρ0 + P0) + N̄r3M2
2

(αK2 − 6αB2)
2

(αK2 − 12αB2 − 6)
+ 6H2M2

1αB1 . (E.44)

Actions satisfying these five constraints propagate only one scalar DoF and, in general, have
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derivative interactions between both metrics. In addition, we notice that the values for the

parameters in Appendix E.3 set to avoid derivative interactions, along with the extra constraint

in eq. (6.30), are a particular case of the constraints presented here. Therefore, actions satisfying

eq. (E.44) are a direct generalisation of the non-derivative action shown in Section 6.2.

In order to illustrate the form that the action can take now, equation (E.45) shows the extra

interaction terms that appear in the quadratic action, compared to the terms in eq. (6.31), due

to the new set of constraints given eq. (E.44), when α9 is a non-zero constant (and thus α3,2 6= 0

due to the constraints) and when the rest of the parameters take the same value as those of

Appendix E.3:

∆S
(2)
T1T2

=

∫
d4x 16a5α9M

2
1

[
N̄(

N̄2 − r2
) (N̄∂2B2∂

2Ė1 + ∂2B1∂
2Ė2

)
+Hb∂

2B2∂
2E1

+ 3
N̄2 (H −Hb)(
N̄2 − r2

)
a2
∂2B2

(
Ψ1 +

Hr2(
N̄2 − r2

)B1

)
− N̄∂2φ2∂

2E1

−a
2r2

N̄
Hb∂

2E2∂
2Ė1 +

a2r2

N̄

(
Ḣb −HNHb + 3H2

b

)
∂2E1∂

2E2

]
, (E.45)

where, for simplicity, we have assumed M1 and M2 to be constants. We can see that different

derivative interactions appear, including time and space derivatives. All these terms arise

because of the non-zero value of α9 and α3,2 solely.

It is important to mention that we have just shown one of the simplest cases that we can

have with derivative interactions. The most general model satisfying the set of constraints given

in eq. (E.44) has a large number of free parameters, namely 19. This shows that there is a broad

class of models with derivative interactions propagating only one scalar DoF at the linear level

around homogeneous and isotropic backgrounds. Further restrictions on the parameters could

be found by analysing the stability of the evolution of perturbations, as well as by looking for

healthy non-linear completions.
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